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Preface
Volumes 1 and 2 of The Quantum Physics of Atomic Frequency Standards,  henceforth 
referred to as QPAFS (1989), were written in the 1980s and were published in 1989. 
They covered, in some detail, work done up to 1987 on the development of atomic 
frequency standards. The text included a description of their development at that 
time, as well as a description of the research on the physics supporting that devel-
opment. Since that time, the field has remained a very active part of the research 
program of many national laboratories and institutes. Work has remained intensive 
in many sectors connected to the refinement of classical frequency standards based 
on atoms such as rubidium (Rb), caesium (Cs), hydrogen (H), and selected ions in the 
microwave range, while new projects were started in connection to the realization of 
stable and accurate frequency standards in the optical range.

For example, intensive studies were made on the use of lasers in the optical pump-
ing and cooling of Rb and Cs as well as on the development of a new type of standard 
based on the quantum-mechanical phenomenon called coherent population trapping 
(CPT). Regarding Cs and Rb, laser cooling of atoms has made possible the realiza-
tion of an old dream in which a small blob of atoms, cooled in the microkelvin range, 
is projected upward at a slow speed in the gravitational field of the earth and the 
atoms fall back like water droplets in a fountain. In their path, the atoms are made 
to pass through a microwave cavity, and upon falling back after having spent their 
kinetic energy, pass through the same cavity, mimicking, with a single cavity, the 
classical double-arm Ramsey cavity approach. The system is called atomic fountain. 
Its advantage over the classical approach resides in the reduction of the width of the 
resonance hyperfine line by a factor of the order of 100 relative to that observed in 
the room temperature approach. The resulting line width is of the order of 1 Hz. 
Work has also continued on the development of smaller H masers, in particular in 
the development of passive devices and in the use of a new smaller so-called magne-
tron cavity. The advent of the solid-state laser in the form of the conventional edge-
emitting type (GaAs) and vertical structure (VCSEL) has opened the door to a new 
approach in optical pumping for implementing smaller and more performing Rb and 
Cs cell frequency standards.

Since the 1990s, laser cooling has been studied extensively and aside from pro-
viding a means for realizing the fountain clock mentioned above, it has allowed the 
realization of clocks based on microwave transitions in ions such as mercury (Hg+), 
barium (Ba+), strontium (Sr+), and ytterbium (Yb+) confined within an electromag-
netic trap.

On the other hand, intense work has been carried out in several laboratories in 
extending the work done at microwave frequencies to the optical frequency range. The 
gain in that approach relies mainly on the increase in the frequency of the atomic transi-
tions involved, which provides for a line width similar to that obtained in the microwave 
range a resonance quality factor millions of times larger. Laser cooling has been applied 
successfully to such atoms as mercury (Hg), ytterbium (Yb), and strontium (Sr) 
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stored in optical lattice traps in order to reduce their thermal motion. Laser cooling 
has also been used in the mono-ion trap to implement optical frequency standards. In 
that case, a single ion, say Sr+ or Yb+, is maintained in a Paul or Penning trap and its 
motion within the trap is damped by laser cooling. Clocks at optical frequencies have 
been implemented as laboratory units with unsurpassed accuracy and frequency sta-
bility reaching the 10−16 to 10−18 range. In both cases, the clock frequency is derived 
from a transition between the ground S state of the atom and an excited metastable 
state with a lifetime of the order of 1  second or more leading to a very narrow 
resonance line. The clock transition is detected by means of monitoring changes in 
the fluorescence level created by the cooling radiation when the clock transition is 
excited.

The large gap in frequency between the microwave and the optical range has 
always been an roadblock in the use of optical frequencies in various applications 
such as frequency standards or still high precision spectroscopy and fundamental 
research. The reason is mainly due to the fact that gaps between available  optical 
 frequencies for the realization of clocks are very large. It is extremely difficult to 
connect those frequencies to the microwave range. This connection is required 
because most of the applications are in the low frequency range of the spectrum and, 
furthermore, because the SI (International System of Units) definition of the second 
is based on a microwave hyperfine transition in Cs, in the X band. We have given in 
Volume 2 of QPAFS examples of the conventional method used to make that connec-
tion. That method comprises frequency- and phase-locking together banks of lasers 
with appropriate heterodyning in several steps in order to interconnect various opti-
cal frequencies to reach finally the microwave range. The connection has to be done 
over a large number of steps and involves tremendous investment of space and time 
to finally measure what very often happens to be just a single frequency. Such a task 
has been reduced considerably by the invention of the so-called optical comb, which 
comprises locking the repetition rate of a femtosecond laser to a stable atomic fre-
quency standard of high spectral purity, such as an H maser referenced in frequency 
to a primary Cs atomic clock. When observed by means of a nonlinear optical fibre, 
the resulting laser spectrum consists of a spectrum of sharp lines, themselves called 
the teeth of the comb, which covers a frequency range of the order of 1  octave. 
Frequencies over a broad range are then measured essentially in a single step on an 
optical table, resulting in a considerable reduction in work and size as compared to 
the previous heterodyning technique, which required entire rooms filled with lasers.

This volume covers those subjects in some detail. It is divided into five chapters. 
Chapter 1 is an introduction, presenting a review of recent developments made on 
the improvement of conventional atomic frequency standards described in the two 
volumes of QPAFS. It highlights the main limitations of those frequency standards 
and the physical basis of those limitations and outlines the progress made during the 
last 25 years. Chapter 2 is a description of recent advances in atomic physics, theory 
and applications, that opened new avenues. Chapter 3 is concerned with  research 
and development done in the development of new microwave frequency standards. 
Chapter 4 describes research and development done in the optical range to implement 
optical frequency standards based on new results in atomic physics as described in 
Chapter 2. Chapter 5 summarizes the results in frequency stability and accuracy 
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achieved with those new frequency standards and outlines selected applications. 
A short reflection is included giving some insight into future work.

Such a text cannot be written without significant help from experts in the field. 
We wish to recognize the contribution and collaboration of many scientists. In particu-
lar, we wish to recognize the invaluable help of André Clairon, who has read the whole 
manuscript and helped in improving its exactness and completeness. We also show our 
gratitude to the following scientists who helped us through their encouragement, sup-
plied original figures or material, and contributed by means of comments on various sec-
tions of the text: C. Affolderbach, A. Bauch, S. Bize, J. Camparo, C. Cohen-Tannoudji, 
E. De Clercq, A. Godone, D. Goujon, S. Guérandel, P. Laurent, T. Lee, S. Micalizio, 
G. Mileti, J. Morel, W.D. Phillips, P. Rochat, P. Thomann, R.F.C. Vessot, and S. Weyers.

Jacques Vanier

and

Cipriana Tomescu
University of Montreal
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Introduction
This book is about recent developments in the field of atomic frequency standards, 
developments that took place after the publication in 1989 of the first two volumes 
with the same title. Atomic frequency standards are systems providing an electri-
cal signal at a cardinal frequency of, say, 10 MHz, a signal generated usually by 
a quartz crystal oscillator locked in phase or in frequency to a quantum transition 
inside an atom. The atom is selected for its properties such as easy detection of the 
particular quantum transition chosen and relative independence of its frequency of 
the environment. In early work, those conditions limited development around hydro-
gen and alkali atoms, which have transitions in the microwave range and could be 
manipulated easily as beams or atomic vapour with the techniques available at that 
time. Progress in the development of lasers and their stabilization extended that 
work to the optical range. A major task encountered in the early development of 
microwave standards has always been the elimination of Doppler effect. Atoms at 
room temperature travel at speeds of several hundred metres per second and, conse-
quently, Doppler effect causes frequency shifts and line broadening of the resonance 
signal. This effect is generally eliminated by means of various storage techniques 
based on Dicke effect, or still beam techniques using the Ramsey double-arm cavity 
approach. These techniques are not well adapted to optical frequencies because of 
the shorter wavelengths involved. However, progress in the understanding of inter-
actions between atoms and electromagnetic interactions has provided new means 
of reducing the velocity of atoms and reducing, if not eliminating, the constraints 
introduced by Doppler effect.

An atomic frequency standard that is operated continuously becomes an atomic 
clock. The operation is essentially a process of integration and the date set as the 
constant of integration provides the basis for implementing a timescale. This is the 
origin of atomic timescales, in particular the one maintained by the International 
Bureau of Weights and Measures. Various systems in operation have their own 
 timescale, for example, the global positioning system (GPS) of the United States, 
the Russian Glonass system, the Chinese Beidou system, and the European Galileo 
systems under development, all playing an important role in navigation on or near 
the surface of the earth.

Although time is central to physics and is used in our day-to-day life, it is a con-
cept that is difficult to grasp, let alone to define. We use it without questioning its 
origin and its exact nature. It is basic in physics for describing the dynamics of sys-
tems and ensembles of systems by means of equations that model the evolution of 
objects forming our universe. The concept is used as such without questioning much 
its exact nature and origin. In Newtonian mechanics, objects evolve in space and 
their behaviour is described by means of differential equations and functions of time 
and space. Both space and time are independent and in common language they are 
said to be absolute. In that context, time is not a function of space and space is not a 
function of time. However, in attempts to relate mechanics and electromagnetism by 
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space and time transformations, a difficulty arose. This is due to the finiteness and 
invariability of the speed of light, made explicit in Maxwell’s equations, whatever 
the motion of the frame of reference in which it is generated and measured. In this 
context, with Einstein, Poincaré, Lorentz, Minkowski, and others, time and space 
become entangled and functions of each other. There is no such thing as an absolute 
space in which objects evolve in an absolute time framework, both independent of 
each other. Time and space form a single four-dimensional framework and cannot be 
treated independently. This concept forms the basis of the theory of relativity. This 
theory has been shown to be valid through multiple experiments and verifications to 
a level that raises its validity to a high degree. It should be pointed out that the most 
accurate verifications were done with atomic clocks, the instruments that are the 
content of this book. There is another question also often raised regarding the nature 
of time: Could it be discrete? If so what would be the size of its smallest quantity, 
the time quantum? Could it be that Planck’s time is the smallest time entity? This 
is a totally unknown subject and appears to be a roadblock to in the development of 
a sustainable quantum theory that includes the concepts elaborated in the theory of 
general relativity.

Although we may feel somewhat uncomfortable in the context of such questions, 
time remains the most basic concept in physics, is fundamental, and is the quantity 
that is measured with the greatest precision. Current atomic clocks can commonly 
keep time to an accuracy of 1 s in a million years, or in other words are stable to 
better than 1 ms in a year. For example, the timescale generated by the GPS satellites 
for navigation, based on atomic frequency standards on satellites and on ground, 
is stable after appropriate processing and filtering to about 1 ns/day. On the other 
hand, on the basis of our inability to measure time by astronomical means with such 
accuracy, it was decided in 1967 to replace the astronomical definition of the second 
by one in terms of a particular atomic hyperfine transition in the Cs atom. The fre-
quency of that transition is set at 9,192,631,770 Hz. Furthermore, since now the speed 
of light is defined exactly as 299,792,458 m/s, providing at the same time a definition 
of the metre, the mechanical units of the SI become essentially determined by the 
basic time unit, the second. The concept of unifying all SI units in terms of a single 
quantity goes further due to the Josephson effect phenomenon, which relates voltage 
to frequency in a most fundamental expression, 2e/ℏ, involving only fundamental 
constants. This is the subject that will be described in Chapter 5.

From this discussion, it is evident that time plays a most important role in physics 
and technology and the realization of the highest accuracy and precision of the SI 
unit, the second, has remained one of the most active preoccupations of several labo-
ratories and institutes over the past 50 years. Starting with tremendous improvements 
in the realization of the second within the microwave range, work has extended to 
the optical range with proven increase in frequency stability and accuracy by  several 
orders of magnitude. These achievements were possible mainly through a better 
understanding of the interactions between electromagnetic radiation and atoms, pro-
viding a means of altering the properties of atoms. This book is about those improve-
ments that have taken place mainly during the past 25 years, on the realization of 
stable and accurate frequency standards.
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1 Microwave Atomic 
Frequency Standards
Review and Recent 
Developments

At the end of the 1980s, atomic frequency standards reached a level of refinement 
that made it the envy of many other fields of physics. The accuracy of primary cae-
sium (Cs) standards maintained in operation at national institutes reached a level 
better that 10−13 and the frequency stability of the hydrogen (H) maser in the medium 
term was better than 10−14. These characteristics made possible the verification to 
great accuracy of basic physics predictions such as those resulting from the theory of 
relativity and made possible the maintenance of a timescale to an unsurpassed stabil-
ity. It also opened the use of such devices in many applications. The time unit, the 
second, became the most accurate unit of the International System of Units (SI), with 
consequences for the implementation of other units such as the metre, the volt, and 
the ohm. On the other hand, Rb standards had reached a level of development that 
made them an excellent support of digital communication systems with improved 
reliability and also made them appropriate for navigation systems using satellites 
requiring medium frequency stability and small size.

There has been extensive research on the possibility of using other atoms as the basis 
for new types of frequency standards. However, those systems are still under study in lab-
oratories; Cs, H, and Rb therefore remain the atoms at the heart of atomic frequency stan-
dards used at large either as references in basic research or in practical systems requiring 
precise and accurate timing. Although the Cs standard in its original beam implemen-
tation using magnetic state selection has been dethroned as the most accurate primary 
standard with the introduction of optical pumping and laser cooling, it still remains in 
many laboratories the work horse for implementing a local timescale, for confirming the 
accuracy of other standards, and, to a limited extent, for reliable reporting to the BIPM 
(Bureau International des Poids et Mesures) in the maintenance of the second.

In this chapter, we recall the physical construction and the characteristics of 
those frequency standards based on Cs, H, and Rb, as well as of some selected other 
types of microwave frequency standards, which still show promise regarding pos-
sible specific applications. We examine the physics at the heart of the operation of 
those standards and behind their limitations relative to size, accuracy, and frequency 
stability. We also see that those limitations were overcome to some extent, showing 
that, with some imagination, improvements could still be made on instruments that 
had already attained a very high level of maturity.



2 The Quantum Physics of Atomic Frequency Standards

1.1 CLASSICAL ATOMIC FREQUENCY STANDARDS

We usually group Cs beam frequency standards, H masers, and optically pumped 
Rb standards under the terminology “classical atomic frequency standards.” In the 
following paragraphs, we review their physical construction and recall the essen-
tial theoretical results that were developed in parallel with their implementation. 
Theoretical investigations were required for an understanding of the various phe-
nomena causing biases observed when evaluated relative to accuracy and frequency 
stability. The reader will find in Volumes 1 and 2 of The Quantum Physics of Atomic 
Frequency Standards (QPAFS) a detailed description of the operation of such stan-
dards and a description of the basic physics involved. In the following sections, we  
recall the main concepts behind their operation in order to simplify reading of sub-
sequent sections, in which we discuss recent progress in understanding the physics 
involved. We then present new analysis and realizations that have resulted in better 
understanding of their operation, greater accuracy, better frequency stability, and in 
some instances reduction in size and weight.

1.1.1  Cs Beam FrequenCy standard

A frequency standard using Cs and the separate oscillatory field approach proposed 
by Ramsey (Ramsey 1950) was implemented as early as 1955 (Essen and Parry 
1955). Intense laboratory and industrial development followed (see, e.g., McCoubrey 
1996). Development showed great success and soon after the construction of Cs 
primary standards in several laboratories, the frequency of the Cs ground state 
hyperfine transition was adopted for the definition of the second by the Conférence 
Générale des Poids et Mesures (CGPM, 1967–1968). The frequency adopted was 
9,192,631,770 Hz. It was the best number obtained by means of precise astronomi-
cal measurements by which the Cs hyperfine frequency was determined relative to 
the second, whose formal definition at the time of measurement was the ephemeris 
second based on astronomical observation (Markowitz et al. 1958). That choice has 
remained till date (2015).

Why was Cs selected for providing the basis of the definition of the second? First, 
the choice of the Cs atom in the implementation of a frequency standard has resulted 
from the considerable accumulation of knowledge on that atom over the years and 
from the several advantages that it provides over other candidates. In particular, Cs 
has a single stable isotope, 133Cs, and is relatively abundant in nature. Its melting 
point is 28.4°C. Its vapour pressure is such that it is possible to implement a rather 
intense atomic beam from an oven at a relatively low temperature of the order of 425 
to 500 K. Its ionization energy is low, 3.9 eV, making it easy to detect by conventional 
procedures such as ionization with a hot wire detector and ion counting. Finally, Cs 
has a ground state hyperfine frequency falling in the X band, a microwave region 
that has known extensive development, which makes possible atom–microwave 
interaction by means of small structures such as cavities whose dimensions are in 
the centimetre range.

The Cs atom has a nuclear spin I = 7/2 and has a single s electron outside closed 
electronic shells. Its ground state consists of two hyperfine levels F = 3 and F = 4 
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and in a low magnetic field the structure consists of two manifolds of 7 and 9 energy 
levels, respectively. This ground state is shown in Figure 1.1 as a function of the 
magnetic induction B.

1.1.1.1 Description of the Approach Using Magnetic State Selection
A conceptual diagram of the classical Cs beam frequency standard using magnetic 
state selection is shown in Figure 1.2 (Vanier and Audoin 2005).

A beam of Cs atoms is formed by proper collimation from an oven heated at a 
temperature of the order of 50–100°C depending on the intensity required. This 
beam is directed as to pass through a so-called Ramsey cavity that provides a region 
of electromagnetic interaction and excite transitions between the two ground state 
hyperfine levels mF = 0 of the atoms. Magnets A and B are generally dipole magnets 
and create an intense inhomogeneous field in which atomic trajectories are deflected. 
They are called Stern–Gerlach selector magnets or filters. The deflection is caused 
by the interaction of the atom magnetic moment with the magnetic field gradient 
and by the tendency of atoms to seek states of low potential energy. Consequently, 
according to Figure  1.1, atoms having higher energy in high magnetic fields are 
deflected to regions of low magnetic field in order to lower their potential energy. 
Similarly, those atoms having lower energies at high magnetic fields seek regions 
of high magnetic field for the same reason. Selection is accomplished by means of 
magnet A whose orientation is such as to force atoms in level F = 4, mF = 0 to pass 
through the Ramsey microwave cavity, and reach the second deflecting magnet B. 
Atoms in the other F = 3, mF = 0 level, being deflected away from the F = 4, mF = 0 
atoms, are eliminated from the beam by appropriate collimation. The analysis of the 
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FIGURE 1.1 Ground state energy level manifold of the caesium atom as a function of the 
magnetic induction B in tesla.
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beam composition is done by the combination of magnet B, called the analyzer, and 
a hot wire ionizer followed by a counter usually assisted by an electron multiplier. In 
their transit through the Ramsey cavity, the atoms are submitted to an electromag-
netic field of angular frequency ω in the two arms of the cavity called the interaction 
regions. In the first arm of the cavity, atoms are excited into a Rabi oscillation that 
puts them into a quantum superposition of the two hyperfine levels F = 4, mF = 0 
and F = 3, mF = 0 of the ground state. We define τ, the time of transit of an atom at 
speed v inside that first arm of length l. The power fed into the cavity is adjusted to 
such a value as to make the electromagnetic radiation appear as a π/2 pulse, that is to 
say a microwave pulse that puts the atoms in an exact superposition state of the two 
hyperfine levels when they exit that first arm at the most probable speed. The atoms 
are subsequently left to drift unperturbed in the space within the double arm cavity. 
A uniform magnetic induction Bo provides an axis of quantization and the atoms 
remain in the same state. They then penetrate inside the second arm at distance L 
from the first arm. We call T the time of transit between the two arms of the cavity. 
If v is the speed of a given atom, then T is simply L/v and is affected the spread in v. 
In that second arm, the atoms are again submitted to a field of the same intensity and 
same frequency as in the first arm. Atoms having the same speed as in the first arm 
are, thus, submitted again to a π/2 pulse. The atoms at the exit of the second arm find 
themselves in the lower state F = 3, mF = 0 and the transition is complete as if they 
had been submitted to a π pulse. If the frequency applied to the cavity is not exactly 
the resonance frequency of the atoms, the phase of the field in the second arm is not 
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FIGURE 1.2 Simplified conceptual diagram of the Cs beam frequency standard using magnetic 
state selection. The inset shows the shape of the resonant signal observed when the frequency-
lock loop is open and the microwave frequency is scanned slowly over the atomic hyperfine 
resonance. Although in the figure the magnetic induction is shown parallel to the beam direc-
tion, in practice it is very often made perpendicular to the beam. (Data from Vanier, J. and 
Audoin, C., Metrologia, 42, S31, 2005. Copyright Bureau International des Poids et Mesures. 
Reproduced by kind permission of IOP Publishing. All rights reserved.)
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coherent with the phase of the magnetic moment of the entering atoms and interference 
takes place. The total effect of the radiation inside the two arms is smaller than that 
of a π pulse and the transition is not complete. The probability of the transition is 
not a maximum and upon detection some atoms appear as having made the transi-
tion to the lower state and some not. The actual state of affairs is analyzed by means 
of a second Stern–Gerlach filter that selects only atoms having made the transition 
and orients them towards the detector. That detector is made of a hot wire of tung-
sten or other material that ionizes the atoms reaching it. The resulting ion current is 
measured either directly (usual in laboratory standards) or by means of an electron 
multiplier (usual in commercial standards). If the frequency of the radiation fed to 
the cavity is swept over a certain range, a kind of interference pattern is observed at 
the output of the detector as shown in the inset of Figure 1.2. It is worth mentioning 
that the role of atoms in level F = 4, mF = 0 and of atoms in level F = 3, mF = 0 can 
be inverted without affecting the operation of the system.

This type of signal is called Ramsey fringes (Ramsey 1956). A complete calcula-
tion of the shape of that signal is done in QPAFS, Volume 2 (QPAFS 1989).

Since the central peak, being the resonance peak, is the signal of interest we con-
centrate on it. For a given atomic velocity v leading to a transit time τ in each arm 
of the cavity, the shape of the central fringe signal can be represented approximately 
by the following equation (for ease in reading, we import into the present text a few 
important equations from QPAFS 1989):

 
P b T b( ) sin cos | |τ τ φ= + +( )  <<1

2
12 Ω Ωo o  (1.1)

where:
τ is the time of interaction of the atom with the microwave field in each interac-

tion region
T is the time spent by the atom between the interaction regions
ϕ is the phase difference that exists between the microwave fields in the two arms 

of the cavity, including the effect of asymmetries and cavity losses
Ωο is the difference between ω, the angular frequency of the microwave radia-

tion in the Ramsey cavity, and ωo, the resonance angular frequency of the 
atom:

 Ωo o= −ω ω  (1.2)

The parameter b is the Rabi angular frequency in the interaction region and is a 
measure of the amplitude of the microwave induction Bmw. It is defined by the equa-
tion (our definition of b is different from that used by Ramsey (1956) by a factor 
of 2, consistent with the notation used in QPAFS 1989):

 
b B= µB

mw


 (1.3)

where:
μB is the Bohr magneton
ℏ is the Planck’s constant h over 2π
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Assuming ϕ = 0 or π, the full width at half maximum of the central fringe as given 
by Equation 1.1 is readily calculated as:

 
W

T
= π

 (1.4)

If the resonance signal was observed with a single cavity (Rabi resonance), its line 
width would be π/τ. With the double arm cavity the width of the signal is reduced by 
the factor, L/l = T/τ, which could be very large in laboratory units designed with a 
large distance L between the two arms of the Ramsey cavity of individual lengths l. 
In those units, L/l may be in practice of the order of 100 or more.

We note that Equation 1.1 is valid under the assumption that | |Ωo << b. A better 
approximation to the central fringe is obtained by means of a first-order expansion of 
the full Ramsey fringe equation as developed in QPAFS, Volume 2 (QPAFS 1989):

 
P b T

b
b T( ) sin cos tan sinτ τ τ= + +( )− 






 +( )








1
2

1
2 1

2
2 Ω Φ Ω Ω Φo

o
0   (1.5)

Equation 1.1, however, is an excellent approximation of the central fringe shape and 
is used in most calculations concerned with frequency shifts introduced by various 
phenomena. The third term in Equation 1.5 introduces a correction that amounts in 
some cases to a few percent of the biases calculated and is sometimes used for better 
precision in the evaluation of various effects (Makdissi and de Clercq 2001).

The above calculation was done under the assumption that the atoms in the beam 
have all the same velocity and spend the same time in the two arms of the cavity. In 
practice, the beam is composed of atoms travelling at thermal velocities. In a gas, 
atomic velocities are spread according to a Maxwell distribution. However, in the 
case of a collimated beam and state selection by magnets, this distribution is greatly 
altered. If f(τ) is the resulting distribution of interaction times τ in each arm of the 
cavity, then an average of the probability P over this distribution must be made:

 
P f P d=

∞

∫ ( ) ( )τ τ τ
0

 (1.6)

where the following relations between speed v and interaction time distributions hold:

 
f d p d( ) ( )τ τ

0 0

1

∞ ∞

∫ ∫= =v v  (1.7)

 
f p( )τ

τ
= 








l l
v2  (1.8)

The fringe pattern is smeared out to some extent by the velocity spread. It turns out, 
however, that the central fringe is not much affected by the averaging, if the velocity 
distribution is made sufficiently narrow as is done in some implementation (Becker 
1976). A typical experimental result is shown in Figure 1.3 for two scan widths.
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A practical implementation of a Cs standard consists of frequency locking to the 
atomic resonance the frequency of the quartz crystal oscillator that is used to gener-
ate the microwave radiation that induces the atomic transitions in the Ramsey cavity 
as illustrated in Figure 1.2. In that system, the frequency of the crystal oscillator is 
modulated at a low frequency with a modulation depth less than the line width of 
the central Ramsey fringe. The resulting signal obtained by means of synchronous 
detection is a discriminator pattern that is used in a feedback loop to lock the fre-
quency of the crystal oscillator to the hyperfine resonance line.

As is evident from our earlier discussions, the atoms are relatively free in the 
beam. There are still present, however, some physical phenomena that cause small 
frequency shifts or biases. One of the main tasks in the implementation of a primary 
frequency standard of the type just described is the precise evaluation of those shifts 
or biases. It is only after such an evaluation that a given standard may be accepted as 
a representation of the SI unit, the second, which is the main goal in national stan-
dards laboratory implementations of such units.

Those shifts may be separated into three main groups: those intrinsic to atomic 
properties, those introduced in the detection of the resonance signal, and those intro-
duced in the locking of the microwave generator to the resonance line. We outline 
the nature of these shifts. In Section 1.1.1.4 we show how progress was made in 
recent years in the accuracy of their evaluation and sometimes in their reduction.

1.1.1.2 Review of Frequency Shifts and Accuracy
1.1.1.2.1 Frequency Shifts (Biases) Associated with Physical Atomic Properties
1.1.1.2.1.1 Magnetic Field Shift In a low magnetic field, the shift of the resonant 
line of interest with the applied magnetic field is given by the equation (QPAFS 1989, 
Volume 1, Table 1.1.7):

 ν ν= + ×hf o427 45 108 2. B  (1.9)

where:
νhf is the unperturbed hyperfine frequency defined as 9,192,631,770 Hz
Bo is the value of the applied magnetic induction in Tesla

(a) (b)

40 Hz1.6 kHz

FIGURE 1.3 Ramsey fringes observed experimentally in the NRC Cs VI standard. (Data 
from Mungall, A.G. et al., Metrologia, 17, 123, 1981. Copyright Bureau International des 
Poids et Mesures. Reproduced by permission of IOP Publishing. All rights reserved.)
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The field applied may be of the order of 50 to 100 × 10−7 Tesla (50 to 100 mG) and 
the  displacement of the resonance peak is several parts in 1010. This is the most 
important shift in the frequency standard and must be determined with an accuracy 
compatible with the accuracy desired in the final evaluation. It is obvious that field 
fluctuations must be minimized for reasons of frequency stability. This constraint 
forces the use of a rather stable current source supplying the device that creates the 
field. This device may be rods or a solenoid. On the other hand, efficient magnetic 
shielding is used to prevent environment field fluctuations from reaching the region 
of interaction, the Ramsey cavity. This is generally done by means of several lay-
ers of mu-metal or high permeability metallic cylinders surrounding the region of 
interaction.

1.1.1.2.1.2 Second-Order Doppler Effect This shift originates from the time 
dilation phenomenon of special relativity. For an atom at speed v, the second-order 
Doppler effect frequency shift ΔνD2 is given by the equation (QPAFS 1989, Volume 1)

 

∆ν
ν

D2

2hf

2

2= − v
c

 (1.10)

where:
c is the speed of light

In the beam, the velocities are spread over a relatively large range and this shift must 
be averaged over the velocity distribution. The average transition probability is given 
by Equation 1.6. Since the various shifts to be considered are expected to be small, 
we may consider them as independent of each other. When the second-order Doppler 
shift alone is taken into account, then the transition probability at the exit of the sec-
ond selector magnet is given by:

 
P f b

c
T d= + − −
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This expression may be used directly by proper adjustment and normalization to obtain 
the intensity of the beam reaching the detector. We may, thus, write the beam intensity as:

 
I I Ib= + + − −
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∫ dτ
0

 (1.12)

where:
Ib is the background atomic flux reaching the detector, which, for example, is 

composed of atoms in a wrong state and do not contribute to the signal

The resonance frequency of the standard is identified with the maximum of the 
central Ramsey fringe signal, which is simply the maximum of the beam intensity 
I reaching the detector. The value of that frequency is obtained by differentiating 
Equation 1.12 with respect to ω (see Appendix 1.A). Hence, we obtain:
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where:
ωD is the frequency of the maximum of the central Ramsey fringe

In order to evaluate the resulting shift, one needs to know the interaction time dis-
tribution function f(τ) or the speed distribution. In the 1960s, in the field of atomic 
beam resonance spectroscopy, a Maxwellian distribution of atomic velocities in the 
beam was assumed (Harrach 1966, 1967). With magnets as state selectors, the distri-
bution may be very different from a Maxwell’s distribution. In early developments of 
Cs primary standards, it was assumed that the distribution was Maxwellian, but with 
low and high speeds cutoff (Mungall 1971). It was then verified by numerical analy-
sis that the velocity spectrum with its chosen width and cutoff frequencies, using 
Equation 1.6, reproduces the observed Ramsey fringe pattern to a good approxima-
tion. However, such an approach is rather empirical. We now outline more advanced 
methods for evaluating f(τ) and recent developments that have allowed the evaluation 
of velocity-dependent shifts to a very satisfying accuracy.

1.1.1.2.1.3 Black Body Radiation This effect is caused by an interaction of 
the atoms with the oscillating electric field of the ambient thermal radiation. At 
an operating temperature of 300 K the shift using polarizability values reported in 
Table 1.1.8 of QPAFS (1989) is calculated to be −1.69 × 10−14 and varies as the fourth 
power of the absolute temperature (Itano et al. 1981). The effect was not important 
in the evaluation of Cs standards implemented before 1990, due to their limited accu-
racy and frequency stability. However, the shift was observed at room temperature in 
a Cs beam standard with greatly improved stability (Bauch and Schröder 1997). The 
measurement was made as a function of temperature over a range of more than 150°. 
The value found was 1.66 × 10−14 and was in good agreement with the theoretical 
prediction. The shift became important in the context of the accuracy reached with 
the Cs fountain to be described later. Furthermore, the polarizability value used in its 
theoretical evaluation was questionable in the light of new measurements (Micalizio 
et al. 2004). We return to this point in Chapter 3 dealing with the Cs fountain.

1.1.1.2.1.4 Spin–Exchange Frequency Shift Collisions between atoms travelling 
at different velocities within the beam and with atoms in the background vapour 
pressure may cause an exchange of their electrons. This is called spin exchange and 
it creates a frequency shift proportional to the collision rate (QPAFS 1989). The colli-
sion rate is proportional to the relative velocities of the atoms and their collision cross 
section. The value of this cross section is not known for Cs at room temperature and the 
effect, although expected to be small, still needs to be evaluated. The effect is small in 
Cs beam standards operating at room temperature but as will be seen in the case of the 
Cs fountain it becomes important particularly when accuracy reaches the 10−16 level.
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1.1.1.2.2 Shifts Introduced by the Resonance Detection System
1.1.1.2.2.1 Phase Shift between the Two Cavities If the phase ϕ between the 
fields in the two arms forming the Ramsey cavity differs from either 0 or π by a small 
amount ϕ, then the central fringe maximum or minimum is displaced. This phase 
shift may be caused by an asymmetry in the cavity construction or electrical losses 
in the waveguide creating a travelling wave within the structure.

For atoms at speed v travelling the distance L between the arms in time T = L/v, it 
is readily shown from Equation 1.1 that a phase shift ϕ between the fields of the two 
arms creates a frequency shift of the resonance line by the amount:

 
∆ν φ

πφ = −
2 T

 (1.14)

For example, an asymmetry to the extent of 10−4 m between the lengths of the two 
arms of the Ramsey cavity may cause a frequency shift of the order of 10−13 depend-
ing on the electrical losses of the waveguide used. The frequency shift changes sign 
upon reversal of the velocity. It can thus be determined experimentally by reversing 
the direction of the beam. However, due to the presence of a phase shift that varies 
with position in the cavity, called generally distributed phase shift, and due to the fact 
that the beam does not necessarily retrace the same path upon reversal, the accuracy of 
determination of this shift is limited. In short commercial instruments, the frequency 
shift is larger since T is smaller than in laboratory standards. It may reach 1 × 10−12.

We have provided in QPAFS, Volume 2 (QPAFS 1989), a detailed analysis of the 
effect of this shift. Let us recall the main points of that analysis. The equations to be 
used are Equations 1.1 and 1.6. Converting to beam intensity, we obtain:

 
I I Ib= + + −( ) + { }

∞

∫1
2

12

0

o of b T d( )sin cosτ τ ω ω φ τ  (1.15)

We emphasize the difference between this type of bias and that introduced by the 
second-order Doppler effect. The second-order Doppler shift affects directly the fre-
quency of the atoms while the phase shift is introduced through the cavity and is con-
sidered as a step in the time evolution of the atoms. To obtain the frequency where 
beam intensity I is maximum, we need to do as in the case of second-order Doppler 
effect, that is, differentiate with respect to ω and set ∂I/∂ω = 0 (see Appendix 1.B). 
Using the relation T = L/v, the result is:
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An important consideration follows from that analysis: the shift as measured from 
the maximum of the Ramsey pattern is a function of the velocity distribution and 
depends on the value of b, thus on the power fed to the cavity. This is the same thing 
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as in the case of second order Doppler effect, as calculated through Equation 1.13. 
We now return to this point and see how recent advances in understanding the phase 
shift effect has resulted in its reduction by means of a new type of cavity.

1.1.1.2.2.2 Cavity Pulling The cavity tuning influences the position of the reso-
nance maximum. The effect is small due to the fact that the cavity Q is low resulting 
in weak stimulated emission in the cavity since the number of atoms in interaction is 
small. In short, Cs beam frequency standards where the resonance is less selective, 
the effect may be significant. However, in laboratory standards where the cavity Q 
is intentionally made small and the atomic gain is low, this shift is generally under 
control and does not cause a problem. For example, for a cavity Q of 500, a line Q 
of 1.5 × 108 corresponding to a line width of 60 Hz as realized in the best standards 
shown in tables provided hereunder, a detuning of the cavity by 1 MHz would pro-
duce a fractional frequency shift of 6 × 10−15. Full details of the calculation are given 
in QPAFS, Volume 2 (1989). On the other hand, it may be mentioned that cavity 
detuning may introduce another frequency shift when square wave modulation of the 
microwave interrogating frequency is used. The effect appears because the fields at 
the two frequencies resulting from the modulation may not have the same amplitude 
if the cavity is not tuned exactly to atomic resonance.

1.1.1.2.2.3 Bloch–Siegert Effect The microwave magnetic induction in the cav-
ity may be thought of as linearly polarized radiation. A linearly polarized field may 
be decomposed into two counter-rotating fields. In the rotating frame approach, one 
component is seen as resonant with the atomic ensemble and the other rotating in 
counter direction is seen as having twice the resonance frequency. An elementary 
analysis shows that a frequency shift is introduced in the detection of the resonance 
frequency by this off resonance component. This shift is called the Bloch–Siegert 
effect (Bloch and Siegert 1940). It is proportional to the ratio l/L of the beam tube and 
in laboratory standards of large size it is of the order of 5 × 10−15.

1.1.1.2.2.4 Majorana Transitions If the constant magnetic field along the atomic 
beam is inhomogeneous, transitions of random nature can be caused between mF 
sublevels of the two manifolds F = 3 and F = 4. These are called Majorana transi-
tions (Majorana 1932). It has been shown that these transitions can cause a shift of 
the resonance frequency of the central ΔmF = 0 transition (Ramsey 1956). Since in 
the classical approach permanent magnets are used for state selection and detec-
tion, it is possible that stray inhomogeneous fields created by those magnets excite 
Majorana transitions with a resultant frequency shift. This effect is absent in opti-
cally pumped beam tubes in which no selector magnets are used and where the mag-
netic field can be made very homogeneous all along the beam path.

1.1.1.2.2.5 Rabi and Ramsey Frequency Pulling This is an effect that is partly 
inherent to the atoms and partly introduced by the technique of detection of the reso-
nance. A shift is introduced by the overlapping of the symmetrically situated field 
dependent Rabi pedestals with the central fringe of the ΔF = 1, ΔmF = 0 resonance 
line (De Marchi et al. 1984; De Marchi 1987). When these pedestals have different 
amplitudes, which is the case for magnetic state selection, a small distortion of the 
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central fringe is created by the tails of the field dependent Rabi pedestals, causing a 
frequency shift of the central fringe. Furthermore, the microwave field in the cavity 
may contain a small perpendicular component causing transitions ΔF = 1, ΔmF = ±1 
that are connected to the resonant transition of interest (the ΔmF = 0 transition) by a 
common energy level. These transitions may also distort the central fringe and cause 
a small frequency shift. This is called Ramsey pulling (Cutler et al. 1991). These 
shifts are a function of beam design and depend to some extent on the microwave 
power applied to detect the resonance. The effect is function of the applied mag-
netic field and is small when the resonance line is narrow. Consequently, these effects 
are much reduced in laboratory standards and in general are small. A considerable 
amount of theoretical analysis has been made on these effects (Shirley et al. 1995; 
Lee et al. 2003).

1.1.1.2.2.6 Microwave Leakage An undesired microwave field may be pres-
ent all around the microwave cavity when microwave leakage occurs. The spuri-
ous field may originate from the cavity holes that let the atomic beam through or 
from unwanted small spacing between different parts of the cavity assembly causing 
microwave leaks. It may also originate from electrical feedthroughs. The atomic 
beam may then be subjected to a travelling wave in a place where no microwave field 
should be present. A Doppler frequency shift then occurs. A model of this effect 
has been presented, which accounts for the frequency shifts that may be observed 
(Boussert et al. 1998). Since the details of the field configuration are generally not 
known, it is rather difficult to evaluate the shift introduced and only careful design 
of the system avoiding leakage can minimize the effect.

1.1.1.2.2.7 Gravitational Effect According to the general theory of relativity, a 
clock rate is a function of the gravitational potential at the location of the clock. 
Consequently, the atomic Cs standard frequency is a function of its altitude in the 
earth’s field. Since the laboratory Cs beam frequency standards used in the determi-
nation of the SI unit second are located at different altitudes, it is thus important to 
precisely determine the actual altitudes of these standards relative to the geoid and 
make the appropriate correction. This shift is small. In the earth’s field, it varies with 
altitude h relative to the geoid as:

 
∆ν

ν
gr ≅ gh

c2  (1.17)

where:
g is the acceleration due to gravity at the location of the clock
c is the speed of light (Ashby et al. 2007)
The altitude h is assumed to be small relative to the earth’s radius 

The fractional effect on the frequency is about 10−16 m–1. The height above the geoid 
is difficult to determine to an accuracy of the order of 10 cm. This corresponds to an 
accuracy in clock frequency to the order of 10−17. Consequently, since, as we will see in 
Chapter 4, it is possible that optical clock accuracies could reach a level of 10−18 soon, it 
should be possible to find a very useful application of atomic clocks in precision geodesy.
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1.1.1.2.3 Offsets Introduced by the Electronic Servo System
1.1.1.2.3.1 Spectrum of the Microwave Radiation Imperfection in the spectrum 
of the microwave radiation and in its modulation can cause frequency shifts (Audoin 
et al. 1978). The microwave radiation at 9.2 GHz is normally obtained by synthesis 
from a quartz crystal oscillator at a nominal frequency, say 10 MHz. The process 
generally creates sidebands at various frequencies and furthermore amplifies any 
spurious spectral components present in the spectrum of the quartz crystal oscillator. 
These sidebands create virtual transitions and cause small frequency shifts.

1.1.1.2.3.2 Frequency Shifts Introduced by the Modulation When square 
wave frequency modulation of amplitude ωm is used in the servo system to lock the 
microwave frequency to the resonance line, the system’s role, by means of synchro-
nous detection and feedback, is to make equal the amplitude of the signal detected on 
each side of the line at +ωm and −ωm. If the central Ramsey fringe is asymmetrical, 
the servo system may lock to a frequency different from that corresponding to the 
maximum of the resonance line as given, for example, by Equation 1.13 including 
the Doppler shift (Mungall 1971). The difference in frequency depends on the dis-
tortion of the line and on the amplitude of the frequency modulation ωm used. This 
is illustrated in Figure 1.4, where it is clearly seen that for a symmetrical line the 
central frequency detected by that means is the same as the frequency for maximum 
signal. This is not the case for an asymmetrical line for which the servo frequency 
ω′o varies with amplitude of modulation ωm and is not the same as the frequency ωo 
for maximum signal.

The asymmetry of the Ramsey fringes may originate, for example, from fre-
quency shifts that depend on velocity. The second-order Doppler effect causes such a 

A
B

−ωm ωo +ωm
−ω′m ω′o +ω′m

Servo frequency,
symmetrical line A

Servo frequency,
asymmetrical line B

Amplitude of
fringe

FIGURE 1.4 Illustration of the effect on the actual measured frequency of using square 
wave modulation for detecting an asymmetrical fringe. A is a symmetrical fringe while B is a 
fringe that is made asymmetrical by a bias such as second-order Doppler effect that depends 
on the velocity of the atoms.
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velocity-dependent shift. In that case it is shown that the measured frequency called 
ω′D is  different from ωD and is given by (see Appendix 1.C) (Audoin et al. 1974):
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A similar expression is obtained for the shift introduced by a residual phase shift 
between the two arms of the Ramsey cavity:
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Consequently, it is clearly seen from these expressions that the locking frequency 
of the servo system depends on both the amplitude of the microwave field, b, in the 
interaction regions and the amplitude of the frequency modulation, ωm. In conclu-
sion, extreme care needs to be taken in order to evaluate the appropriate corrections 
for the bias effects mentioned above that are velocity sensitive and distort the central 
Ramsey fringe. The reader is referred to QPAFS, Volume 2 (QPAFS 1989), for more 
details on this subject.

1.1.1.2.3.3 Frequency Shifts Related to Imperfections in Modulation and 
Demodulation These shifts are related to distortion of the modulation and demodu-
lation signals that are used in the creation of the error signal by the synchronous detec-
tion process (QPAFS 1989, Volume 2; Audoin 1992). Even harmonics in the spectrum 
cause frequency shifts. Distortion ratios less than 10−6 are preferable in order to make 
the effects negligible at the level of accuracy encountered in state-of-the-art standards.

1.1.1.2.3.4 Frequency Control Loop Finite dc gain in the control loop and volt-
age offsets can cause frequency offsets in the frequency lock loop. In state-of-the-art 
designs, digital servo loops are used and such offsets are eliminated (Garvey 1982; 
Nakadan and Koga 1985; Rabian and Rochat 1988; Sing et al. 1990).

The size of the various offsets described above is summarized in Table 1.1 along 
with the present state-of-the-art accuracy in the determination of these offsets. The 
table is given without reference to particular systems implemented and is given 
solely as a guide to the reader making explicit the relative importance of a given 
shift and how accurately it can be determined in the best experimental conditions. 
At present, it appears that the biggest shift is the magnetic field offset. However, it is 
felt that the accuracy with which it is determined does not cause a major problem if 
care is taken in the design of the magnetic environment around the clock. The great-
est cause of inaccuracy is probably still the cavity distributed phase shift limiting 
the accuracy to which phase asymmetry in the Ramsey cavity can be determined.
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1.1.1.3 Frequency Stability of the Cs Beam Standard
The frequency stability of the Cs beam frequency standard depends on the averag-
ing time, on factors such as modulation and frequency locking scheme and on the 
constancy of all the shifts enumerated above. In the so-called short-term region, 
where shot noise at the beam detection is important, the frequency stability is given 
approximately by (QPAFS 1989, Volume 2):

 
σ τ

τ
( )

( ) /=
′k

Q S Nl
1 2  (1.20)

where:
Ql is the atomic line Q
S/N is the signal-to-noise ratio essentially limited by shot noise at the detector
k′ is a factor close to unity

TABLE 1.1
Approximate Size of Biases or Offsets Present in Laboratory Cs Beam 
Frequency Standarda 

Typical Size in 
Laboratory Standards

(parts in 1015)

Typical Smallest 
Evaluation Uncertainty 

Achieved 
(parts in 1015)

Magnetic field >100,000 0.1

Second-order Doppler effect Depends on construction > −50 1

Black Body radiation ~20 0.3

Spin–exchange interactions Unknown Expected ≤1

Cavity phase shift Depends on construction >100 1 to 10

Cavity pulling ~5 to 10 0.6

Bloch–Siegert effect ~1 Expected ≤0.3

Majorana transitions ~2 <1.3

Rabi and Ramsey pulling <2 0.02

Microwave spectrum <1 0.1

Electronics, modulation, 
demodulation, etc.

1 1

Microwave leakage Depends on construction <1

Gravitation Depends on location <0.1

Microwave spectrum <1 0.1

Fluorescence light shift in 
optically pumped standards

<2 <0.5

Source: Vanier, J. and Audoin, C., Metrologia, 42, S31, 2005. Copyright Bureau International des Poids 
et Mesures. Reproduced by kind permission of IOP Publishing. All rights reserved.

a The uncertainty given is that achieved in best circumstances and is given as a reference to the accuracy 
that may be achieved in practice.
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The range of application of this equation depends on the servo loop, integrating 
filter type and bandwidth. As an example, in some well-designed laboratory stan-
dards using magnetic state selection, a frequency stability of 5 × 10−12 τ−1/2 over a 
range extending to 40 days has been measured, in general agreement with the above 
expression (Bauch et al. 1999). In the case of optically pumped standards, a better 
signal-to-noise ratio (S/N) can be obtained and a frequency stability better than that 
just mentioned by an order of magnitude can be realized (3.5 × 10−13 τ−1/2) (Makdissi 
and de Clercq 2001).

The long-term frequency stability of the Cs beam frequency standards depends 
on the stability of the various frequency shifts and offsets enumerated above. Con-
sequently, the frequency of a unit is dependent to a certain extent on its environment. 
Depending on construction type, temperature, humidity, atmospheric pressure, and 
magnetic field play a role to various degrees in determining long-term frequency 
stability. Temperature fluctuations appear to have the most important effect acting 
through some of the shifts enumerated above. In general, best results are obtained in 
a temperature controlled environment.

Fluctuations of unknown origins generally limit the frequency stability in the 
very long term. When the averaging time τ is increased, frequency stability, as given 
by Equation 1.20, improves and reaches a plateau called the flicker floor. The level 
of this flicker floor is generally a function of unknown parameters. In practice it is 
found that better quality in construction and design lowers this flicker floor to nearly 
undetectable levels.

Several national institutes and laboratories have been very active during the 
period 1970–1990, in developing Cs beam frequency standards using the classical 
approach. Those standards reached a high level of maturity. That stage was attained 
through intensive research and development, sophistication of the units, better under-
standing of the fundamental phenomena taking place and collaboration between the 
institutions. Table 1.2 is a compilation of the main characteristics of several selected 
laboratory units that have been developed during that period. They have played and, 
in some cases, still play an important role in the accuracy of TAI (Temps Atomique 
International) maintained by the BIPM. Most of them have been influential in the 
design of classical primary Cs standards implemented later. 

1.1.1.4 Recent Accomplishments
During the years following 1990, there appeared to be a radical change regarding the 
study and development of laboratory atomic frequency standards, in particular, labo-
ratory primary standards using the Cs atom. That state of affair occurred because of 
the refinement of stable solid-state laser diodes that became available with the proper 
wavelength and spectrum for efficient optical pumping of alkali atoms such as Cs. 
It was then possible to replace the selector and detector magnets in the classical Cs 
beam standard by using the technique of optical pumping providing extremely ver-
satile approaches to state selection. That approach also avoided the problems caused 
by inhomogeneous magnetic fields that may be created by the state selector magnets 
as well as the problems introduced by the alteration of the velocity distribution of 
the atoms by the same selector magnets. With optical pumping for state selection, 
the velocity distribution is known analytically and the evaluation of frequency biases 
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TABLE 1.2
Characteristics of Selected Laboratory Primary Cs Frequency Standards Developed during the Period 1970–1987 

NRC (Canada) 
Cs V

NRC 
(Canada) Cs 

VI A & C

PTB 
(Germany) 

CS2

GOSSTRDT 
(USSR) 

MCs R 101

GOSSTRDT 
(USSR) MCs 

R 102

NIST 
(USA) 
NBS 6

CRL (Japan) 
Cs1

NRLM (Japan) 
NRLM II

NIM 
(China) 

Cs2

Distance between 
Ramsey cavities (m)

2.1 1 0.8 0.65 1 3.7 0.55 1 3.68

Microwave-magnetic 
field direction relative 
to the Cs beam

⊥ ⊥ = ⊥ = ⊥ ⊥ ⊥

State selector 
analyzers

2 poles 2 poles Tandem: 
hexapole 
– quadrupole

2 poles Hexapole 2 poles Hexapole 2 poles 2 poles

Mean atom velocity 
(m/s)

250 200 93 170–220 220 195 110 300

Line width (Hz) 60 100 60 130–200 110 26 100 150

σy(τ) τ−1/2 3 × 10−12 3 × 10−12 2.7 × 10−12 3 × 10−12 5 × 10−12 2 × 10−12 5 × 10−12 <8 × 10−12 1.8 × 10−11

Accuracy 1 × 10−13 1 × 10−13 2.2 × 10−14 1 × 10−13 5 × 10−14 9 × 10−14 1.1 × 10−13 2.2 × 10−13 4.1 × 10−13

References Mungall et al. 
1973; Mungall 
and Costain, 
1977

Mungall et al. 
1981

Bauch et al. 
1987

Abashev et al. 
1983, 1987

Abashev et al. 
1983, 1987

Lewis 
et al. 
1981

Nagakiri et al. 
1981, 1987

Koga et al. 1981; 
Nakadan and 
Koga 1982

Xiaoren 
1981

Source: Vanier, J. and Audoin, C., Metrologia, 42, S31, 2005. Copyright Bureau International des Poids et Mesures. Reproduced by kind permission of IOP Publishing. 
All rights reserved.
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that are functions of velocity can be computed more easily. Furthermore, those same 
laser diodes allowed the mechanical manipulation of atoms such as reducing their 
speed to such limits that it became possible to create small atomic ensembles of 
atoms, essentially small balls of the order of a cm or so in diameter, characterized 
by a very low temperature. The old dream of the atomic fountain clock, called in the 
early days as Fallotron, proposed by Zacharias in the 1950s, could be realized (see 
Forman 1985).

Nevertheless, some institutions continued the refinement of their classic Cs beam 
standards, sometimes even in parallel with developments in the new avenues, opti-
cal pumping state selection and atomic fountain just mentioned. Those refined fre-
quency standards using the classical approach reached a level of accuracy such that 
it proved the high degree of understanding reached in the physics involved by those 
who persisted in improving them. It left no doubts on the quality of the work that was 
performed. Some of those standards, at the time of writing of this book, are still used 
in some cases in the implementation of the atomic timescale (TAI). They are also 
used as reference to check, within their own limits, the reliability and absolute accu-
racy of the standards of the new wave. However, it is clear that their contribution as 
a primary standard is limited by their accuracy. An examination of all the work pub-
lished during that period makes evident that the goal was that of breaking the 10−14 
barrier as far as accuracy is concerned. It was only achieved after extensive work.

The Cs and Rb fountains are now the workhorse in many primary standards labo-
ratories and have reached a level of accuracy in the 10−15 and better. However, it is 
worth examining the physics behind the work that was done in the improvement of 
the classical Cs frequency standards using magnetic state selection since their under-
standing is essential to the success of the optical pumping and fountain approaches. 
We hence review in the following paragraphs some of those refinements that were 
accomplished during the last two decades and have provided the scientific commu-
nity with some of the most reliable frequency standards.

As readily observed from Table 1.1, the largest frequency biases, which are observed 
in classical Cs beam standards using magnetic state selection and which need to be 
evaluated as accurately as possible, are the magnetic field and its homogeneity, the 
second-order Doppler effect, and the cavity phase shifts, either nominal between 
the two interaction regions or distributed within each region. Black Body radiation, 
cavity pulling, Majorana transitions, and Rabi–Ramsey pulling cause shifts much 
smaller, less than 10−14, but have also been carefully re-examined in order to certify 
that they do not introduce inadvertently any important bias in the measurements.

1.1.1.4.1 Magnetic Field Generation
The magnetic field is applied to provide a quantization axis to the system. It is also 
required to separate the field-dependent transitions from the clock transition F = 4, 
mF = 0 – F = 3, mF = 0 in order to prevent overlapping of the field-dependent lines as 
much as possible. We mentioned above the effect to the tail of the neighbouring Rabi 
pedestal on the clock transition. If the amplitude of these transitions on each side 
of the clock transition is not identical, a distortion of the central fringe takes place 
and the peak of the signal is displaced. The size of the magnetic field required, then, 
depends on the accuracy desired. In general, the field is set to a value of the order of 
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50 to 100 × 10−7 T (50–100 mG). This gives a Zeeman frequency of the order of 25 to 
50 kHz for transitions between field-dependent levels. It provides enough separation 
between the field dependent Rabi pedestals to guarantee little effect from overlap. 
Thus, the applied field is quite large. The displacement ΔνB of the central fringe of 
the Ramsey pattern is obtained from Equation 1.9 as:

 ∆νB B= ×427 45 108
0
2.  (1.21)

where:
B is in Tesla

For 50 × 10−7 T (50 mG), this corresponds to a displacement of 1 Hz or 1 × 10−10. 
Consequently, in order to reach fractional frequency stability of the order of 10−15, 
the field must be stable to something like 10−5 in fractional value. This is very 
demanding on several aspects of the construction of such a device. This includes 
the stability of the current source driving the circuit generating the field. It also 
sets requirements on homogeneity of the field within the system that includes the 
Ramsey cavity, which is between 1 and 2 m long in laboratory standards. Finally, 
magnetic shielding of the region where the interaction takes place must be well-
designed in order to avoid external field fluctuations that can affect the atomic beam 
resonance frequency. These problems have been addressed in various ways. In one 
type of design, the field is created by four metallic rods situated along the length of 
the standards (Mungall et al. 1973). In that case, the rods are spaced very accurately 
by means of a number of pyrex spacers interspaced with coils whose purpose is to 
excite Δm = +/−1 transitions and whose resonance frequencies νz are in the kHz 
range. Such transitions, when excited, affect the amplitude of the clock transition, an 
effect seen on the amplitude of the detected signal. The field can then be determined 
exactly through the relation:

 ν z B= ×349 86 107.  (1.22)

That relation applies within the upper states manifold F = 4. In another design, the 
field is created by means of a long solenoid enveloping the whole Ramsey cavity 
with small end coils used for trimming the field at both ends (Bauch et al. 1996). The 
whole structure is enveloped in all cases in multilayer high permeability material 
such as mu-metal or moly-permalloy. In that approach, as mentioned in the article 
cited, one main cause of instability is temperature affecting the length of the sole-
noid support, causing a change in actual solenoid dimensions with a resulting fluc-
tuation of the magnetic field. Temperature regulation is thus required.

Nevertheless, as reported in Table 1.1, it appears that the task of creating a field of 
sufficient homogeneity and stability for implementing a clock with accuracy in the 
10−15 range is not insurmountable. Actually, even at this high magnetic field, an accu-
racy in magnetic field bias determination of 10−15 has been realized in Physikalisch-
Technische Bundesanstalt (PTB) CS1 (Bauch et al. 2000a, 2000b). The question 
of the magnetic field bias is thus not a major problem in the construction of such 
a device although it must be implemented with great care, particularly regarding 
homogeneity. The main reason of this requirement is that what is measured by means 
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of the Zeeman frequency of ΔmF transitions is the actual value of the field along the 
beam while the bias frequency of the clock transition is proportional to the average 
of the field squared. In general, <B2> is not equal to <B>2. In practice, the effect 
may be evaluated from the position of the Ramsey resonance on top of the Rabi 
pedestal (Bauch et al. 1996).

It should, however, be recalled that the Ramsey cavity design approach intro-
duces a desirable property regarding frequency shifts introduced by magnetic field 
inhomogeneities. For example, the magnetic field may be different in the two inter-
action regions and may be different from the field in the drift region. The resulting 
frequency shift of the central Ramsey fringe, for a drift region L long compared to 
the interaction region l, is the sum of the shifts multiplied by the ratio l/L. The actual 
shift is given by the equation (QPAFS 1989):
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where:
ωο′ and ωο″ are the resonance frequencies in the two interacting regions, respectively
ωο is the resonance frequency in the drift region

For a laboratory standard with a 1 m long cavity, a frequency shift of the order of 
10−4 Hz may thus be reduced by a factor of 100 and made negligible.

1.1.1.4.2 Second-Order Doppler Effect
As is made explicit in Equation 1.18, the second-order Doppler shift is a function of 
the distribution of velocities in the detected beam. Because the second-order Doppler 
effect is velocity dependent, it makes the line asymmetrical and shifts the fringe line 
to the centre. According to the explanation given in Figure 1.4, if square wave modu-
lation is used in the servo system, as is generally the case, the frequency measured is 
dependent on the modulation amplitude. This is shown by Equation 1.18 above and 
reviewed in some detail in QPAFS, Volume 2 (1989).

An important step in the evaluation of the actual frequency shift is, thus, the eval-
uation of the integrals included in that equation. For this, the velocity or interaction 
time distribution must be known. A major effort has been spent by several laborato-
ries on the evaluation of such a distribution. It is well known that the velocity distri-
bution at the exit of magnetic dipole selectors is not Maxwellian as was assumed by 
Harrach (Harrach 1966, 1967). In one type of approximation, cut-off velocities were 
introduced in the velocity spectrum assumed to be Maxwellian (Mungall 1971). This 
is a gross approximation for selector dipole magnets. Nevertheless, the approxima-
tion was checked by calculating numerically the actual Ramsey fringe shape with 
the assumed velocity spectrum, and approximate agreement was obtained with the 
experimental data. However, in such a procedure the cut-off velocities are chosen 
rather arbitrarily and are not a priori based on experimental data. This did not appear 
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to be a proper avenue for calculating a bias affecting the accuracy of a primary stan-
dard. We now outline regarding how the question of determining the velocity distri-
bution to evaluate carefully the frequency bias caused by the second-order Doppler 
effect as well as by cavity phase shift bias was addressed.

1.1.1.4.3 Cavity Phase Shift
According to Table  1.1, and as discussed above, the second most important bias 
is the phase shift that can exist between the Ramsey cavity arms. In general, this 
phase shift is evaluated by means of beam reversal. This can be done because of 
the unique property that the phase shift between the two arms of the cavity changes 
sign upon inversion of the beam direction. The measurement may be done by inter-
changing the Cs source and the detector. This is a major operation and depending on 
design may lead to opening the system to atmospheric pressure and re-evacuating 
the system after the interchange has been effectuated. In some cases, the instrument 
is constructed with both, source and detector, at both ends (Mungall et al. 1973; 
Bauch et al. 1996). Their position is then switched directly under vacuum by means 
of a rotating or sliding mechanism. In all cases, the question remains as to the exact 
retrace of the Cs beam within the cavity and consequently as to the reproducibility 
of the phase shift with that retrace. This question was examined carefully in QPAFS 
(1989). Let us recall the main conclusions.

The Ramsey cavity is normally implemented with an X band waveguide in a 
U shape. Two ways for the orientation of the waveguide relative to the direction 
of the beam are represented in Figure 1.5, which, for convenience, is reproduced 
from QPAFS (1989). The relative orientation dictates the direction of the static mag-
netic field applied in order to satisfy the quantum transition probability condition 
for ΔmF = 0 transitions. The radiation H-field in the cavity must be parallel to the 
static induction Bo applied. In Figure 1.5a, the static field must be perpendicular to 
the beam direction and in Figure 1.5b it must be parallel. The ends of the U cavity 
are short circuits. If the material of the waveguide were a perfect conductor, the elec-
tromagnetic radiation within the cavity would be represented by a perfect standing 
wave. There would be no travelling waves in the waveguide required to feed energy 
losses in the walls of the guide. The position of the antinodes of the magnetic field 
would be well determined. In that case, if the Cs beam passes, say close to the short 
circuit (Figure 1.5a) or at the λg/2 antinode point from that short circuit (Figure 1.5b), 
the atoms would see the same phase of the field in both arms of the cavity. That phase 
would change sharply by π from one antinode to the other, but would be constant 
in the region of each antinode. All atoms in a narrow beam, a few mm in dimen-
sion, would see the same phase independently of their position within the beam and 
furthermore, they would see the same phase whatever is the actual position of the 
beam in traversing the cavity around an antinode. This is schematically represented 
in Figures 1.6a and b.

This is an ideal situation. In practice, the cavity is made of a material with electri-
cal losses and the wave is attenuated all along its path. Furthermore, upon reflection 
at the short circuit its amplitude is smaller than the incoming wave because the 
reflection coefficient is less than unity. The standing wave ratio varies along the path 
traversed by the wave and its phase is continuously changing with distance travelled. 
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This is illustrated in Figures 1.6c and d. Let us examine the phase of the microwave 
standing wave along the direction travelled called the zg direction. If we call z′g as the 
distance within the guide from the nearest antinode point identified by the number 
p = 0, 1, 2 …, then the phase is given by:
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The full calculation is given in QPAFS, Volume 2 (1989).
In order to understand the following discussion and development, it is important 

to know well the effect of each term in this expression and their size. The first term 

Atomic beam axis (ABA)

(ABA)

(a)

(ABA)

ABA

ABA

(b)

FIGURE 1.5 Schematic representation of the two usual implementations of the Ramsey 
 cavity. In (a) ABA stands for atomic beam axis. The coupling to the cavity is made through an 
E-plane T-junction and the cavity is bent in the E-plane; (b) the coupling is done through an 
H-plane T-junction. The magnetic field is represented by dotted lines. In the implementations 
chosen, in (a) the atomic beam passes close to the end while in (b), it passes at a so-called anti-
node (1/2)λg from the short circuit end. (Data from Bauch, A. et al., IEEE T. Instrum. Meas., 
IM-34, 136, 1985; Mungall, A.G. et al., Metrologia, 9, 113, 1973.)
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on the right represents absorption along the waveguide characterized by the absorption 
coefficient αg due to the extra length travelled by the wave upon its reflection to reach 
the antinode point (1/2) pλg. The second term is of the same nature but represents 
the same effect as a function of distance close to an antinode with z′g being a small 
distance from the antinode centre. The last term, rm, represents the effect of the finite 
conductivity of the cavity termination on the actual reflection of the wave at that 
short circuit. The parameter rm is the real part of the surface impedance of the short-
circuit material normalized to the waveguide impedance. Hereunder, we provide the  
value of the various parameters for a copper waveguide WR 90 

αg = 1.33 × 10−2 m–1

rm = 4.6 × 10−5

λg = 4.65 cm (9,192,631,770 Hz)

We recall that p is an integer with value 0 at the short circuit and 1 at the first antinode 
close to the short circuit, which in some implementation is the point where the beam is 
oriented as in Figure 1.5b. Because of the electrical losses, two effects result. If the arms 
do not have exactly the same length, that is, the T feeding the cavity is not well centred, 
the phase is different in the two arms. As a first approximation, neglecting the small 
effect of reflection less than unity at the short circuit, rm can be neglected relative to the 
other terms in Equation 1.24 and the phase shift ϕ between the two arms is calculated as:
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FIGURE 1.6 Schematic representations of the amplitude of the magnetic field H and the 
phase of H at the first antinode(s) near the end of the arms of the Ramsey cavity. (a) and 
(b): case where the walls of the waveguide are perfect conductors. (c) and (d): case where the 
walls of the waveguide have finite electrical conductivity. (Data from Bauch, A. et al., IEEE 
T. Instrum. Meas., IM-34, 136, 1985.)
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where:
Lo is the mean value of the length of each of the two arms
ΔLo is the difference between their lengths caused by an inexact centring of the T 

feeding the cavity

For example, for Lo = 15 λg and an error in construction of ΔLo = 10−4 m between the 
two arms length, we obtain ϕ = 1.25 × 10−4 rad. The guide wavelength is 4.65 cm, 
and for an average speed of 200 m/s, using Equation 1.19, one obtains a fractional 
frequency shift of the Ramsey central fringe of the order of 6 × 10−13, which is very 
large in the present context. In order to reach the 10−15 range accuracy, the phase 
shift should be known to the order of one microradian. This sets relatively rigid 
constraints on the fabrication of the cavity, the centring of the coupling T, and the 
measurement process itself.

On the other hand, as made evident by Equation 1.24, the phase of the magnetic 
field varies with distance within the arms. Thus, the phase seen by the atoms travers-
ing the cavity is different depending on their exact transverse position within the 
beam. If the beam is large, several mm to cm depending on the collimation and the 
hole made in the cavity, different atoms will see a different phase shift.

According to Equation 1.19 the resulting frequency shift is a function of the sign 
of the difference in phase between the two arms of the cavity. In practice, this prop-
erty is used to determine the value of the phase shift by measuring the frequency 
for reverse orientations of the atomic beam. As we have already discussed, a basic 
requirement is thus that the beam retraces exactly the same path in both directions. 
This is made evident from actual values of phase shift with distance as calculated 
from Equation 1.24. For small values of z′g, we have approximately:
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For convenience, the results are shown in Figure 1.7, partly replicated from QPAFS 
(1989) and for the value of the parameters given above for a WR 90 copper wave-
guide. The variation of the phase along the other axis xg′ perpendicular to the beam 
direction for the case of Figure 1.5b, that is in the direction of the larger transverse 
dimension, a, of the waveguide, is calculated in the same manner. Those results are 
also shown in Figure 1.7.

In practice, the measured gradient of the distributed phase shift may be as large as 
10−4 rad/mm, slightly larger than that calculated above (as reported for PTB’s CS2, 
Bauch et al. 1987). On the other hand, in a particular design, the precision of the 
retrace upon beam reversal and after great experimental care was found to be of the 
order of 0.13 mm (Bauch et al. 1993). This would thus correspond to a possible error 
of 1.3 × 10−5 rad in the evaluation of the phase shift. Using Equation 1.9, for a cavity 
structure 1 m long and a mean atomic beam speed of 100 m/s, this would corre-
spond to a fractional frequency shift of the order of 2 × 10−14. As can be seen, it thus 
appears that the phase shift, although great care is taken in evaluating it by means of 
beam reversal, limits the accuracy of the clock. Furthermore, the beam trajectory is 
affected by the earth’s gravitational field (QPAFS 1989). A simple calculation shows 
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that for a 1 m long structure and even with an average atomic beam speed of 100 m/s, 
the atoms fall by 0.5 mm during the traversal of the cavity. This number varies with 
the speed of the individual atoms forming the beam. This effect of course creates a 
real challenge in mechanical design and adjustment to reproduce reliably the beam 
path upon reversal. With such an error in path reproducibility, the corresponding shift 
could be nearly 10−13 for the case above. For this reason, some systems using slow 
atoms have been constructed vertically. However, the particular approach used was 
abandoned due to other difficulties encountered in connection to several other detri-
mental effects in particular with magnetic shielding (A. Bauch 2012, pers. comm.).

As is readily observed in Equation 1.26, if the odd terms could be eliminated by 
means of a different cavity configuration, the phase shift could be reduced. This can 
be accomplished by means of a so-called ring cavity (De Marchi 1986). Such a cav-
ity is shown in Figure 1.8.

In that configuration, the cavity resonant at 9.192 GHz is excited by means of 
a rectangular waveguide, and waves are generated symmetrically around the ring. 
A standing wave is thus excited in the structure. In the configuration shown, at 
the entrance through the tee, the wave separates into two waves travelling to the 
right and to the left with amplitudes b1 and b2, or since we are interested in the 
magnetic field components of the wave as H10 and H20. We assume that the struc-
ture is characterized by a propagation vector γ = α + iβ, where α is the absorption 
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FIGURE 1.7 Variation of the phase as a function of the transverse direction across the 
beam. Curve b is for a beam traversing the waveguide at an antinode point situated at λg/2 
from the short circuit while curve a is for the beam traversing the waveguide close to the short 
circuit. Curve c is for the ring cavity studied below. The dotted line curve is for direction x, 
perpendicular to the direction of propagation as explained in the text.
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coefficient and β the propagation constant 2π/λg, characteristic of the waveguide. 
At a small distance z′ from the central point where the beam enters the interaction 
region, we have:

 H z H i t l z
1 1

2( )′ ′= − − +( )e ω γ

 H z H i t l z
2 2

2( )′ = − − − ′( )e ω γ  

(1.27)

With a ring having a circumference l  =  (n  +  1/2) λg, where n is an integer, and 
assuming equal amplitude of the field (b1 = b2) at the entrance, we may write at the 
antinode where the beam passes through the cavity:

 
H z H i t l z z( )′ = +( )− − ′ + ′

oe e eω γ γ γ2  (1.28)

By using trigonometric relations (see Appendix 1.D), it is then shown that the phase 
of H close to the beam axis is given approximately by:

 φ αβ= ′z 2  (1.29)

What are the advantages of such a cavity in comparison to the standard one using 
short circuits? This question can be addressed by comparing the result just obtained 
to that of Equation 1.26 for the standard approach using a cavity terminated with 
short circuits. Its first advantage is that the value of phase shift is independent of 
the antinode chosen for the interaction. The second advantage is that, since there is 
no short circuit used to terminate the cavity, there is no reflected wave and thus the 
phase shift does not depend on the attenuation caused by partial reflection at such 
a short circuit. For example, for a displacement of the beam along z′ we have the 
following result for the phase shift, assuming the same characteristics as those used 
previously for the waveguide:

(a) (b)

a1

b3 a3

b1
b2

a2

Cs beam
entrance hole z′Cs beam

entrance hole 

T-junction

FIGURE 1.8 Ring cavity used in some of the recently implemented Cs atomic beam 
 frequency standards. (a) 3D view, (b) Identification of the various field components.
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•	 Cavity with short circuits:
•	 Beam passing at λg/2 from short circuit: ϕ = 2.09 × 10−5 rad/mm
•	 Beam passing close to the short circuit: ϕ = 4.87 × 10−6 rad/mm

•	 Ring cavity: ϕ = 1.8 × 10−6 rad/mm

The distributed phase shift thus appears to be reduced somewhat in the ring cavity 
compared to the standard short-circuit approach. However, asymmetries in the ring 
may have an effect on the phase shift and position of the antinode. Asymmetries can 
be of two types. A phase shift may be introduced in construction through a mechani-
cal asymmetry, a tilt angle of the T-junction, for example. The resulting effect is an 
imbalance of the two counter-propagating waves excited in the cavity (De Marchi 
et al. 1988). In such a case, the asymmetry may cause a small displacement of the 
antinode relative to its position when the structure is symmetrical. It is evaluated 
that a tilt angle of 50 mrad can produce a frequency shift of the order of 3 × 10−15. 
A similar effect may result from an asymmetry of the propagation constant γ in the 
two halves of the cavity. It is calculated that if the asymmetry, in terms of Δγ/γ, is 
less than 10−2, the displacement of the antinode is then less than 0.2 mm, which is 
negligible in the present context.

The ring cavity was used in a few recent implementations of laboratory primary 
standards (Bauch et al. 1998, 1999a, 1999b). It was also used in some units where 
optical pumping was used for state selection (Shirley et al. 2001; Hasegawa et al. 
2004). It was found that the distributed phase shift was reduced to some extent when 
compared to the short-circuit approach. In the case of PTB’s CS1 refurbished with 
ring cavities, it was concluded that the phase gradient could be as large as 20 μrad/
mm although using the analysis presented above the phase over the beam diameter 
of 3 mm should not vary more than approximately 4 μrad. It is concluded, however, 
that this is much better than the 94 μrad/mm expected in their case for the standard 
cavity using short-circuit terminations (Bauch et al. 1998). We note that in order 
to evaluate correctly the effect of the phase shift, we must evaluate it by means of 
Equation 1.19 and that the velocity distribution or interaction time distribution must 
be established for the particular device used. This is what we examine next.

1.1.1.4.4 Velocity Distribution Evaluation and Control
The evaluation of some of the biases just mentioned, as shown above by means of 
Equations 1.13 and 1.16 relies heavily on the exact determination of the velocity dis-
tribution at the exit of the state selector magnet. It is interesting to follow the evolu-
tion of the assumptions and technique of determination of this distribution over the 
years. As briefly described above, this evolution started from the use of a Maxwell 
distribution (Harrach 1967) and went to the use of a distribution altered by cut-offs 
at both low and high speeds made necessary by the use of selector magnets (Mungall 
1971). This was followed by an experimental approach that uses a numerical analy-
sis of the response of the beam standard to pulsed radiofrequency (RF) excitation 
(Hellwig et al. 1973). Another approach comprised analyzing the shape of the observed 
Ramsey fringes directly, which depends on the velocity distribution of the atoms 
in the beam. This was done numerically and the so-called moments of the velocity 
distribution were evaluated (Audoin et al. 1974). Finally, a most powerful approach 
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using Fourier transform techniques to analyze the observed Ramsey fringes was 
introduced early in the development of laboratory standards (Kramer 1973; A. 
Bauch 2012, pers. comm.). The technique was used in various ways and has been 
an important factor in improving accuracy. It was outlined in QPAFS, Volume 2 
(1989). Let us recall that technique and address the question in the more gen-
eral context of the control of atomic velocities in laboratory Cs beam frequency 
standards.

The need of knowing accurately the velocity distribution, or the interaction 
time distribution, arises in the evaluation of both the second-order Doppler effect 
and the cavity phase shift. These are given by Equations 1.13 and 1.16. In those 
equations, it is observed that although the shifts are functions of velocity, they are 
rather small, being of the order of parts in 1013. Consequently, although producing 
a measurable frequency shift, the effect on the shape of the Ramsey fringes them-
selves arising from those shifts is very small. The shape of the signal detected, as 
given by Equations 1.12 and 1.15 with the term v2/2c2 and ϕ neglected can then 
be used as an excellent representation of the Ramsey line shape, which remains a 
function of velocity through the function f(τ). In that context, those expressions 
become:
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However, this equation can be rearranged. We remove the constant term Ib not con-
tributing to the useful signal and hence obtain:
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This equation relies on the approximation made earlier that (ω − ωο) is much smaller 
than bτ. The first term is independent of ω and is simply the maximum of the Rabi 
pedestal. The second term is the Ramsey modulation of that pedestal. This expres-
sion contains the effect of the atoms' velocity distribution on the Ramsey fringes. 
The Rabi pedestal being broad with a flat top, a simple approach consists in looking 
only at the second term as a good representation of the effect of the velocity spec-
trum on the signal observed. It is readily seen that the expression is a cosine trans-
form of the term f(τ) sin2bτ. Consequently, with a knowledge of the Rabi frequency 
b in the cavity, f(τ) can in principle be obtained through an inverse Fourier transform 
of the measured Ramsey pattern (Kramer 1973; Daams 1974).

A particular approach in applying such a technique consists in setting ω = ωο, 
and measuring the signal amplitude as a function of the field intensity b in the cavity 
(Boulanger 1986). Let us now recall the general idea. For ω = ωο, the expression for 
the Ramsey fringe amplitude becomes:
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This can also be written as
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In that case, the second term is the cosine transform of f(τ) that we call F(b). An 
experimental plot of I against b gives F(b) and its inverse transform gives:
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This expression is evaluated by means of numerical analysis of the experimental 
results obtained for I. The difficulty in the techniques is the evaluation of b, a mea-
sure of the microwave field in the cavity. It requires a good knowledge of the cav-
ity Q, its dimension, and the power fed into it. This is a difficult and not a precise 
exercise. In order to initiate the calculation, it is best to use an approximately known 
value of b, such as a value for which the signal is optimal. This value is given by 
b lopt = ( )( )π ν2 . The value of b is then altered by changing the power fed into the 
cavity and normalized to that value. A graph of the maximum of the central fringe is 
obtained as a function of b and the calculation of the Fourier transform of this result 
can be done. The subsequent exercise then consists in calculating the shape of the 
Ramsey patterns with the results obtained and in comparing the result to the shape 
obtained experimentally. The width of the patterns obtained is then an important 
parameter in concluding about the agreement of theoretical and experimental results. 
The exercise can be repeated until the agreement is satisfactory. The value of f(τ) can 
then be obtained through normalization by means of Equation 1.7. The technique 
was used successfully and provided clear information of the velocity spectrum. It 
was claimed for example that the second-order Doppler shift could be evaluated with 
accuracy better than a few parts in 1015.

Another approach consists in using Equation 1.31, considering, as mentioned 
above, that the Ramsey fringes given by the second term are the cosine transform 
R( )Ωo  of f b( )sinτ τ2  through the equation (Daams 1974):
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The function f b( )sinτ τ2 , called F(τ), can then be obtained from the data recorded as 
a function of Ωo  by means of an inverse transform (Shirley 1997):
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As in the previous approach, b needs to be determined in order to isolate f(τ). This 
may be done as in the previous case using b at its optimal value, by making several 
measurements at various values of b relative to that value and averaging the results.
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These techniques, although rather powerful, are somewhat tedious to implement, 
and are time consuming. Furthermore, since the exercise is done in several steps by 
adjusting parameters to obtain a velocity spectrum that reproduces the shape of the 
fringes observed, there is often doubt on the actual resulting accuracy. However, the 
techniques have been used at large and it appears that confidence in the accuracy 
achieved has reached a satisfying degree, permitting the evaluation of frequency 
shifts with accuracy better than 10−14.

One obvious way to increase accuracy would be to reduce the width of the central 
fringe. This can be done by increasing the length L of the space between the arms of 
the cavity. However, there is a limit to that approach. As shown in Table 1.2, several 
Cs beam devices with various lengths have been constructed, with L varying from 
0.55 m to 3.7 m. The accuracy reported for these devices varies from 2.2 × 10−14 to 
4.1 × 10−13. Actually, there is no direct relation between accuracy reported and length 
of the device. For example, NRC (National Research Council of Canada) reports 
an accuracy of 1 × 10−13 for a 2.1 m long Ramsey cavity while the NIST (National 
Institute of Standards and Technology) reports an accuracy of 9 × 10−14 for 3.7 m. 
However, the best accuracy reported is for an interaction region about 1 m long. The 
same kind of remark can be made about frequency stability. The standards have 
frequency stability between 2 × 10−12 and 1.8 × 10−11 at an averaging time of 1 s. 
We can observe that the line width is reduced considerably by increasing length, but 
the expected improvement on frequency stability does not follow. It is thus obvious 
that the approach of simply lengthening the Ramsey interaction region for reduc-
ing line width does not necessarily lead to a proportional improvement in accuracy 
and frequency stability. The improvement expected seems to be cancelled by some 
other effects. One obvious reason appears to be the fact that the Cs beam is never 
perfectly collimated and that increasing the length reduces the number of atoms 
being detected. This has a direct effect on S/N. Increasing the length of the interac-
tion region also increases the demand on the quality of the magnetic field regard-
ing homogeneity and stability, free of environmental fluctuations. Finally, the actual 
control of the position of the beam within the interaction regions is more difficult to 
achieve with long beams affecting accuracy through distributed cavity phase shifts.

Another way of reducing line width consists in reducing the speed of the atoms 
traversing the Ramsey cavity. The time spent by the atoms between the two arms 
of the cavity is lengthened in inverse proportion to the reduction in speed and the 
line width is effectively reduced according to Equation 1.4. That avenue was used 
early in the design of the laboratory standards at PTB, Germany, and perfected until 
recently (Becker 1976; Bauch 2005). The approach was optimized, for example, by 
using hexapole and quadrupole selector magnets in tandem. This combination uses 
velocity selective focussing properties of both magnets for forming a Cs beam of 
the order of 3 mm in diameter. It is then possible to produce a beam formed mainly 
of slow atoms by proper collimation. At the same time the group of selected veloci-
ties has a considerably smaller spread. A typical design using an hexapole magnet 
resulted in a beam with mean atomic speed of 72 m/s and a full width at half maxi-
mum of the distribution of 12 m/s (Bauch et al. 1996). This is to be compared to a 
mean speed of the order of 200 m/s and a spread of the order of 100 m/s for Cs VI at 
NRC using dipole magnets as state selectors. In comparison, PTB’s CS3 beam looks 
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almost monokinetic. Such low speed and spread allow the observation of many more 
Ramsey fringes than in the case where single magnetic dipole selectors are used. It 
also has the obvious advantage of providing better control on shifts that are velocity 
dependent. This is due to the fact that the beam velocity distribution, in the case of 
multipole magnets used in tandem, is closer to a monokinetic beam and interferences 
take place over a larger spectrum of frequencies, the coherence of the atoms not being 
destroyed by a large spread in times of arrival at the second arm of the cavity due to a 
velocity spread. This is illustrated in Figure 1.9 in which Ramsey fringes are reported 
for the clock transition in CS1. The pattern can be compared to the fringes obtained in 
NRC’s Cs VI using dipole magnets state selectors and shown in Figure 1.3.

As can be seen from Table 1.3, the results of the vertical Cs beam clocks were not up 
to expectations and actually the approach was abandoned because of other complica-
tions such as a reduced magnetic shielding (A. Bauch 2012, pers. comm.). It appears 
that in the actual device other shifts were present, such as those caused by microwave 
leakage in the region occupied by the cavity, and could not be controlled easily. They 
could be a major cause of discrepancy between expected and observed results. A pho-
tograph of Cs beam frequency standard CS 1 and 2 developed at PTB is shown in 
Figure 1.10. As can be observed from the photograph, such systems are not elementary.

1.1.1.4.5 Progress in the Evaluation of Some Other Frequency Shifts
Other various shifts enumerated above have also been addressed and progress has 
been made recently in their exact evaluation. The effect of Majorana transitions is 
difficult to identify among the other shifts present. However, changes in magnetic 
field and trimming by coils between the state selecting magnets and the cavity may 
be used to verify the presence of the undesirable effect to the level desired. The final 
conclusion remains at the level of an evaluation uncertainty of the order of 2 × 10−15. 
Its actual value in a particular device is difficult to assess.
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FIGURE 1.9 Cs beam clock transition Ramsey fringes as observed in PTB’s CS1. Due to 
the use of hexapole selector magnets the number of visible fringes is increased when com-
pared to the standard approach using selector dipole magnets (see Figure 1.3). (Courtesy of 
PTB, Germany.)
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Fortunately, in the case of state selection by means of optical pumping, no magnets 
are used and the effect should be considerably reduced if not eliminated completely. 
The question of Rabi and Ramsey shifts has also been addressed. The first effect, 
Rabi pulling, is caused by the asymmetry in the Rabi pedestals neighbours of the 
central Ramsey fringe. The shape of the central fringe is distorted by the slanted 

TABLE 1.3
Results Obtained at PTB upon Refinement of Classical Cs Beam Frequency 
Standards

PTB (Germany) 
CS1

PTB (Germany) 
CS2

PTB (Germany) 
CS 3

Distance between the arms 
of the Ramsey cavity (m)

0.8 0.8 0.77 (vertical 
construction)

Microwave-magnetic field 
direction/beam

Parallel Parallel Parallel

State selector analyzers Hexapole + quadrupole Hexapole + quadrupole Hexapole

Mean atom velocity (m/s) 93 93 72

Line width (Hz) 59 60 44

σy(τ) τ+1/2 5 × 10−12 4 × 10−12 9 × 10−12

Accuracy 7 × 10−15 12 × 10−15 1.4 × 10−14

References Bauch et al. 1998, 2003 Bauch et al. 2003 Bauch et al. 1996

Source: Vanier, J. and Audoin, C., Metrologia, 42, S31, 2005. Copyright Bureau International des Poids 
et Mesures. Reproduced by kind permission of IOP Publishing. All rights reserved.

FIGURE 1.10 PTB’s CS 1 and 2 developed and improved over several decades. At the time 
of writing the units are still used as primary frequency standards providing input to the BIPM 
for maintaining atomic timescale. (Courtesy of PTB, Germany.)
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base line of those Rabi pedestal neighbours, which do not have the same intensity 
when magnet selectors are used. This effect is considerably reduced by operating 
the device at a high magnetic field. It is essentially absent in case optical pumping 
is used for state selection since the neighbouring Rabi pedestals have equal intensi-
ties (Audoin 1992). The actual value of the shift was calculated in some detail in 
QPAFS, Volume 2 (1989). The Ramsey shift is caused by the presence of Δm = (+/−) 
1 transitions which share a level in common with the transition responsible for the 
central Ramsey fringe, that is, the 3 0 4 0, ,→  transition (Cutler et al. 1991). These 
transitions are made possible because, in practice, the microwave magnetic field in 
the interaction regions has a small component orthogonal to the dc magnetic induc-
tion. The amplitude of those transitions is a function of the microwave power and 
magnetic field, and the effect depends directly on the population difference of lev-
els 4 1 4 1, ,and −  (Fisher 2001). The effect is small in long laboratory standards. 
Its evaluation in a given unit led to a value of 0 with an uncertainty of 3 × 10−15 (Bauch 
et al. 1998). The actual theoretical original analysis (Cutler et al. 1991) has been 
 re-addressed (Fischer 2001; Lee et al. 2003) and the subject is still under investigation.

1.1.2 Hydrogen maser

The hydrogen maser invented by N. Ramsey in 1959 (Goldenberg et al. 1960) is 
one of the most stable microwave atomic frequency standards at least in its active 
configuration. Its concept originated in part from independent fundamental stud-
ies made on attempts to increase the travel time of Cs atoms by means of a storage 
approach between the arms of the Ramsey cavity in the device described in Section 
1.1.1 (Goldenberg et al. 1961). It also relies on fundamental concepts elaborated and 
results obtained in studies made earlier on the properties of stored hydrogen, includ-
ing stimulated emission, coherence, spin–exchange interactions, and relaxation in 
general (Dicke 1953, 1954; Wittke and Dicke 1956).

We review the present state-of-the-art of this most useful frequency standard in its 
active as well as in its passive configuration. Much has been written on that device 
particularly in Volume 2 of QPAFS (1989). However, we limit ourselves to the essen-
tials, summarizing its theory in a somewhat different approach as that used up until 
now. We also outline the most recent results obtained by several laboratories engaged 
in making the device as stable as possible. We then describe new approaches in imple-
menting the device to make it smaller, using either dielectric loading of the cavity or 
using a so-called magnetron type cavity design.

1.1.2.1 Active Hydrogen Maser
A conceptual schematic diagram of the classical hydrogen maser is shown in 
Figure 1.11 with the ground state energy levels of the H atom as an inset. The energy 
levels manifold is created by the magnetic interaction of the unpaired electron with 
the nucleus consisting of a single proton. This is one of the simplest atomic structure. 
The interaction creates two hyperfine energy levels F = 0 and F = 1. The energy 
separation of these levels corresponds to a frequency νhf equal to 1420.405 MHz, 
in the L band of the microwave spectrum. A magnetic field applied to the system 
removes the residual degeneracy and causes a splitting of the F = 1 state into three 
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levels identified as mF = 1, 0, −1. The maser operates on the transition F = 1, mF = 0 
to F = 0, mF = 0. The dependence of the resulting frequency on the magnetic induc-
tion is given by:

 ν ν= + ×hf o1399 08 107 2. B  (1.37)

where:
Bo is the magnetic induction expressed in Tesla

This is the clock frequency, which is also perturbed by some other small effects 
which will be made explicit hereunder.

In Figure  1.11, molecular hydrogen is first introduced in a dissociator consist-
ing of a glass enclosure of the order of 5 cm in diameter and placed inside the tank 
coil of an oscillator. The hydrogen pressure inside that dissociator is of the order of 
0.1 Torr. The frequency of the oscillator is about 100 MHz and the power delivered 
to the molecular hydrogen gas is of the order of a few watts. The dissociation of the 
molecules takes place with a relatively high efficiency and a beam of atomic hydro-
gen is formed at the exit of the glass enclosure generally through a small multihole 
collimator. The beam is directed along the axis of a hexapole magnet which has the 
property of deflecting atoms in the F = 1, mF = 0 and 1 towards the symmetry axis of 
the magnet and deflecting the other atoms away from the axis. The hexapole magnet 
acts as a lens and the geometry of the system is such as to focus the atoms in the 
two states mentioned into the entrance of a storage bulb placed inside a microwave 
cavity resonating at the hyperfine frequency, 1420.405 MHz. For reasons of dimen-
sional stability, the cavity resonator is generally made of fused silica or of a low 
thermal expansion material such as Cervit or Zerodur. It is coated internally with a 
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FIGURE 1.11 Simplified conceptual diagram of a hydrogen maser. The inset shows the 
ground state energy levels of hydrogen.
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metallic silver film, operates in the TE011 mode, and has an unloaded Q of the order 
of 50,000. In some cases, for reasons of simplicity, the cavity is made of a metal 
such as aluminium. In that case, the cavity resonant frequency is very sensitive to 
temperature and needs to be stabilized electronically. The storage bulb is made of 
fused silica in order to reduce microwave losses and preserve the high quality factor 
of the cavity. The inner surface of the storage bulb is coated with a substance that 
prevents recombination of the atoms into molecular hydrogen and relaxation of the 
atoms in the ground state upon collision with the surface. TeflonTM has been found 
very efficient in this regard. In a bulb having a 15 cm diameter, the lifetime of an 
atom in one particular level, experiencing thousands of collisions with the surface, 
may be of the order of 1 s.

The principle of operation is as follows. Assuming the presence of a microwave 
field in the cavity, those atoms that have entered the storage bulb in the F = 1, mF = 0 
level emit their energy at 1420.405 MHz through the process of stimulated emission 
of radiation. The radiation emitted adds in phase to the existing radiation, a process 
that results in amplification. The energy given by the atoms is partly dissipated in the 
walls of the cavity and partly delivered to external circuitry via the coupling loop. 
Atoms in the F = 1, mF = 0 level are continuously replenished by the input beam, 
and if the microwave losses are small and the relaxation time sufficiently long, a 
continuous oscillation occurs. This situation results in an active maser. In the other 
case where microwave losses are too large, no continuous oscillations are present. 
However, it is still possible to observe the stimulated emission phenomenon through 
appropriate passive amplification-detection techniques. This is called the passive 
maser approach.

The solenoid shown in the figure creates a magnetic field, Bo, that provides an 
axis of quantization for the atomic ensemble. The clock frequency originates from 
ΔmF = 0 transitions and quantum mechanical selection rules require that the dc mag-
netic field and the microwave magnetic field be parallel. This is the situation shown 
in Figure 1.11. The selector magnet, storage bulb, and cavity are maintained under a 
vacuum better than 10−7 Torr created by VacIonTM or getter type pumps. The storage 
bulb and cavity are placed inside a set of concentric magnetic shields to reduce the 
influence of environmental fluctuations of the earth’s magnetic field. As we discuss 
in subsequent paragraphs, the output frequency of the device is sensitive to a small 
extent to the cavity tuning which is a function of its dimension. For this reason, the 
temperature of the ensemble is generally regulated to a high degree.

The output power of the maser is of the order of 10−13 to 10−14 W and has a nomi-
nal frequency of 1420.405 MHz which, in general, is not readily usable. For that rea-
son, this signal is normally processed by means of a digital system, phase locking 
a quartz crystal oscillator at a nominal frequency of 10 MHz to the maser signal. 
A typical phase-locked-loop system is shown in Figure 1.12.

The signal is detected by means of heterodyning techniques. The so-called refer-
ence frequency used in such a detection scheme is generated from a quartz crystal 
oscillator multiplied to a frequency, say 1400 MHz, resulting in a beat frequency of 
20.405 MHz called the intermediate frequency (if). The beat signal obtained may 
be heterodyned down to dc in a few stages. In the final stage, the signal, contain-
ing information on the relative phase of the crystal oscillator and the maser output 
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signal, is used to lock in phase the crystal oscillator to the maser signal output as 
shown in the block diagram.

1.1.2.1.1 Basic Theory of Operation
Various types of analysis describing the theory of operation of the H maser are of 
course possible. The following derivation is given as an illustration of the H maser 
theory in a mathematical context slightly different from those already published, 
using conditions on the phase of the generated radiation as the main element for 
permitting continuous oscillation (Vanier 2002).

1.1.2.1.1.1 Rate Equations In this analysis, the ensemble is represented by the 
density matrix ρ. The diagonal elements of this matrix represent the fractional 
population of each level of the atomic ensemble in question. The trace is equal to 
unity since it represents the total fractional population. The off diagonal elements 
represent the coherence existing in the ensemble. In the case of the H maser, the 
atoms in the storage bulb are all in the ground state S1/2 and the equilibrium density 
matrix is:

 

ρ

ρ
ρ ρ

ρ
ρ ρ
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 (1.38)

The levels are numbered from high to low energy as in Figure 1.11. It is assumed that 
the only coherence existing is that corresponding to transitions from level 2 to level 4. 
This is due to the fact that the cavity is tuned to the corresponding frequency and 
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FIGURE 1.12 Block diagram of a typical analogue phase-lock-loop system used with the 
hydrogen maser. In the present case, the frequency has been set at 20 MHz. For simplicity 
in construction, the second mixing at 20.405 MHz is generally done by means of several 
intermediate steps.
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the microwave radiation existing in the cavity is resonant with only that transition. 
Furthermore, it has the appropriate orientation with the dc magnetic field for exciting 
so-called Δm = 0 transitions. This coherence oscillates at the frequency of the micro-
wave field. As we discuss hereunder, an atomic magnetization is associated with that 
coherence and oscillates at the same frequency. This magnetization acts as a source 
term for the microwave field as made explicit in Maxwell’s equations. It is the energy 
contained in this oscillating magnetization that is extracted from the ensemble and 
coupled out through the cavity coupling loop. We now develop these concepts in a 
formal mathematical approach.

In general, the various perturbations are decoupled from each other and can be 
assumed to act independently. In the case of the H maser, the evolution of the density 
matrix elements can be written as:
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 (1.39)

where the subscripts flow, wall, se, rad, refer respectively to atomic flux in and out of 
the storage bulb, collisions with that internal wall of the storage bulb, spin–exchange 
interactions between H atoms and effect of the microwave radiation field. The flow 
term takes into account the input flux of atoms into the storage bulb and the escape 
of the atoms through the entrance hole and is given by:
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where:
I1 and I2 are the input flux in atoms per second in levels 1 and 2, respectively
N is the total number of atoms in the storage bulb

In general, the selector magnet geometry makes I1 = I2. The parameter γb character-
izes the rate of escape of the atoms from the bulb and can be calculated from the bulb 
geometry. The exit hole (collimator tube) is usually made such as to make γb equal to 
about 2 s−1. In equilibrium, the population of the levels is constant and (d/dt)ρ = 0. 
Defining It = I1 + I2, we have:

 
I
N

t
b b= + + +( ) =γ ρ ρ ρ ρ γ11 22 33 44

o o o o  (1.41)

The trace of ρ is equal to 1, since it represents the total fractional population. In a stor-
age bulb, coated with a substance such as TeflonTM, the atoms have a long lifetime in 
a given state. Physical mechanisms that limit the lifetime of an H atom as an indepen-
dent entity are absorption by the surface and recombination to form an H molecule. 
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In both cases, the atom is totally lost to the emission process. It is as if the atom was 
quitting the storage bulb. In some cases, the atom may bounce back from the sur face 
in another state. Furthermore, in some weak collisions, the atom may stay in the same 
mF state, but its oscillating magnetic moment may suffer from a small phase shift. This 
last mechanism creates, on an average through accumulation of phase shifts during 
the emission time, a small frequency shift of the signal delivered by the atom. These 
atomic phenomena are rather complex and the relative importance of each mechanism 
is not entirely known. In order to simplify the analysis, we assume that the collisions 
with the surface cause uniform relaxation and we assume that both the coherence and 
the population relaxation rates are equal. The phase shift introduced by the collisions 
is taken into account in a phenomenological way by adding an imaginary term to the 
coherence relaxation rate. The phenomenon is represented by the general equations:
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where:
γw is the wall relaxation rate
Ωw is the so-called wall shift

In a collision between two H atoms, there is a probability that an interchange in 
spin coordinates takes place. This phenomenon has been studied in detail in QPAFS, 
Volumes 1 and 2 (1989), and we hence outline only the main conclusion. The colli-
sion process is characterized by a cross section σse and the resulting relaxation rate is:

 γ σse ex= nvr  (1.44)

where:
n is the atomic density 
vr is the relative velocity of the atoms 

The collision also introduces a small phase shift of the atomic magnetic moment 
that results in a small average frequency shift represented by the rate γλ

se. A detailed 
calculation shows that the density matrix elements are affected by spin–exchange 
collisions as follows:
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As is readily seen, the frequency shift introduced by spin–exchange collisions is 
proportional to the difference in fractional population of levels 2 and 4.
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The dynamic behaviour of the density matrix under the influence of the micro-
wave field is obtained from Liouville’s equation:

 

d
dt i

ij
kj ik

k

ρ
ρ ρ= 






 −( )∑1


H Hik kj  (1.47)

where:
Hik is the atom-field interaction Hamiltonian

The microwave field is assumed to have the form:

 




B r kB r tzrf ( ) ( )cos( )= +ω φ  (1.48)

where ω is the angular frequency of the field in the cavity and ϕ is its phase. We 
are considering only the z component of the field since only this component has the 
appropriate orientation to excite the ΔmF  =  0 transition. The Hamiltonian of this 
perturbation is:

 
H24 = − +( )1

2
µ ω φB j zg B r t( )cos  (1.49)

where:
μB is Bohr magneton
gj is the spin splitting factor equal to 2

We define the Rabi angular frequency, b, as in the case of the Cs standard described 
above:

 
b

B rB z= µ ( )


 (1.50)

We expand the cosine in Equation 1.49 in exponential terms and use the rotating 
wave approximation as in magnetic resonance. We obtain:

 
H24 = − ( )− −1

2
 b i i te eφ ω  (1.51)

We assume for the off diagonal elements of the density matrix a solution of the form:

 ρ δ ω
24 24= −e i t  (1.52)

We define fractional population difference between the levels of interest as:

 ∆ = −ρ ρ22 44  (1.53)

We expand Equation 1.47 and use the previous relations. We obtain two equations 
describing the behaviour of the atomic ensemble under the simultaneous effect of the 
microwave field and of the relaxation processes:
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where γ1 and γ2 are the population and coherence total relaxation rates defined as:

 γ γ γ γ1 = + +b w se  (1.56)
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1.1.2.1.1.2 Field Equation As mentioned earlier, the coherence in the ensemble 
creates an oscillating magnetization. Its expectation value is given by:

 M Tr Mz = ( )ρ op  (1.58)

where:
Mop is the equivalent quantum mechanical operator of the classical magnetization M 
Tr is the sum of the diagonal elements of the matrix resulting from the product 

of ρ by Mop

The result is:
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24 42µ ρ ρ  (1.59)

This classical magnetization is coupled to the rf field through Maxwell’s equations. 
In a cavity, the relation is (QPAFS 1989, Volume 1):
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where:
ωc is the cavity angular resonance frequency
QL is the cavity loaded quality factor
Vc is the cavity volume


Hc( )r  is the orthonormal cavity field mode


M ( , )r t  is the magnetization calculated above

We write H and M in complex form:
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where:
H+ and M+ are complex amplitudes of the field and of the magnetization, respectively

We replace these expressions in Equation 1.60, and keeping only the resonant compo-
nent as in the rotating wave approximation used before, we obtain using Equation 1.59:
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where the off diagonal density matrix element has been written explicitly in complex 
form. Algebraic manipulations show that the phase of the field is given by:
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making explicit the phase quadrature, π/2, between the field and the magnetization.

1.1.2.1.2 Oscillation Condition
The other unknown in Equations 1.54 and 1.55 is the Rabi frequency, b. The energy 
given by the atomic ensemble is lost in the cavity resonator walls and in the external 
coupling loop. The power dissipated in the cavity is given by (Collin 1991):
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where the bar over H means an average over time. Using Equation 1.50, this expres-
sion can be written in terms of the Rabi angular frequency b as:
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where k is defined as:
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The filling factor is defined as:
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On the other hand, the power given by the atoms can also be obtained from Equation 
1.66 by realizing that the value of H as given by Equation 1.61 can be written in 
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terms of the magnetization by means of Equation 1.63. Assuming that 2QL(Δωc/ω) is 
much smaller than 1, which is always the case of the oscillating H maser, one obtains:

 
P N kat = 1
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2 24
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The energy given by the ensemble compensates for the losses in the cavity. Equating 
Equations 1.66 and 1.69, we obtain:

 b k= 242 δ  (1.70)

This result is used with Equation 1.64 to evaluate the terms containing the phase ϕ 
in Equations 1.54 and 1.55. Hence, we obtain:
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where ψ stands for:
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and is a measure of the cavity detuning effect on the behaviour of the maser. Using 
these relations, Equations 1.54 and 1.55 become:

 

δ γ ω ω γ δ δ
λ

ψ
24 2 24 24 24

2
+ − − + +























= −i kw
iΩ ∆ ∆se e  (1.74)

 
∆ ∆+ = −γ ψ δ1

2
24

2
4

I
N

k cos  (1.75)

These last two equations describe the dynamical behaviour of the H maser in a self-
consistent approach relative to energy and phase.

In the case of self-sustained continuous oscillations, that is a stationary situation, the 
derivatives in Equations 1.74 and 1.75 are set equal to zero. We separate the real and imagi-
nary parts of these equations and assume the cavity to be tuned, making ψ = 0. We obtain:
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and using Equation 1.69, the power given by the ensemble is:
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We define the following terms which have been used extensively in the past in the 
description of the maser operation (Kleppner et al. 1965):
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The parameter, q, is called the oscillation parameter and Ith is the threshold atomic 
flux that would be required to obtain self-sustained oscillation if spin–exchange 
interactions did not exist. Using these definitions, we obtain:
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The power coupled out of the cavity through the coupling loop is given by:
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where β is the coupling factor of the cavity, which is assumed to be undercoupled as 
is normally the case.

Equation 1.82 is used to describe the oscillation condition of the H maser. It was 
obtained here through a mathematical approach slightly different from that used 
in the past, by first setting an arbitrary phase for the field and then calculating this 
phase by means of the field equation. The amplitude of the field was then determined 
in a self-consistent approach. The method results in two time-dependent equations 
describing the maser behaviour. A steady-state solution was then obtained by setting 
time derivatives equal to zero.

Equation 1.82 is represented graphically in Figure 1.13 for various values of the 
oscillating parameter q making explicit the minimum and maximum fluxes allowed 
for continuous oscillation. In an oscillating maser, the power output must be positive. 
This sets conditions on the parameter q and the flux I2. It is readily shown that for 
continuous oscillation we must have:

 q ≤ 0 172.  (1.84)

From a practical point of view, this can also be expressed in a simple manner by real-
izing that most of the parameters in Equation 1.81 are known constants, except for γb, 
γw, and It/I2, which are fixed by design of the device and quality of the TeflonTM coat-
ing. Unless a double selection magnet utilizing adiabatic fast passage (AFP) is used 
for selection of a single state in the beam, we have It/I2 = 2. Furthermore, the wall 
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relaxation rate, γw, may vary, depending on the quality of the TeflonTM wall coating 
and the size of the storage bulb. Finally, it is a standard practice to attempt to obtain 
a line quality factor Ql of the order of a few times 109. This requires some control on 
the escape rate γb of the bulb. We may set γb = 1 s−1 and, from experience, we may 
have with an average bulb size and good coating, γw = 1 s–1 (Tw = 1 s). The line Q is 
then 2.2 × 109. The oscillation condition then requires that:

 QL ′ >η 104 (1.85)

where the filling factor η′ as defined by Equation 1.68 is given by:
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For a cylindrical cavity, η′ may be as high as 0.45 (see QPAFS 1989, Volume 2). 
This means that in such a case the loaded cavity Q must be larger than ~22,000 for 
oscillation.

Figure 1.14 is a typical result obtained on a maser developed in a research pro-
gram at Laval University, Canada, in the 1980s (Vanier et al. 1984). In that particular 
case the maser bulb was relatively large, 16 cm in diameter, and the bulb entrance 
hole was made of 12 small tubes of commercial TeflonTM. The bulb itself was coated 
with three layers of TeflonTM FEP 120 type. This construction resulted in a quality 
factor q smaller than 0.1 and made possible continuous oscillation. The large aper-
ture of the bulb collimator allowed the entrance into the bulb of atoms on the whole 
cross section of the H beam making possible the operation of the maser over a large 
range of source pressures. The long time constant of the arrangement allowed opera-
tion of the maser for beam intensities varying by a factor larger than 10 while the line 
Q varied by a factor of 3. Concepts developed in the construction of that maser, such 
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as general structure, H pressure control, cavity design, and temperature control were 
used at the NRC to construct masers that are used at present with primary Cs beam 
clocks in maintaining the Canadian atomic timescale (Morris 1990).

1.1.2.1.3 Frequency Shifts
1.1.2.1.3.1 Magnetic Field Shift As in the Cs beam standard, a very important fre-
quency shift is that caused by the magnetic field required to provide an axis of quantiza-
tion to the ensemble of atoms. This shift was discussed above. With sufficient magnetic 
shielding, masers can normally be operated in rather low fields, less than 10−7 T (1 mG). 
In such a case, the magnetic field fractional frequency shift is less than 2 × 10−12. Since 
the field can be determined very accurately by means of excitation of Δm = ±1 transi-
tions between Zeeman levels, this shift is generally known to be of a fractional accuracy 
of 10−15. Consequently, the magnetic field does not affect the accuracy of the maser to 
that level. Its effect may be seen, however, on the maser frequency stability if it is not 
constant with time. This is the reason why multilayers of magnetic shields are required 
to prevent environmental fluctuations of the magnetic field to reach the ensemble of 
atoms in the cavity. On the other hand, the current source driving the solenoid must have 
a stability that is compatible with the frequency stability desired. This current stability is 
directly calculated from Equation 1.37 and the solenoid characteristics.

Other important frequency shifts affecting the output of the maser are contained 
in the imaginary term of Equation 1.74. Assuming ψ to be small, the equation may 
be written as:
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FIGURE 1.14 Typical result obtained on an experimental hydrogen maser showing the 
variation of output power and line Q against atomic flux.
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In continuous oscillation, δ24 is different from zero and both the real and imaginary parts 
must be set equal to zero to satisfy that equation. From the imaginary part, we thus have:
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It is readily observed that the maser output frequency is shifted by various small 
perturbations that alter the transition frequency ω24, which we now examine.

1.1.2.1.3.2 The Wall Shift, Ωw As mentioned above, the hydrogen atom, upon 
collision with the TeflonTM surface experiences a small phase shift. On the average, 
this is reflected on the output frequency by a small frequency shift. This frequency 
shift is proportional to the collision rate and thus for spherical bulbs to the inverse 
of the bulb diameter. For a 15-cm-diameter bulb, coated with TeflonTM, this shift is 
negative and of the order of a few parts in 1011, a number that depends on the type of 
TeflonTM used and the quality of the coating. Unfortunately, it is difficult to reproduce 
this shift from bulb to bulb to better than 10%, giving the maser a frequency accuracy 
of about 1 to 2 × 10−12 (Vanier et al. 1975).

1.1.2.1.3.3 The Spin–Exchange Shift, γλ
se Δ, and the Cavity Pulling, ψ k Δ It is 

observed that both these shifts are proportional to the population difference Δ. Using 
Equation 1.77, these shifts can be written as:
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showing that the two frequency shifts are proportional to the total line width (1/π) γ2. 
It is readily shown that the cavity pulling is equal to:
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Since the spin–exchange frequency shift is also proportional to the total line width, 
a simple technique for tuning the cavity consists in altering γ2 in Equation 1.89 by 
varying the beam flux which causes a change of the density within the bulb volume. 
By tuning the resonator so that the frequency of the maser becomes independent of 
the beam flux, the cavity detuning is such as to cause a shift opposite and exactly 
equal to the spin–exchange shift given by:
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where λ is the spin–exchange frequency shift cross section (Vanier and Vessot 1964). 
This shift is of the order of a few parts in 10−11. In practice it is possible to tune the 
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cavity such as to make the residual uncertainty in the maser frequency due to cavity 
detuning less than 1 × 10−14.

1.1.2.1.3.4 Second-Order Doppler Shift Another shift that is not included in 
the previous calculation is that due to a relativistic effect caused by time dilation 
and called the second-order Doppler shift. It is present as in the case of the Cs beam 
standard. It is given by:
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In H at 40°C, this shift is −4.31 × 10−11 and with a temperature determination of the 
storage cell better than 0.1 K the uncertainty in the frequency is less than 2 × 10−14.

1.1.2.1.3.5 Magnetic Field Inhomogeneity Finally, the maser frequency may be 
affected by other small frequency shifts connected to inhomogeneities in the applied 
magnetic field. These shifts depend on the construction geometry of the maser and 
are generally quite small in well-built H masers. They do not affect the frequency 
stability of the maser to a significant extent (QPAFS 1989, Volume 2).

A typical large size active H maser developed at Université de Liège is shown in 
Figure 1.15a (Mandache et al. 2012). As in many other laboratories, that breadboard 

(a) (b)

FIGURE 1.15 (a) Large size H maser recently developed at Université de Liège. The maser 
was built as a demonstration tool within a program of developments on atomic frequency stan-
dards. (b) Small H maser developed at the SAO Harvard by RFC Vessot (shown in the figure) 
and his team. (Courtesy of R.F.C. Vessot; Data from Mandache, C. et al., Appl. Phys. B: Lasers 
Opt., 107, 675, 2012.)
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type maser was constructed as an experimental tool within a program of develop-
ment on atomic frequency standards. It provided essential information and experi-
ence for the deve lopment of other units. In the study if its characteristics, an elegant 
technique was developed for the determination of the oscillation parameter q using 
the variable cavity Q app roach (Mandache et al. 2012). Figure 1.15b shows a small 
maser developed at Smithsonian Astrophysical Observatory, Cambridge, MA (R.F.C. 
Vessot 2014, pers. comm.).

1.1.2.2 Passive Hydrogen Maser
The component that plays an important role in determining the size of the H maser is 
the cavity resonator. The size of this resonator can be reduced by operating it in a mode 
different from the conventional TE011 mode. The resonator can also be loaded with 
dielectric material. We examine these options under the section outlining recent pro-
gresses on size reduction. However, in some circumstances, the cavity Q is not likely 
to be high enough to achieve continuous oscillation. Consequently, in order to relax the 
requirements on the quality factor of the cavity, it is possible to operate the maser in the 
so-called passive mode. The maser is then used essentially as an amplifier (Vuylsteke 
1960; Siegman 1964, 1971). The system may be operated with two coupling loops, 
one being used to inject a microwave signal at the hyperfine frequency, while the other 
is used to detect the amplified signal. Another approach consists in using a so-called 
microwave circulator with a single coupling loop as shown in Figure 1.16. Here, one 
observes the amplified power reflected from the cavity.

1.1.2.2.1 Theory of Operation
For passive operation, microwave energy close to the hyperfine frequency is injected 
inside the cavity through the coupling loop. This energy creates a field in the cavity 
which causes stimulated emission of the H atoms. The process creates coherence and 
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FIGURE 1.16 Simplified conceptual block diagram of a reflection-type passive hydrogen maser.



49Microwave Atomic Frequency Standards

an oscillating magnetization in the ensemble. Since the upper level (F = 1, MF = 0) is 
more populated than the lower one (F = 0, mF = 0), power is emitted by the ensemble. 
The Rabi angular frequency, b, now includes the contribution from a source external 
to the cavity as well as the contribution from the created magnetization. The interac-
tion Hamiltonian given by Equation 1.51 is now written as:

 
H24 = − +( )− − −1
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where the subscripts i and e refer to internal and external, respectively. We make 
an analysis very similar to that made in the case of the active maser. There are now 
two source terms in the field equation: the injected field and the magnetization. 
One observes readily that these two source terms are separated. The field created 
by the magnetization leads to feedback on the atomic ensemble, an effect which 
can be analyzed in the same way as in the active maser. Equations 1.74 and 1.75 
become:
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These equations describe the dynamic behaviour of the H maser submitted to a field 
injected in the cavity. A solution of these equations may be obtained numerically. 
However, the general behaviour of the passive H maser may be obtained by means 
of simple approximations. We assume steady-state operation and set all time deriva-
tives equal to zero. The coherence is obtained directly from Equation 1.94 as:
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We are interested in the gain of the maser that we define as:
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The internal field part is produced by the induced coherence as given by Equation 
1.74 and using solution (1.96) for δ24, the gain can be written as:
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where Δ is a solution of Equations 1.94 and 1.95. We can obtain some insight into 
the behaviour of the maser by examining a special case. We assume that the injected 
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field is weak and that the gain factor is small. In such a case, Δ obtained from 
Equation 1.95 is:
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Using definitions 1.67 and 1.80, we obtain:
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Assuming that the cavity is exactly tuned to the atomic resonance, Equation 1.98 
becomes:
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FIGURE 1.17 Calculated gain of the passive hydrogen maser for three values of the  effective 
hydrogen beam intensity.



51Microwave Atomic Frequency Standards

Equation 1.101 is plotted in Figure 1.17 for three values of the normalized flux Ieff as 
a function of the angular frequency ω normalized to γ2. For Ieff = 1, the gain becomes 
infinite and in principle the system becomes an active maser. However, this is not 
exact since saturation takes place at high gain and the threshold flux is somewhat 
larger than Ieff. The gain given by Equation 1.101 represents the ratio of the cavity 
field with the atoms present to the field without the atoms. In practice, a system such 
as the one shown in Figure 1.16 may be used to detect the amplified signal.

In that case the signal is observed as the power reflected by the cavity through the 
circulator. We examine the particular case where the cavity is matched when there 
are no atoms in the cavity. In such a case there is no energy reflected by the cavity in 
the absence of atoms. The situation is the same if the frequency is tuned well off the 
atomic resonance. The reflection cavity amplitude gain, Grc is then given directly by 
the cavity reflection coefficient ρ (QPAFS 1989, Volume 1):
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where:
QL is the cavity loaded quality factor without the contribution of the atomic ensemble
Qm, called the magnetic Q, is the quality factor considering only the losses or the 

gain of the atomic ensemble

This Q is negative since the atomic ensemble emits energy under the influence of 
the applied field. In the case where there is sufficient gain in the atomic ensemble, 
we may have Qm = −QL and the reflection coefficient is infinite. The system hence 
becomes an oscillator.

The power given by the atoms is calculated from Equations 1.69 and 1.96. Using 
the definition of the quality factor as the energy stored over the power lost, which in the 
present case becomes negative since it is power emitted, the gain is readily calculated as:
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In such a case, in the absence of atoms, the gain is zero since the cavity resonator is 
matched and no energy is reflected from the cavity.

1.1.2.2.2 Frequency Shifts
In such a device the output signal frequency is always equal to the input frequency. 
However, the output signal shows a maximum when Ω24 = 0 and a servo system may 
be used to lock the frequency of the input generator to this maximum. The frequency 
of this maximum is given by Equation 1.102 and is thus displaced by the wall shift, 
Ωw, the spin–exchange shift, (γλ

se/2)Δ, and the cavity pulling. If the gain is very low, 
k << 1, there is little feedback of the atoms on the field inside the cavity and the term 
k ψ Δ may be neglected. The effect of a cavity detuning may then be obtained from 
Equation 1.63. The maximum of the gain is displaced by a small quantity propor-
tional to the square of the ratio of the cavity Q to the line Q:
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In the case of high gain there is strong feedback of the atoms on the cavity field and 
the term k ψ Δ in Equation 1.98 cannot be neglected. The frequency of the maximum 
of amplification is displaced by the quantity given by Equation 1.90 as in the case of 
the active maser. The effect of the wall shift is the same as in the case of the active 
maser. However, since the cavity is tuned for maximum power output, the spin–
exchange frequency shift is not compensated by an opposite cavity detuning pulling 
effect as is the case of the active maser when the cavity is tuned at a frequency which 
makes the maser frequency independent of beam flux.

1.1.2.2.3 Practical Implementation
The passive H maser can be implemented in practice in a very similar manner as the 
active H maser (Walls and Howe 1978). However, as mentioned above, it can oper-
ate with a low cavity Q and consequently the physical system can be constructed 
using a cavity operating in a mode different from the TE011. We now examine a few 
approaches, in particular one approach using a so-called magnetron cavity that can 
be made much smaller than the standard TE011 type.

Since the maser is passive, there is no signal with a given phase to compare a local 
oscillator to and to lock it to the atomic transition. Consequently, the phase-lock-
loop described earlier in the case of the active maser cannot be used. Therefore, a 
frequency lock-loop as in the case of the Cs beam frequency standard must be used. 
A simple system illustrating such a servo is shown in Figure 1.18.

The reader will find an analysis of such a servo system using either slow or fast 
modulation in QPAFS, Volume 2 (1989). It should be emphasized, as shown above, 
that cavity frequency pulling exists in the passive mode configuration of the H 
maser. Therefore, the cavity frequency must be stabilized. It is possible to reduce 
considerably this cavity pulling and at the same time lock the frequency of the rf 
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10 MHz out

FIGURE 1.18 Block diagram of a frequency-lock-loop that can be used to implement a pas-
sive hydrogen maser frequency standard.
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generator to the atomic transition by using fast frequency modulation. The technique 
uses the approach developed by Pound to stabilize a microwave generator on a cavity 
by means of frequency discrimination utilizing an intermediate frequency modula-
tion (Pound 1946). This is usually called a Pound stabilizer. It is possible to use the 
technique in reverse to frequency lock a cavity to a generator which itself is locked 
to the atomic resonance (Busca and Brandenberger 1979; Lesage et al. 1979) using 
a single modulation frequency. This approach is very effective and is described in 
QPAFS, Volume 2 (1989).

The previous discussion emphasized the approach where the Q of the cavity is too 
low to satisfy the oscillation condition, that is, q < 0.172. However, it is possible to 
increase the cavity Q by using external positive feedback. This is done, for example, 
by using a cavity with two coupling loops, the first one extracting energy to the cav-
ity and the second one feeding back this energy into the cavity after amplification 
with a low noise amplifier (Wang 1980). A block diagram of a typical system is 
shown in Figure 1.19.

In such an approach, a phase shifter is required in the feedback loop in order to 
compensate for any phase shift that may be created within various components in 
the loop and cause a frequency shift. This phase shift creates a perturbation in the 
resonance frequency of the cavity. It is important to temperature stabilize all com-
ponents of the feedback loop, amplifier, attenuator, phase shifter, transmission lines, 
and isolators since they are essentially part of the cavity. Even with such stabiliza-
tion, it is possible that the phase of the signal injected in the cavity varies with time 
because of aging of components, for example. Cavity pulling is then present and an 
autotuning system of the cavity may be required.

1.1.2.3 Frequency Stability of the Hydrogen Maser
In well-designed active H masers, the frequency stability for averaging times in the 
range 10 s <τ < 1000 s is mostly limited by internal white frequency noise. The 
frequency stability expressed in terms of the Allan variance is given by (QPAFS 
1989):
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FIGURE 1.19 Basic block diagram of a system using an external feedback loop to enhance 
the cavity Q in order for the maser to satisfy the oscillation condition. The section contain-
ing the electronic feedback components needs to be controlled in temperature to avoid any 
change in the feedback loop parameters.
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where:
k is Boltzmann constant
Tc is the temperature of the cavity
Po is the maser power output delivered to the receiver
Ql is the maser atomic line Q
τ is the averaging time interval

In the best performing active masers, a stability of 2.2 × 10−14 τ−1/2 for 30 s < τ < 6000 s 
in a 6 Hz bandwidth is obtained in agreement with the above expression (Vessot 
et al. 1977, 1988).

In the short-term region, say for averaging times below 10 s, the frequency stabil-
ity of the active maser is limited by additive noise originating from the cavity and the 
first stage of mixing and detection of the maser signal:
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where:
F is the noise figure of the receiver
ωR is its bandwidth
Qext is the cavity external Q
QcL is the cavity loaded Q
Pb is the power delivered by the H beam in the cavity

The frequency stability is generally of the order of a few × 10−13 for τ = 1 s.
In the case of the passive maser, the short-term frequency stability is a function of 

the type of system used to lock the frequency of the external generator to the maxi-
mum of emission. This stability is given by an equation similar to Equation 1.106 but 
multiplied by a factor K larger than unity. With the S/N available in an actual device, 
the frequency stability is of the order of 1 × 10−12 τ−1/2 in the same range of averaging 
time intervals as in the case of the active maser.

Several laboratories have developed passive and active H masers. Some of the 
pioneers have been the Smythsonian Astrophysical Observatory (SAO) of Harvard 
University in Cambridge, MA; Vremya in Nizhny Novgorod, Russia; Sigma Tau Co., 
Gaithersburg, MD; and Spectratime, Switzerland.

The frequency stability of an SAO VLG 11 maser reflects the high quality of 
its design (Vessot et al. 1984; Vessot 2005). The stability is a few times 10−13 at 
an averaging time of 1 s and reaches 5 × 10−16 at an averaging time of 104 s. No 
cavity auto tuning system is used and a slow drift of the order of 6 × 10−15 day is 
reported.

A design overview of an active H maser developed at Spectratime, Switzerland, 
originally for the ACES (Atomic Clocks Ensemble in Space) mission is shown in 
Figure 1.20. In that design, the medium-term stability relies on an automatic cavity 
tuning (ACT) based on a carrier free fm sideband interrogation system described in 
QPAFS, Volume 2 (QPAFS 1989). Its frequency stability is given in Table 1.4. Its 
frequency drift is less than 2 × 10−16/day.



55Microwave Atomic Frequency Standards

The kind of stability reported above is achieved only by extremely careful design 
of the cavity. In the case of the SAO maser, the cavity is made of low thermal expan-
sion material called Cervit and maintained in place under as little stress as pos-
sible by means of so-called Bellville springs, as well as under extremely stable 
temperature control. The Vremya maser cavity (Demidov et al. 2012) is made of 
Sitall (a crystalline glass-ceramic with ultra low coefficient of thermal expansion of 
0 ± 1.5 × 10−7/°C in the temperature range −60°C to 60°C). In that case, the origin 
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FIGURE 1.20 3D view of the Spectratime space active hydrogen maser design. (Courtesy 
of Spectratime, Switzerland.)

TABLE 1.4
Frequency Stability of a Space H Maser Developed at 
Spectratime, Switzerland

Averaging Time Allan Variance

1 s 9.8 × 10−14

10 s 2.8 × 10−14

100 s 7.0 × 10−15

1,000 s 2.2 × 10−15

10,000 s 1.1 × 10−15

Source: Goujon, D. et al., Development of the space active hydrogen maser for 
the ACES mission. In Proceedings of the European Forum on Time and 
Frequency 17-02, 2010; Goujon, D., Personal Communication, 2014.
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of the observed drift could be relaxation of the bulk material of the cavity, which is 
not stabilized by an automatic cavity tuning. In fact, with a line Q of 1.4 × 109 (1 Hz 
linewidth) and a cavity Q of 40,000, the cavity must stay tuned to within 0.05Hz 
for a maser frequency stability of 10−15. With an axial tuning rate of 107 Hz/cm, the 
length of the cavity must stay stable within about 5 × 10−9 cm, which is a dimension 
encountered at the atomic level.

It is thus not surprising to observe drifts in an H maser whose cavity is made of 
assembled individual parts in mechanical contacts with each other and relaxing with 
time under local efforts. It is extremely difficult to construct a cylinder and end plates 
that fit together exactly. This can be done only using optical polishing techniques for 
contact between cavity parts. Even then, it is possible that those contacts, because of 
the presence of asperities, relax with time. On the other hand, the origin of the long-
term drift as a time dependent wall shift should not be discarded.

The cavity slow drift with time can only be compensated by retuning the cav-
ity. As was mentioned above several times, there have been several proposals and 
attempts to construct systems that can automatically tune the cavity to the hydrogen 
emitting frequency without disturbing the maser signal. They can be classified in 
two groups. One consists in modulating the line Q of the maser emission line and 
in adjusting the cavity frequency to a value that makes the maser output frequency 
independent of the line Q. One method consists in changing the H beam intensity 
to alter the pressure in the storage bulb. This procedure alters the line Q through 
spin–exchange interactions. It is called the spin–exchange tuning technique. For best 
results, an external reference as stable as the maser to be tuned should be used. The 
method can also be used by means of broadening the resonance line through the appli-
cation of a magnetic field gradient (Vanier and Vessot 1966; Vanier 1969). The maser is 
operated at high beam flux to allow the broadening to take place while the maser is kept 
in oscillation. These techniques are delicate in the sense that they act directly on the 
maser signal. A method that avoids that problem consists in acting directly on the cav-
ity. The cavity can be tuned by means of an external interrogating radiation applied 
to the cavity itself. The interrogating signal is modulated in frequency and the reflec-
tion of the cavity is analyzed. In order not to perturb the maser signal, the interroga-
tion signal is modulated in frequency, square wave, by say half the width of the cavity 
resonance (~15 kHz) with the carrier suppressed. However, a more direct approach 
consists in modulating the cavity resonance itself at high frequency (Gaigerov and 
Elkin 1968; Peters 1984; QPAFS 1989). For a tuned cavity the atomic resonance line 
is not affected, but for a detuned cavity the maser signal is modulated in amplitude. 
The detuning is thus detected directly on the maser output signal. The modulation of 
the maser signal is detected and analyzed through synchronous detection to create an 
error signal that is fed back to the cavity to keep it tuned. This type of automatic cav-
ity tuning system was used in an actual maser, and an outstanding frequency stability 
of the order of 3 × 10−16 at an averaging time >105 s was reported. No drift larger than 
10−16/day was observed (Demidov et al. 2012).

It should be mentioned that the wall shift may vary with time (Morris 1990). 
The clear identification of such an effect, which could be at the level of parts 
in 1016/day or smaller, requires rather long-term measurements. It appears that its 
existence may depend very much on the actual technique of depositing the TeflonTM 
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on the inner surface of the storage bulb, the actual source of the TeflonTM and its 
quality. No conclusion can be drawn at this time on its exact value and its presence 
is rather difficult to evaluate in a particular maser due to the possible presence of 
other effects of the same order of magnitude. It should be mentioned that degrada-
tion with time of the resonance line quality factor Ql has been observed in most of 
the masers constructed (Bernier and Busca 1990; Morris 1990). The effect in some 
cases is such as to prevent the maser from oscillating after a given time of function-
ing. In such a case the storage bulb needs to be recoated. However, no direct relation 
has been found between this degradation of line Q and long-term drift. At this time it 
does not appear that systematic work is done in order to elucidate those two parasitic 
effects, masers being used in situations for which the range of frequency averaging 
times required falls where their stability is optimum. If need is required they can be 
recalibrated against a Cs fountain.

1.1.2.4 State of the Art of Recent Developments and Realizations
We have just described some interesting results on classical standard H masers that 
were refined and improved from earlier models. Our review was limited to the refine-
ments of the classical maser approach. However, parallel research and developments 
have taken place on the possibility of making drastic changes in construction to 
realize an instrument with greater frequency stability by orders of magnitude or, on 
the other hand, reduce its size considerably. We will outline now some of the most 
important research and development that have taken place recently in that direction. 
Often, due to the great complexity involved in the systems developed, they remained 
at the level of basic laboratory research instruments and did not lead to application 
directly usable in the field. They nevertheless provided some interesting insight into 
possible directions for improvements.

1.1.2.4.1 Improvement of Accuracy and Frequency Stability
Concerning improvement of the short-term stability of the active maser, a quick look 
at Equation 1.106 shows us that the choice we can make is rather limited. We can act 
on the noise figure, the power output of the maser and the temperature. Generally 
an amplifier with a low noise figure, less than 2  dB, is used as the first stage of 
the receiver. Consequently, not much can be done about that parameter. Similarly, 
maser power output cannot be increased freely. Figures 1.13 and 1.14 show that the 
power output cannot be increased arbitrarily by increasing atom flux because spin–
exchange interactions cause relaxation and the maser power output goes through 
a maximum and then decreases at larger atomic fluxes. The range of oscillation is 
limited. If more power is desired the bulb time constant could be decreased allow-
ing an increase in atom flux. However, in that case the line width of the transition is 
increased affecting the line quality factor. This has a direct effect on the frequency 
stability in the range where noise within the line width is important as shown by 
Equation 1.106. It appears that the best way to improve short-term frequency stability 
is by decreasing the temperature Tc of the maser region of emission. An improvement 
in frequency stability of several orders of magnitude can thus be predicted at very 
low temperatures. However, this direction is a function of the possibility of finding 
a storage bulb surface material that still works at low temperature. Several studies 
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have been made with the goal of finding such a surface coating that would still allow 
long storage times at cryogenic temperatures. Coatings such as CH4 at 30 K (Vessot 
et al. 1979), Ne at 9 K (Crampton et al. 1984), and He at temperatures below 0.5 K 
(Hardy and Morrow 1981) have been found to provide a possible solution. The most 
attractive approach appeared to be that last proposal using a superfluid helium film. 
However, although it is most interesting in connection to the basic physics involved, 
the complexity of the supporting systems required, such as dilution refrigeration, has 
limited the development to laboratory projects. A system developed in a joint project 
between Harvard University Center for Astrophysics, Lyman Laboratory at Harvard 
University, and the Massachusetts Institute of Technology is shown in Figure 1.21.

In view of its rather interesting exotic construction, we will discuss that system. 
One main objective of the project was to operate the maser in the active mode. That 
was achieved and a signal output was obtained at the level of 5 × 10−13 W. The main 
physical characteristics of that maser are as follows. The cavity, operating in the 
TE011 mode, is made of a large pure single crystal sapphire cylinder whose hollow 
central part serves as storage “bulb.” End TeflonTM septums are used for limiting the 
motion of atoms to a region where the microwave field has the proper orientation. 
The sapphire cylinder, 17 cm long and 10 cm in diameter, was machined out of a 
single crystal and was silvered on its outside. The dielectric losses of sapphire are 
considerably reduced at low temperature and at 0.5 K the Q of that cavity, operating 
in the TE011 mode, was 27,000 with a coupling coefficient of 0.33. Assuming a filling 
factor of the order of 0.4, this amply satisfies the oscillation condition of Equation 
1.85. Atomic hydrogen was produced in a room temperature discharge as in the 
standard classical maser, but after dissociation the hydrogen gas was allowed to drift 
to a collimator inside a piece of TeflonTM tubing cooled progressively to about 10 K, 
forming a low velocity H beam. The beam was directed to a short hexapole mag-
net state selector and atoms in the states F = 1, mF = 0, 1 at a temperature of 10 K 
were then directed to the combined storage bulb-sapphire cavity. It is assumed 
that due to the limited number of collisions in the TeflonTM tube little relaxation 
occurs in their travel and the state of the atoms is not much altered at the entrance 
of the cavity acting as the storage container. The arrangement, rather complex 
because of the extremely low temperature involved, was cooled to 0.5 K by means 
of dilution refrigeration within a vacuum enclosure cooled itself at 77 K. Helium 
was admitted in the system at a low rate and, being in its superfluid state at 0.5 K, 
coated all internal surfaces including the inner surface of the hollow sapphire 
cavity.

This idea of using a surface coating made of a helium film originated from experi-
ments done at the University of Amsterdam which showed the possibility of main-
taining a moderate density of atomic hydrogen in a space whose containing surface 
was coated with superfluid helium (Silvera and Walraven 1980). Other groups (Cline 
et al. 1980; Morrow et al. 1981; Wallsworth et al. 1986) applied successfully the 
approach to the storage of hydrogen atoms for the purpose of implementing an H 
maser. The maser shown in Figure 1.21 is one of those approaches. A similar tech-
nique, but using a more compact cavity, was developed by Hardy and Whitehead at 
University of British Columbia, Canada (Hardy and Whitehead 1981). It is described 
in QPAFS, Volume 2 (1989).
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FIGURE 1.21 Schematic of the low temperature H maser developed in a collaboration 
project between CfA, Harvard University and MIT in the late 1980s. (Data from Vessot, 
R.F.C., Metrologia, 42, S80, 2005. Copyright Bureau International des Poids et Mesures. 
Reproduced by permission of IOP Publishing. All rights reserved.)
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One other advantage of using such a low temperature is the decrease of the cross 
section in spin–exchange collisions. As is reported in QPAFS (1989), the cross section 
σex at a temperature of 0.5 K is considerably reduced to a few × 10−16 cm2 compared to 
2.8 × 10−15 cm2 at room temperature. Since the oscillation parameter q is a function of 
the product < vr > σex, it can readily be seen that the oscillation parameter q is reduced 
by a factor of the order of 103 at such a low temperature making maser oscillation much 
easier. This conclusion is reinforced by the fact that the atoms travelling at low speed 
make less frequent collisions with the walls of the helium coated storage sapphire cav-
ity, reducing furthermore wall relaxation with a direct effect on the decrease of q.

In a complex system as the one described, it should be realized that phenom-
ena not observed in the classical room temperature maser could be present. A most 
important one is the presence in the system of the injected helium as a gas in equi-
librium with the superfluid film coating all surfaces. One first effect of the presence 
of that gas at the pressure required to provide a superfluid film is collisions that 
reduce the mean free path of the H atoms to about 5 cm. Those collisions may not 
only affect the H beam free motion but also produce relaxation and a frequency 
shift. However, the ionization energy of H is 13.6  eV and that of He is 24.6  eV. 
Because of this high ionization energy, their interaction is small, as discussed in 
QPAFS, Volume 1 (1989). Nevertheless, the interaction is still present even at the 
low temperature involved. A buffer gas frequency shift is thus present and adds to 
the shift caused by wall collisions. The predicted mean free path and frequency shift 
of H in He including wall collisions effect is shown in Figure 1.22 as a function of 
temperature. One observes that there is a minimum in the predicted frequency shift 
at a temperature of about 0.5 K. However, this prediction relies on the quality of the 
superfluid He film coating the internal surface of the sapphire cavity. If this film is 
not saturated, that is to say thin, the H atoms upon collisions are influenced by the 
potential of the more polarizable substrate seen by the atoms directly through the He 
film. In practice it was found that the shift measured at a temperature of 0.493 K was 
of the order of several Hz and decreased with the amount of He injected into the sys-
tem (Vessot et al. 1986). This appears to confirm that the film increases in thickness 
with increasing He pressure. However, that shift is of the order of a few Hz, an order 
of magnitude larger than that expected. Furthermore, the line Q was found to be of 
the order of 109 much smaller than the predicted value of about 3 × 1010 (Vessot et al. 
1986). Consequently, more experimental data is required before a final conclusion 
can be reached on the possibility of that type of cryogenic H maser in fulfilling the 
goals set forth in its construction.

From the development just described, the cryogenic approach to the construction 
of an H maser could in principle lead to greater frequency stability although accu-
racy would be influenced by the ability to evaluate the combined wall-buffer gas 
shift mentioned above. As of 2015, no further results than those reported above have 
been made public. It appears that the complexity of the system is such that it requires 
much more work. In view of the success reached by means of other approaches, 
using Cs and Rb with laser cooling that we will examine in Chapter 2, it is not clear 
at this stage that further development of a practical standard based on that cryogenic 
approach is still of interest to the community although the physics involved is most 
interesting.
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In the previous paragraphs, we have limited the analysis to the question of frequency 
stability. How about accuracy? The main frequency shift that needs to be addressed 
is the wall shift. In the standard room temperature maser it is of the order of parts 
in 1011. It can only be determined independently from a primary standard by com-
parison between two similar masers but equipped with storage bulbs having a differ-
ent diameter (Vanier and Vessot 1964, 1970; Morris 1971, 1990; Vanier et al. 1975; 
Vanier and Larouche 1978). The reproducibility of the coating film of TeflonTM is not 
expected to be much better than a few percent thus a few parts in 1013. Consequently, 
it does not appear that the maser may become a primary standard competing even 
with the room temperature Cs beam frequency standard. Furthermore, it has been 
found that the TeflonTM surface may change with time or age, creating a time depen-
dent wall shift (Bernier and Busca 1990; Morris 1990). This effect has not yet been 
determined accurately. In the cryogenic maser, using a superfluid He film as coating 
of the storage container, the “wall shift” adding to the inherent buffer gas shift is of 
the order of parts in 109. Such a shift is 106 times larger than the accuracy reached in 
the classical Cs beam approach and it does not appear that it can be determined with 
better accuracy. In the Cs fountain approach, it is now possible to reach accuracy of 
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FIGURE 1.22 Predicted frequency shift and mean free path in the cryogenic H maser as a 
function of temperature. (Data from Vessot, R.F.C., Metrologia, 42, S80, 2005.)
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the order of a few parts in 1016. Consequently, at this stage, due to the uncertainty 
in the wall shift effect, it appears that the H maser may play a role mainly as an 
outstandingly stable source of radiation over a range of averaging time extending 
to 105 s. Nevertheless, it can be used as an accurate reference at the level of ~10−12 
accuracy without calibration with an external primary Cs standard.

1.1.2.4.2 Reduction in Size
Since the first realization of the H maser as a practical instrument, the question of its 
size has always been a subject of interest particularly for space applications (Beard 
et al. 2002). As was just outlined, it is one of the most stable atomic microwave fre-
quency standards and its use was often suggested in applications where maximum 
frequency stability was required. However, due to its size and weight, aside from 
two special rocket launches containing H masers (Vessot et al. 1980; Demidov et al. 
2012), use of classical H masers equipped with a TE011 cavity was essentially limited 
to ground-level applications.

As was made evident by the previous analysis, the dimension of the maser is essen-
tially controlled by the size of the cavity. The frequency of the ground state hyperfine 
transition of H is 1420 MHz corresponding to a wavelength of 21 cm. The cylindrical 
TE011 cavity resonant at that frequency has a dimension of about 27–28 cm in length 
and diameter. The majority of existing active masers have been designed with this 
type of cavity. The cavity controls the size of the maser by limiting considerably 
the freedom of reducing the size of the whole ensemble including vacuum tank, 
solenoid, magnetic shields, thermal control, and insulation. Nevertheless, relatively 
small size active H masers were realized by perfecting the supporting necessary 
equipment resulting in a weight of 260 kg (e.g., the VLG 10, 11, and 12 of the SAO 
shown in Figure 1.15b). One unit designed especially for space application had a 
weight of 90 kg and, as mentioned above, was flown on a rocket as a gravity probe 
(Vessot et al. 1980). Other masers with reduced size were also developed using a 
TE011 elongated cavity approach (Peters and Washburn 1984; Goujon et al. 2010; 
VREMYA-CH 2012). However, they remained somewhat heavy, a characteristic that 
still limited their use to applications at ground level. With recent development in 
navigation by means of satellites, such as the European Galileo system, the use of H 
masers as primary time standards on satellites was considered as a valuable alterna-
tive to the passive Cs and Rb standard used in other satellite navigation systems such 
as the USA-GPS and the Russian Glonass. A typical arbitrary requirement for such 
an application is a weight of the order of 15 kg and this appeared to require a drastic 
change in the maser design.

We have outlined in QPAFS (1989) how new cavity designs could be used to 
reduce dimensions. These designs are based on a rather limited number of possibili-
ties, forced by the quantum condition that the direction of the rf magnetic field in the 
cavity must be parallel to the applied dc magnetic field and that the oscillation condi-
tion, q < 0.172, be satisfied. This condition can also be expressed very approximately 
as requiring that the product of the loaded Q of the cavity with the filling factor η′ 
be larger than 104 as dictated by Equation 1.85 (η′Qc >10,000). Furthermore, because 
H atoms travel freely within the maser storage bulb or container, the rf magnetic 
vector must keep the same phase in space in order to avoid interferences that would 
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reduce the filling factor and by the same fact increase the oscillation parameter q to a 
value such as to inhibit continuous oscillation. It appears that three promising cavity 
designs can be used to reduce at the same time size and weight. One is a cavity oper-
ating in the TE111 mode. One other is a TE011 cavity loaded with a dielectric material. 
A last one is a totally different design incorporating symmetrical metallic plates, 
enveloping the storage bulb within essentially a TE011 configuration. This approach 
leads to an elegant design called a magnetron cavity. We will examine these three 
approaches.

1.1.2.4.2.1 TE111 Mode Cavity The TE111 mode requires a cylindrical cavity 
of the order of 16 cm in diameter for being resonant at the H ground state hyper-
fine frequency. It is thus relatively small compared to the TE011 cavity, which has 
dimensions of the order of 27–28 cm. However, that mode, although very satisfac-
tory for a situation where a buffer gas restricts the motion of the atom to a small 
region of space during the time of emission, as in the passive optically pumped 
Rb frequency standard, is characterized by a rather unfavourable distribution of 
rf field for its use in an H maser. The microwave magnetic field is zero on the 
symmetry axis of the cylinder, increases in intensity towards the cylinder walls, 
but has a phase shift of 180° in opposite regions of the central plane of symmetry 
of the cylinder. Such a configuration requires the presence of a so-called septum 
that divides the cavity in two symmetrical sections of uniform phase. This divides 
the atoms into two sub-ensembles restricting the motion of the atoms to separate 
sections where they are exposed to a field of the same phase thus avoiding interfer-
ences (Mattison et al. 1976). The actual configuration is shown in Figure 1.23 with 
a septum in place.
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FIGURE 1.23 TE111 microwave cavity adapted for use in a Hydrogen maser.
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The two sections on each side of the septum act as independent storage bulbs, 
each fed by approximately half of the incoming H beam. Such a cavity is character-
ized by a resonant wavelength given by (Wang et al. 2000):

 νres = +
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Such a cavity was constructed and mounted on a test maser (Mattison et al. 1976). 
The cavity, made of copper, had a length L of 18 cm and a diameter D = 2R of 16 cm. 
This is about 40% smaller than the TE011 cavity. The loaded Q of the cavity was 26,000 
with a coupling coefficient β of 0.1. The calculated filling factor was η′ = 0.42, giv-
ing a η′Q of the order of 11,000. The maser could be set into oscillation and its line 
quality factor was measured as Ql = 0.8 × 109. The storage containers escape rate was 
adjusted to 1 s−1 and a measurement of the decay rate of stimulated emission gave a 
total relaxation time of 0.34 s. The wall relaxation rate is thus calculated as being of 
the order of 2 s−1. The low value of the measured line Q is due to the contribution of 
spin–exchange collisions, ~2.5 s−1, when the maser is in its active mode with a large 
beam flux. Such numbers are comparable to those obtained in storage bulbs with 
dimensions similar to those of the two halves formed by the cavity and its septum, 
although the smaller dimensions of the half cylinders may be responsible for a larger 
collision rate and a relaxation rate greater than in a standard spherical storage bulb.

It is worth repeating that the problem in all designs and construction of a smaller 
cavity as that shown above is the practical fulfilment of the oscillation conditions: 
η′Q is required to be larger than 104 leading approximately to the requirement of hav-
ing a loaded cavity Q of the order of 20,000 or more. In practice, this condition, for 
various reasons of material characteristics and quality of construction, is not always 
attained. In that case, the maser has to be operated in a passive mode or with cavity Q 
enhancement introduced externally as described earlier. This last approach has been 
used at the Shanghai observatory in China in the construction of an H maser with a 
TE111 cavity similar to the one just described (Wang et al. 2000).

1.1.2.4.2.2 Dielectrically Loaded Cavity Another approach consists in introduc-
ing a dielectric material inside the cavity to reduce its size. There are two ways of 
using that approach. The first one consists in introducing a relatively thin cylinder of 
dielectric material inside a standard TE011 cavity (Peters et al. 1987; Gaygorov et al. 
1991; Busca et al. 1993). The second one consists simply in constructing the cavity 
with a cylinder of dielectric material, silver painted on its outside as in the case of the 
cryo genic maser described above. In both cases, the evacuated interior surface of 
the dielectric cylinders is used directly as the storage container or bulb. Substantial 
size reduction is realized, but a compromise must be made between various require-
ments connected to the fulfilling of the oscillation condition if it is desired to con-
struct an active maser. For example, the size of the storage container, a cylinder, must 
be sufficiently large in order to make the filling factor large enough to allow oscil-
lation. This is also conditional to the realization of a high cavity Q, which depends 
on the dielectric losses of the dielectric material and the quantity of the material 
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exposed to the microwave electric field in the cavity. It is thus important to choose 
a proper dielectric material with a high dielectric constant but with little microwave 
losses. We will first examine the case of the cavity loaded with a thin cylinder of 
dielectric material. The general design of such an approach is shown in Figure 1.24.

We first examine the case where sapphire is chosen as dielectric material. It is 
assumed that the cavity operates in the TE011 mode. Sapphire has a room temperature 
dielectric constant of about 9.4 and its losses are characterized by a loss tangent (tan 
δ) equal to ~1.5 × 10−5, a rather small value. The first question is to decide on its size 
and where to situate such a cylinder within the cavity. However, since the size of the 
bulb is an important parameter, its diameter and length must be as large as possible 
to make the filing factor large of the order of 0.4 or more. A procedure described 
by Bernier (1994) consists first in setting the diameter of the cavity desired with a 
fixed arbitrarily chosen length of 160 mm. This fixes at the same time the length of 
the sapphire cylinder and of the hydrogen container (bulb). One then chooses the 
inner diameter of the sapphire cylinder. This determines the volume of the hydrogen 
container. The outside diameter of the sapphire cylinder is then adjusted to make the 
whole ensemble resonant at the hyperfine frequency of H, 1.420 GHz. The thick-
ness of the cylinder sets at the same time the dielectric losses. The cavity Q is then 
calculated. A computer program (Sphicopoulos et al. 1984) is used to make the cal-
culation and, after several attempts with various starting dimensions of cavity and 
sapphire cylinder inner diameters, a choice can be made that satisfies dimension 
requirements for the application desired. At the same time, the calculation verifies 
oscillation conditions relative to the filling factor and the cavity Q computed. A typi-
cal result obtained is (Bernier 1994):

•	 D = 20 cm; L = 14 cm; di = 12.5 cm; do = 13.7 cm
•	 e (thickness of sapphire cylinder) = 6.0 mm
•	 Hydrogen storage container volume (bulb) VB = 1.7 litre
•	 Cavity volume Vc = 4.40 litres
•	 Cavity Q = 47,000

D

L

di

Metal
cavity

Sapphire cylinder and
covers 

Interior TeflonTM

coating 

do

FIGURE 1.24 Schematic diagram of an H maser cavity loaded with a cylinder of dielectric 
material. In the present case sapphire is used as dielectric material.
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This is indeed an excellent choice of dimensions making the volume of the cavity 
much smaller than a full size TE011 cavity while the hydrogen storage volume is very 
similar to that of a standard storage bulb 15 cm in diameter. The volume of the cav-
ity is about five times smaller than a TE011 cavity without dielectric loading for the 
same resonant frequency. Furthermore, the oscillation conditions are fully satisfied 
through the high resulting cavity Q and large storage volume.

A system using that approach was constructed and tested at the Observatoire 
de Neuchâtel in Switzerland (Jornod et al. 2003). The maser worked according to 
expectation. The loaded cavity QL was 35,000 while the line quality factor Ql was 
1.5 × 109. This gives a cavity frequency pulling factor of 2.3 × 10−5. This means 
that for obtaining a fractional frequency stability of 10−15 the cavity must stay tuned 
at 1.42 GHz to a precision better than 0.1 Hz (Jornod et al. 2003). As mentioned 
earlier, when transformed into equivalent dimensional conditions this corresponds 
to a precision of the order of atomic dimensions. With a complex construction as 
that described this is extremely difficult to achieve. Furthermore, it is found that the 
dielectric constant of the sapphire material is a function of temperature establish-
ing for the cavity a temperature coefficient of about 40 KHz/K. For the conditions 
just described, these characteristics exert a stabilization burden on the temperature 
control of the ensemble that is impossible to accomplish in practice. Consequently 
an ACT, similar to those already mentioned, is required to compensate for the lim-
ited capacity of practical temperature controls. In the present case, the fast cavity 
auto tuning concept has been used (Audoin 1981, 1982; see QPAFS 1989, Volume 2; 
Weber et al. 2007). The measured frequency stability was of the order of 2 × 10−13 at 
1 s averaging time and 7 × 10−15 at 100 s averaging time. With ACT measurements 
showed that at 1000 s averaging time the maser frequency stability was improved 
by an order of magnitude (2.3 × 10−15) as compared to the free running operation 
(2 × 10−14).

The sapphire loaded maser was constructed with the objective of being part of 
a proposed European Space Agency project in the early development of the project 
“Atomic Clock Ensemble in Space” (ACES). The ensemble was to include such a 
maser and a laser-cooled Cs atomic beam clock. We shall describe later that Cs beam 
clock. The H maser would provide frequency stability in the short term while the 
Cs clock would maintain stability in the long term. The goal is to do fundamental 
research in space in micro gravity in such subjects as general relativity, time and 
frequency metrology, and very long base line interferometry.

Similar approaches, using sapphire cylinders inside a TE011 cavity to construct 
small H masers dedicated to space applications such as navigation systems have been 
studied by other laboratories (Gaygorov et al. 1991; Morikawa et al. 2000; Ito et al. 
2002, 2004; Hartnett et al. 2004). In the last case, the cavity had a diameter equal 
to its length, 160 mm, and the sapphire cylinder had an inner diameter of 72 mm 
and a thickness of 7.8 mm. A calculation showed that η′Q was about 32,000 for that 
configuration. That maser operated also in the active mode with a frequency stability 
reaching a few in 1015 at τ = 5 × 103 s. Calculations were also performed in order to 
optimize the parameters. It was found for example that with a somewhat smaller and 
thicker sapphire cylinder η′Q could be as high as 49,000, fulfilling easily the oscil-
lation condition. However, that makes the size of the H container of the order 0.2 l, 
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which is rather small and may be a handicap regarding wall collision rate affecting 
relaxation and line quality factor.

Quartz can also be used as inner loading of a TE011 cavity. Unfortunately, dielec-
tric losses are larger than those of sapphire and do not allow substantial reduction 
without reducing the cavity Q to such a value that maser self-oscillation is no longer 
possible. In one example (Peters et al. 1987), maser operation could be realized with 
a storage bulb inside a rather thin quartz cylinder that reduced the cavity size to 
218 mm in diameter and 303 mm in length. The cavity Q was 38,000 and maser self 
oscillation could be realized.

The other approach consists in building the cavity of a block of dielectric mate-
rial as in the case of the cryogenic maser described above. An empty cylinder is cut 
of a piece of dielectric material. The inside of the cylinder is used as the storage 
container of the H ensemble after proper coating with TeflonTM. The outside of the 
cylinder is coated with silver paint. This is shown in Figure 1.25. In that case, a 
rather heavy dielectric loading results with substantial reduction in size since the 
dielectric material overlaps with the region where the electric field is a maximum. 
However, this is accompanied by a substantial increase in losses and a reduction in 
cavity Q even in the case where low loss Al2O3 was used (Howe et al. 1979; Walls 
1987; Yahyabey et al. 1989). The Q of the cavity of a unit built of that material was 
around 1.7 × 103 (Mattison et al. 1979). The losses are too large to allow fulfilment 
of the oscillation condition. In the case of the cryogenic maser the sapphire cavity 
dimension was 17 cm long by 10 cm in diameter. At low temperature, dielectric 
losses of single crystal sapphire are reduced considerably and an unloaded Q as 
high as 3.4  ×  104 was achieved allowing maser oscillation as mentioned earlier 
(Vessot et al. 1986).

It should be realized that, in general, as the volume of the cavity is reduced, the 
volume of the H storage space is also necessarily reduced in size. There may not be 
a loss in the quality factor q of the maser since it is proportional to the ratio Vc/Vb 

but the number of atoms forming the ensemble is considerably reduced which may 
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FIGURE 1.25 TE011 cavity made of a cylinder of dielectric material coated externally with 
a high electrical conductivity material such as silver.
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raise the threshold flux. Another important parameter is the wall relaxation rate γw. 
This relaxation rate is proportional to the collision rate of the atoms with the sur-
face, which is larger for a smaller storage container. This has a direct effect on the 
threshold flux Ith. Consequently, oscillation may require larger fluxes of atoms than 
in the case of larger storage bulbs. Furthermore, the escape rate through the entrance 
hole or tube to the storage space may have to be increased; otherwise the value of the 
quality factor q may be too large to allow oscillation because of the increase in γw.

1.1.2.4.2.3 Magnetron Mode Design The design of a magnetron cavity is shown 
in Figure 1.26. It consists of a cylindrical cavity with internal metallic plates placed 
in such a way as to create a magnetic field configuration very similar to that inside a 
TE011 cavity.

There has been a relatively long history of development behind such a concept. 
It started from a design in which internal metallic electrodes were glued directly on 
the storage bulb and evolved to the structure shown in the figure. In very loose terms, 
we may say that the system operates in the following way (Peters 1978a, 1978b). 
The plates inside the container surrounding the storage bulb act as a one turn coil of 
inductance L in series with capacitances C representing the gaps between the plates. 
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FIGURE 1.26 Magnetron cavity used in the development of small hydrogen masers. 
(a) Perspective view without storage bulb and plunger. (b) Horizontal view showing the posi-
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The resonance frequency of such a circuit is then grossly (LC)−1/2 (Appendix 1.E). 
The rf magnetic field within the structure may be represented by a superposition 
of En11 modes. Rough calculations show that the filling factor of such a setup is 
expected to be rather large (>0.5) and its Q to be in the 10,000 range. Its dimensions 
can be adjusted to the requirements of the application, but a minimum dimension of 
the storage bulb must be preserved in order to maintain a wall relaxation rate that 
allows a line Q of the order of 109 or more; otherwise the maser itself with its sharp 
resonance hyperfine line, for which it was conceived, loses its interest.

An exact analytical calculation of the important parameters involved in the con-
struction of a maser for such a complex structure is not possible. However, approxi-
mate solutions, leading to computer evaluation, are possible (Sphicopoulos et al. 1984; 
Sphicopoulos 1986; Belyaev and Savin 1987; Wang 1989; COMSOL Multiphysics 
Program [http://www.comsol.com/products]). A typical design could result in:

 ν ηo ucMHz .= = ′=1420 9000 0 5Q

The temperature coefficient of such a structure may be of the order of 14 kHz/K 
(Wang et al. 1979). Such a maser does not oscillate by itself since the Q of the setup 
is only of the order of 9000 which makes η′Q smaller than the required 10,000. 
However, it can be operated in the passive mode and several laboratories have 
adopted that approach. In particular, it is worth mentioning the work of the Institute 
of Electronic Measurements, KVARZ (Demidov et al. 1999) that has resulted in a 
passive maser operating on the basis of the magnetron cavity. The cavity is 200 mm 
long and has a diameter of 120 mm. Cavity Q is 10,000 and filling factor η′ is 0.5. 
The maser gain is of the order of 6–8 dB. The complete system including automatic 
cavity tuning had a frequency stability of 8 × 10−13 × τ−1/2 for 1 s < τ < 1000 s and 
showed fluctuations of the order of a few in 10−14 for averaging times of 1 hour 
and 1 day. Such an approach has also been used in the development of an H maser 
adapted for space environment (Wang 1989; Mattioni et al. 2002; Berthoud et al. 
2003; Busca et al. 2003; Droz et al. 2006, 2009; Wang et al. 2006; Rochat et al. 
2007; Belloni et al. 2010, 2011) or simply for reducing its size (Lin et al. 2001). 
Passive H masers of the type just described are presently used in the Galileo navi-
gation system. Ground tests have been reported on those passive masers. Stability 
better than 10−12 at 1 s was observed with an averaging time dependence of τ−1/2 
up to 105 s, a flicker floor of 4 × 10−15, and a drift less than 10−15/day (Wang et al. 
2013).

1.1.3 optiCally pumped rB FrequenCy standards

1.1.3.1 General Description
The Rb standard is the third so-called “classical” atomic frequency standard that 
has known extensive laboratory research and industrial development. Its interest lies 
mainly in its small size, coupled with good medium term frequency stability. The 
standard operates between the field independent energy levels F = 2, mF = 0 and 
F =  1, mF =  0 of the ground state of 87Rb and the frequency of the transition is 
6.834 GHz making possible the use of a relatively small cavity to provide the exciting 
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microwave field. This approach is generally called the double resonance technique. 
Optical pumping is used in order to obtain an imbalance in the population of these 
two levels within the hyperfine ground state, rather than magnetic state selection as 
in the previous two cases described above. This is done in a closed cell, contain-
ing the 87Rb vapour and a chemically inert gas, placed inside the cavity resonating 
at 6.8 GHz. This gas acts as a buffer that reduces considerably the motion of the 
atoms through collisions, without affecting much the internal state of the atoms or in 
other words without causing much relaxation. The reduction of motion prevents the 
atoms from colliding with the walls of the containing cell during interaction with the 
microwave field, collisions that would cause relaxation. In some cavity configuration, 
it also prevents the atom from experiencing a change in the exciting rf magnetic field 
inside the cavity. This is in effect an extension of the method suggested by Dicke for 
reducing Doppler effect (Dicke 1953). The system is illustrated in Figure 1.27.

In one approach, optical pumping is done by means of radiation emitted by a 
small 87Rb lamp filtered by a cell containing 85Rb as illustrated in the figure. The 
spectral lines of that isotope are displaced from those of 87Rb by a fortuitous desir-
able amount. Absorption in that filter cell is such that the line corresponding to the 
transition from S1/2, F = 2 to the P state is absorbed. The filter thus provides at its 
output mainly the resonance radiation corresponding to the transition from the state 
S1/2, F = 1 to the P state. The output spectrum of the filter is thus favourable to create 
in the 87Rb resonance cell in the cavity an inversion of population through optical 
pumping. In another type of implementation, the filter action is integrated directly in 
the resonance cell through the use of a proper mixture of isotopes, both in the lamp 
and in the cell. We will examine later the case when a solid-state laser is used rather 
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FIGURE 1.27 Block diagram of the classical optically pumped Rb standard optical pack-
age. The inset shows the type of transition involved in the optical pumping process. The 
separated hyperfine filter approach is that illustrated.
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than a spectral lamp. Since the atoms are pumped into the other hyperfine level by 
the optical radiation, the resonance cell becomes transparent. If a microwave signal 
at the proper frequency is applied to the microwave cavity, transitions are excited 
among the ground state levels of the ensemble of atoms and the cell returns to a 
state of absorption of the incident optical radiation. A photodetector is used to detect 
the level of transmitted radiation and the resulting signal is used, through proper 
frequency modulation and synchronous detection, to lock in frequency the crystal 
oscillator that is used to generate the microwave radiation fed to the cavity. This is 
a frequency-lock-loop, as in the case of the Cs standard. It is shown in Figure 1.28

1.1.3.2 State-of-the-Art Development
The theory of operation of this classical passive atomic frequency standard has 
received much attention in the past and was given in detail in (QPAFS 1989). It has 
been one of the first atomic frequency standards, with the Cs beam standard, to be 
studied in the laboratory and developed in industry. Its basic theory of operation is 
well-known. The interest on that standard over half a century has been maintained 
by the fact that it is a small device when compared to H maser and Cs beam standards 
described above and by the fact that it provides a source of radiation that is rather 
stable in frequency relative to its size. Its frequency stability is orders of magnitude 
better than that of best quartz oscillators of the same volume, that is, of the order of a 
litre or so. Although its frequency needs to be calibrated against a primary standard, 
such characteristics as size, weight, and good frequency stability have made it the 
preferred standard in many applications requiring moderate timing precision.

However, there is essentially no limit in the demand for size reduction and fre-
quency stability improvement in applications such as those developed today, extend-
ing from basic research to communication and navigation systems. Consequently, 
in view of the simplicity of the device, interest has remained very high in attempt-
ing to still reduce its size, volume, and weight, and improve its frequency stabil-
ity. Furthermore, due to the interesting physics involved in its functioning and the 
elegance of the system, it has remained in a sense one of the cherished laboratory 
devices to address the validity of various ideas and theories derived in the atomic 
physics field. Also, the fact that the optical pumping spectral lamp could now be 
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FIGURE 1.28 Block diagram of the classical optically pumped Rb standard making explicit 
the frequency lock-loop approach generally used to implement a frequency standard. The 
whole system can be made digital with automatic frequency locking.
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replaced by newly developed solid-state lasers with narrow spectral line widths 
has raised the interest to a totally new level. We will study that new approach in 
Chapter 2. For the moment, we will examine what can be done for addressing the 
question of size and frequency stability and what has been proposed in the standard 
approach using a spectral lamp for optical pumping.

1.1.3.2.1 Question of Size
The size of the unit is essentially dictated by the optical package that includes, as shown 
in Figure 1.27, the lamp, filter cell, cavity and resonance cell, photodetector, solenoid, 
and magnetic shields. However, as is readily seen in the figure, the cavity controls the 
size of that package. In early development, a TE011 cavity was used. That cavity is rela-
tively large and the smaller resonance cell is usually attached inside the cavity at one 
end. It is fabricated of glass with a volume much smaller than the cavity itself, and the 
atoms are submitted to a microwave field of nearly constant phase. Unfortunately, due 
its diameter of the order of 5 cm and a similar length, much space is wasted.

However, in that type of atomic frequency standard, due to the presence of the 
buffer gas that restricts the motion of the atoms to a small region during microwave 
interaction, the requirement of constant phase throughout the cell is not essential. This 
is a fortunate situation and for this reason, another type of cavity working in a mode, 
such as TE111, described earlier in the case of the H maser, can be used directly without 
septum. This approach allows a noticeable reduction of the size of the optical package 
and has been used at large in many implementations. A relatively recent study of that 
type of cavity has resulted in a cavity design 24 cc in volume (diameter of ~24 mm) 
and an overall optical package having a total volume of 160 cc. The frequency stabil-
ity of 1.3 × 10−11 τ−1/2 for 10−1 s < τ < 104 s, obtained with a frequency standard based 
on the use of such a cavity appears quite attractive (Koyama et al. 1995).

However, the size of the system can still be reduced by means of introduction of 
a dielectric material such as Al2O3 inside the cavity. As mentioned in the case of the 
H maser, such a material has a dielectric constant of about 10 and allows a substantial 
reduction of dimensions. It should also be mentioned that since this type of frequency 
standard is passive, the cavity Q does not play as important a role as in the case of 
masers. Operation with a Q of a few hundred is entirely satisfactory since the loss in 
Q can be easily compensated by means of an increase in exciting microwave power fed 
to the cavity. In a particular case, a cavity volume of 9.7 cc was achieved resulting in 
an optical package of 25 cc (Koyama et al. 2000). In operation, the atomic resonance 
signal has a line width of 550 Hz (line Q ~ 1.2 × 107) and is characterized by an S/N 
of the order of 58 dB. The frequency stability of a stand-alone complete unit was 
7 × 10−11 τ−1/2. In the long term, a residual frequency drift of the order of 3 × 10−11/
month was observed. It is thus concluded that a drastic reduction in size could be 
achieved and the resulting frequency stability remained at a level acceptable for some 
specific applications.

A reduction in size can also be accomplished by using, as in the case of the H 
maser, a magnetron type cavity. In the present application, however, since the char-
acteristics of the cavity relative to quality factor q is not critical, a slightly altered 
design can be used with added loading with a dielectric material (Huang et al. 2001). 
Such a design is shown schematically in Figure  1.29. In that particular case, the 
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volume of such a cavity was 9.5 cc with a Q of about 400. The results of a preliminary 
test of short-term frequency stability were compatible with the other approaches 
(σ(τ) = 3 × 10−11 τ−1/2) (Hu et al. 2007).

This magnetron cavity approach has received a fair amount of attention recently 
(Stefanucci et al. 2012). The structure studied is similar to that shown in Figure 1.26 
with six electrodes (Appendix 1.E). Aside from the gain in size, another advantage 
resides in the homogeneity of the microwave field in the cavity which is very much 
like the field of a TE011 cavity in its central part. However, in a magnetron cavity, 
the field is almost constant over the whole cell that occupies the volume between 
the internal electrodes. In the structure proposed, the radius was 36 mm diameter, 
allowing the use of a cell with a 25 mm diameter. The unloaded Q of the cavity was 
488. The volume of the whole resonator was less than 0.045 dm3. As pointed out by 
the authors, this has to be compared to the TE011 cavity used in the classical approach 
which has a volume of 0.14 dm3. A frequency standard was implemented using that 
cavity and laser optical pumping providing a very high S/N ratio as will be shown 
later (Stefanucci et al. 2012). The measured frequency stability of that ensemble was

 σ τ( ) .= × τ− −2 4 10 13 1 2

for 1 s < τ < ~ 100 s in agreement with the stability estimated from the S/N of the 
observed double resonance signal. The approach was perfected through the use of 
printed circuit technology. The resonator was made of planar conductive electrodes 
structures printed on dielectric structures and stacked on an axial direction. This 
structure was made in order to accommodate a micro-fabricated cell produced also 
by means of so-called micro-technology (Violetti et al. 2012, 2014).

1.1.3.2.2 Short-Term Frequency Stability
In order to examine recent progress in frequency stability of the optically pumped 
Rb standard, we must differentiate between short, medium, and long averaging 
times because of the presence of various distinct phenomena that take place and that 
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FIGURE 1.29 Magnetron type cavity used in the implementation of a passive optically pumped 
Rb frequency standard. The internal electrode is slotted as in the magnetron cavity approach in 
the H maser, but on the upper part only. (Data from Xia et al. 2006; see also Bandi, T. et al., 
Laser-pumped high-performance compact gas-cell Rb standard with <3 × 10–13 τ−1/2 stability. In 
Proceedings of the European Forum on Time and Frequency 494, 2012.)
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influence the atomic ensemble in very different ways. These regions of averaging 
times are generally differentiated by the type of noise or fluctuations that are pre-
dominant although this differentiation is not sharp and the regions tend to overlap.

The short-term region is usually affected by shot noise. It is controlled by the S/N 
and the atomic resonance line width. In the case of sine wave frequency modulation, 
the spectral density of fractional frequency fluctuations is given by (QPAFS 1989):
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where:
eM is the amplitude of the error signal
Ql is the resonance line quality factor
S/N is the signal-to-noise ratio observed at the synchronous detector

The resulting time domain frequency stability for sine wave frequency modulation is:
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There is not much difference between various types of frequency modulation and 
we keep this expression as representing a good reference in order to evaluate the 
frequency stability that is possible in various practical implementations. With the 
kind of S/N ratio (55 dB) and atomic line Q (107) mentioned above, we expect a short-
term frequency stability of the order of a few in 1011 as observed experimentally for 
averaging times of 1 s to ~104 s. Above that averaging time other effects than shot 
or thermal noise predominate. We will see later that laser optical pumping makes 
possible larger signal contrasts allowing a larger S/N ratio. The observed short-term 
frequency stability is then improved considerably as was reported above for the stan-
dard developed by Stefanucci et al. (2012).

1.1.3.2.3 Medium- and Long-Term Stability
The main problem regarding the medium-term frequency stability of the optically 
pumped Rb standard is the number of biases present that may change with time. Any 
change in those biases is bound to affect the observed frequency and is perceived 
as a random perturbation. It is often said in a humoristic way that the standard is 
somewhat like a can of worms in which everything can move and that it is surprising 
that it works so well. Some of those perturbations may originate from environmental 
fluctuations influencing internal parameters that are intrinsic to the operation of the 
standard and can change with time. These include for example: magnetic field bias 
that can change if magnetic shielding is not sufficient, buffer gas bias that is sensitive 
to temperature of the cell and atmospheric pressure, light shift bias that is a function 
of pumping lamp spectrum and intensity, cavity pulling that is temperature sensitive, 
power shift that is a function of inhomogeneous broadening of the resonance line, 
spin–exchange frequency shift that is a function of temperature, and probably other 
factors of unknown exact nature such as interaction and chemical reaction of Rb 
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with the resonance cell walls and possibly the buffer gas. These biases were studied 
in some detail in QPAFS, Volume 2 (1989). We will not review them here in detail 
but will examine those that have been addressed recently. We must be conscious that 
such effects as those enumerated may extend on the long term and that it is not pos-
sible off hand to separate medium- and long-term frequency stability without study-
ing, at least in an elementary way, the origins of those fluctuations.

1.1.3.2.3.1 Cavity Pulling The error is often made that since the Rb standard 
is a passive device, not working on the basis of stimulated emission and not emit-
ting radiation as in a maser, cavity frequency pulling may be a function only of the 
square of the ratio of the quality factors of the cavity and resonance line, (Qc/Ql)2, as 
calculated above for the case of the Cs standard. Consequently the effect of stimu-
lated emission is often neglected. However, even though the population difference 
between the hyperfine levels is the parameter detected by means of the optical radia-
tion transmitted by the cell, stimulated emission within the atomic ensemble is not 
totally negligible under normal operation. The density in the cell is usually raised to 
such a level as to provide a good S/N. In such a case, the factor α that was introduced 
earlier and which may be understood as a gain factor measuring essentially stimu-
lated emission cannot be neglected. The cavity pulling needs to be represented by 
the expression (QPAFS 1989):
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where α is given by:

 α = kQ T T Nc n1 2  (1.112)

where:
T1 and T2 are, respectively, the population and coherence relaxation times
Nn is the normalized population in the upper hyperfine state
S is the saturation factor
Qc is the cavity quality factor
The factor k is a term that is a function of the construction of the optical package 

and fundamental constants:
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in which the various terms have been defined previously. Ppop is called the pulling fac-
tor, characterizing population difference between the hyperfine states. For a proper 
S/N, α is normally made equal to 10−2 and S is set at about 2. The Q of the cavity may 
be of the order of 500 while that of the resonance line is of the order of 1 – 1.3 × 107. 
The pulling factor is then equal to about 4 × 10−5. In such a case, for a fractional 
frequency stability of 10−14, the cavity needs to be stable to ~200 Hz. The tempera-
ture coefficient of a metallic cavity operating in the TE111 mode may be as high as 
213 KHz/degree (Huang et al. 2001). Consequently, in such a case the temperature 
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of the cavity needs to be stabilized to better than 10−3 degree. Temperature control to 
such a precision is not easy to achieve in practice. This is particularly very difficult 
in environmental situations where temperature may fluctuate by large amounts in 
rooms where temperature is not controlled and in satellites where the temperature of 
the base plate to which the clock is attached fluctuates by several degrees (Camparo 
et al. 2005a, 2012). In the design shown in Figure 1.29, the introduction of a dielec-
tric material to reduce the size of the magnetron cavity has the further advantage of 
reducing the temperature coefficient of the ensemble by nearly a factor of 10. This 
is due to the fact that the dielectric material has a temperature dependent dielectric 
coefficient opposite to that of the metallic cavity. This relaxes the demand on the 
temperature control of the unit (Huang et al. 2001).

It is concluded that although cavity pulling is small in devices such as the optically 
pumped Rb frequency standard, it is not totally negligible. Care must be taken in evalu-
ating the performance of a particular standard relative to the actual cause of instability 
particularly in environmental situations where large temperature fluctuations are present.

1.1.3.2.3.2 Buffer Gas Shift The buffer gas used in the cell has a double purpose: 
augmenting diffusion time and thus reducing collisions with the cell walls, a phenom-
enon that causes relaxation and broadens the resonance line, and introducing a mecha-
nism that quenches the scattered or random fluorescence radiation that would cause 
relaxation in the ensemble of Rb atoms through random optical pumping. Nitrogen at a 
pressure of the order of 10 Torr is found to be very efficient in relation to that last mecha-
nism and is generally used. Its fractional frequency pressure coefficient is 80.0 × 10−9/
Torr. However, it is also characterized by a rather large linear positive fractional fre-
quency temperature coefficient of 79.3 × 10−12/Torr/degree. For this reason it is usually 
mixed with another gas with a negative temperature coefficient. Argon has been the 
most often used gas. Its fractional frequency pressure coefficient is −9.4 × 10−9/Torr and 
temperature coefficient is −53.5 − 10−12/Torr/degree. A ratio of pressures PA/PN of the 
order of 1.5 reduces considerably these linear temperature coefficients by cancellation.

However, positive quadratic temperature dependence remains. In principle, the 
temperature could be adjusted to the optimal point, which is the maximum fre-
quency of the frequency dependence on temperature (Vanier et al. 1982). In practice, 
this is difficult and the temperature of that maximum may fall outside the desired 
temperature of operation for maximum contrast, for example. Consequently, nor-
mally a small residual linear temperature coefficient remains that we have to live 
with. For example, in a typical case, the residual fractional frequency temperature 
coefficient could be 10−11/degree requiring a temperature control of 10−3 degree to 
achieve in the mean term a stability of 10−14 (Affolderbach et al. 2006). One notes 
that this residual temperature dependence is comparable to the cavity pulling effect 
examined above. In some cases, depending on which side of the maximum of the 
buffer gas temperature dependent residual frequency shift the cell is operated, both 
effects could cancel to some extent. Since the actual residual coefficient of the cell 
depends very strongly on the cell filling process, which is usually rather imprecise, 
it is possible that this effect may be a reason why some particular units behave 
differently depending on the quality of reproduction of the particular fabrication 
process.
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1.1.3.2.3.3 Spin Exchange Rb atoms in the cell are in motion and collide with 
each other. Their rate of collision is independent of the presence of the buffer gas and 
is a function of the temperature (their velocity) and their density. During collisions, 
the electrons being identical particles, the so-called phenomenon of spin exchange 
takes place. As described earlier in the case of the H maser, this effect introduces 
a relaxation phenomenon that broadens the resonance line and shifts the resonance 
frequency of the ensemble of atoms by a small amount. In the case of 87Rb, the relax-
ation is characterized by rates equal to (QPAFS 1989):

 γ ν σ1 = n rr , population relaxation rate  (1.114)
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In the Rb standard, this phenomenon is usually detected through a broadening of the 
resonance line caused by the loss of coherence. However, the effect is accompanied 
by a frequency shift that is usually neglected being assumed negligible relative to 
the other shifts that we are presently examining. The total effect can be obtained 
from the rate equations of the density matrix elements outlined in QPAFS, Volume 2 
(1989). Considering the atomic system as a three-level system, one obtains a fre-
quency shift (Micalizio et al. 2006):
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where:
λse is the spin–exchange frequency shift cross section
Δ is the fractional population difference between the two levels involved in the 

clock transition

The phenomenon has been addressed in some detail. The cross section λse is com-
puted as 6.0 × 10−15 cm2. We take the temperature of operation as 60°C. At that tem-
perature, a change of +1 degree changes the Rb density by 8% and depending on the 
scheme of optical pumping, from level F = 1 or level F = 2, the fractional frequency 
shift dependence on temperature is:

 

δ ν ν
δ

∆ se o K, for pumping from 
( )

= × −

T
F1 3 10 11. / ==2  (1.117)

and

 

δ ν ν
δ

∆ se o K, for pumping from 
( )

= × −

T
F0 8 10 11. / ==1  (1.118)

Although the absolute shift has no importance on the clock quality itself, since 
it needs to be calibrated anyway, its variation with temperature is important for 
medium- and long-term frequency stability. One may point out that a change in tem-
perature by one degree is relatively large since temperature is controlled to probably 
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better than 0.01 degrees. However, even a change of that magnitude (0.01 degrees) 
would cause a frequency shift of the order of 10−13, a factor of 10 larger than the 
actual long-term frequency stability desired. We will leave this discussion for the 
moment and come back to it below when we will examine the behaviour of actual 
clocks.

1.1.3.2.3.4 Light Shift The light shift is probably the most problematic shift of all 
those that have been identified. It is normally seen as a frequency shift that is propor-
tional to the radiation intensity. It is usually written as (QPAFS 1989):

 ∆ν αl l I= o  (1.119)

where:
Io is the photon flux at the entrance of the resonance cell
αl is the light shift coefficient which is a function of several fundamental param-

eters such as pumping light line width and shape, overlap of lamp emis-
sion lines and cell absorption lines, filter effectiveness, and several other 
parameters

It is general practice to plot the cell resonance frequency as a function of light inten-
sity for various adjustable parameters such as filter cell temperature in the separated 
filter approach and adjust the filter temperature that makes the cell resonance fre-
quency independent of light intensity. In the case of the integrated filter approach, it 
appears that the best setting is the light intensity for which the cell is independent of 
temperature. One then relies on the stability with time of all the parameters that affect 
either the spectrum of the incident light and its intensity. If we examine carefully 
Equation 1.119 above, we see readily that the shift is a function not only of the light 
intensity, but of the constancy of αl with time. We may differentiate Equation 1.119 
in respect to time and obtain:
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We realize that the shift may be a function of time if anything changes either in the 
lamp, the filter cell or the resonance cell, changes affecting either αl or Io. What may 
change effectively with time is temperature that has a direct effect on the Rb density. 
On the other hand, the Rb density itself may change through interactions of unknown 
origins with the walls of the glass enclosures of the lamp, filter, and resonance cell. 
This is a very complex situation since the only parameter that can be measured in 
the completed unit is the light intensity at the photodetector and the frequency of the 
resonance cell. This, furthermore, has to be done over very long periods of time, in 
order to address the question properly.

It should be pointed out that the long-term stability of Rb clocks has most of the 
time been assumed to be represented by a drift of the order of parts in 1011/month. 
Furthermore, it was found that some units were more stable than the average clock. 
The shift could be negative or positive and until recently, its origin led essentially to 
speculations without successful convincing experiments.
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Recently, Camparo and colleagues have addressed the question experimentally in 
a rather serious way in order to possibly identify the origin of that drift unambigu-
ously (Camparo 2005; Camparo et al. 2012). The authors had access to data accu-
mulated over many years on clocks in earth artificial satellites. A typical result is 
shown in Figure 1.30. Although clocks from different satellites behaved in a slightly 
different way, the general behaviour was essentially the same for all. The data for 
that standard in a GPS satellite covers a period of nearly three years. Data from a 
number of other clocks of a different construction and in Milstar satellites forming a 
different system showed similar time dependence. That behaviour was also observed 
on ground in a laboratory unit.

The most striking feature about the data is that the light intensity and frequency of 
most clocks under operation showed an exponential behaviour with time, a tendency 
towards pseudo-equilibrium in detected light intensity emitted by the lamp and mea-
sured output frequency. The behaviour for the clock fractional frequency y(t) could 
be characterized by an empirical equation of the form:

 y t A B Dtw et t( ) = + +− −e eγ γ  (1.121)
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FIGURE 1.30 Results of the behaviour of one Rb clock in GPS satellite SVN-54. Graph 
(b) is an expanded view of a section of Graph (a). (Reproduced with permission from 
Camparo et al. 2005. Copyright 2005 IEEE.)
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where γw
−1 and γe

−1 are time constants of the processes taking place (not to be confused 
with relaxation rates generally used in the study of rate equations). The time constant 
γw

−1 may be of the order of a month or so, while γe
−1 may be of the order of a year or 

so. The constants A and B determining the importance of the process in action vary 
drastically from clock to clock. The last term appears as a residual linear frequency 
drift that varies from clock to clock. It is of the order of parts in 10−14/day but in some 
clocks appears to be much less, almost not measurable. What can be concluded of 
that behaviour? There is not really a clear answer to that question. However, some 
general conclusions can be drawn and some possible answers in terms of the analysis 
made earlier relative to the frequency shifts present in the system can be proposed.

First, it is readily observed that there is a drastic change in the lamp intensity 
(decrease) within the first few months of operation. It is observed from Figure 1.30a 
that the clock frequency in the very long term also varies in the same direction. This 
overall process towards some equilibrium has been called “equilibration” (Camparo 
et  al. 2005). The first conclusion would be that according to the previous analy-
sis, particularly Equation 1.120, there is a light shift present that is proportional to 
light intensity and has the same sign in its dependence on time. The correlation 
appears to be very strong. However, Figure 1.30b, which shows a higher resolution 
of the clock frequency variation over a shorter period, contradicts this conclusion. 
That graph shows that the lamp changes its intensity randomly on a short timescale, 
somewhat like in short bursts. This may happen sometime with sudden redistribu-
tion, like bubbling, of Rb within the lamp glass enclosure. Such a process would 
result in a sudden increase in Rb density with an increase in light intensity. From the 
figure it is observed that the clock frequency decreases. This contradicts the conclu-
sion that could be reached from Figure 1.30a. This conclusion is also supported by 
data obtained with a clock on another satellite for which it was found that, for some 
unknown reason the light intensity increased with time, but the clock frequency still 
decreased over the same period. A light shift effect is thus eliminated as the source 
of the frequency change during the period in which a static state is searched by the 
system. It is thus not clear what changes are taking place that causes the observed 
frequency shift, uncorrelated to light intensity. It is possible that the lamp spectrum 
is altered at the same time as intensity. It is not clear, however, how this process could 
explain the overall behaviour of the intensity and frequency with time. Although the 
rate and time constant is different from one clock to another, one important aspect 
is that the changes have the same sign except maybe in the very long term. Although 
the light shift cannot be totally eliminated in some cases, as an added mechanism 
altering the rate and time constant to reach equilibrium, it is possible that the main 
effect is a reaction of Rb with glass or buffer gas itself in all components, lamp, fil-
ter, and resonance cell. For example, qualitative experiments show that in resonance 
cells that have not been well-cleaned, a large variation in frequency with time is 
observed over a long period. Furthermore, it is not possible to uniquely control the 
density of Rb in a cell by altering only the temperature of the cell where a Rb film 
has been deposited. It seems that a slow adsorption of Rb within the glass takes place 
and the new vapour pressure equilibrium expected when temperature is altered is not 
dictated only by temperature but by the actual content of Rb on or within the glass 
surface. There is a delay observed in the reaching of equilibrium in all cases and 
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these results are usually not reproducible. It appears that the Rb density within a cell 
is a function not only of temperature but of its history, from its construction time to 
its present existence. The process must also take place in the lamp. Consequently, we 
may expect that the Rb density may have an effect on resonance frequency through 
various mechanisms. It is also possible that the buffer gas itself reacts with the Rb 
film within the cell, although very slightly, physically by adsorption or by chemical 
reaction. Both, adsorption or reaction would alter the buffer gas pressure in the cell, 
which results in a frequency shift.

We have also identified above a mechanism for which the atom frequency in the 
resonance cell is directly proportional to density: it is spin exchange. The shift is 
relatively large. It varies by about 10−11 for a change in density of 8% corresponding 
to an equivalent change in temperature of 1 K. The change in frequency observed in 
Figure 1.30a above is of that order of magnitude. Such changes in density are very 
possible through the migration of Rb and the equilibration with the glass surface 
with time. On the other hand, this kind of change in the lamp ampoule may very 
well take place at a greater rate since it operates at a higher temperature. This would 
have consequences on light intensity and spectrum shape through line reversal, for 
example. It does not appear that we can identify absolutely which mechanism is the 
most important. It is very possible that many mechanisms are active at the same 
time and age at different rates. Some of them may compensate each other and such 
a process could explain the very long-term behaviour of the frequency standard in 
various environments.

As is seen from the previous discussion, the classical optically pumped Rb stan-
dard still raises great interest today. Improvements have been made in its construc-
tion through the design of a smaller cavity and some refinement through the use 
of digital electronics in the frequency-lock-loop system just mentioned. It does not 
appear, however, that the question of the origin of the long-term frequency stability 
has been resolved. It may be that the complexity of the problem is such that no easy 
solution with long-term drift can be expected. We have also mentioned in this chap-
ter the possibility of using a laser rather than a spectral lamp to invert the populations 
in such a standard. In the next chapter concerning new developments in atomic phys-
ics in general, we will present a rather complete analysis of that approach as well as 
develop a new approach using coherent population trapping (CPT) to implement a 
small passive Rb or Cs passive frequency standard without the use of a microwave 
cavity (Cyr et al. 1993; Levi et al. 1997; Vanier et al. 1998). We will also describe 
a recent development using a pulse interrogation scheme that duplicates in the time 
domain Ramsey’s approach of space separated interaction regions used in the real-
ization of primary Cs standards and described above (Godone et al. 2004, 2006; 
Micalizio et al. 2008, 2012, 2013). The question of long-term drift could possibly 
be re-addressed using those techniques. In such cases, with lasers well-stabilized in 
frequency, only one element, the cell, would be questionable regarding Rb and buffer 
gas reactions.

In QPAFS (1989), we have also described the functioning of an optically pumped 
maser (Vanier 1968). Except for the use a larger microwave cavity with a higher qual-
ity factor, it is based essentially on the same optical pumping scheme described for 
the implementation of the passive standard. We will describe later a new approach 
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for implementing a Rb or a Cs maser using the phenomenon of coherent population 
trapping (Vanier et al. 1998; Godone et al. 1999). Such a maser does not require a 
cavity with a high quality factor since it does not have a threshold of oscillation. 
Consequently, it can be made much smaller than the classical Rb maser. We will 
describe it in Chapter 3.

1.2 OTHER ATOMIC MICROWAVE FREQUENCY STANDARDS

A legitimate question about atomic frequency standards just described is what crite-
ria were used to select those elements, H, Cs, and Rb, as the heart of atomic frequency 
standards. There are several reasons for that, but an important one was the available 
technology when the choice was made. In the middle of the twentieth century, micro-
wave technology had just been made available as a by-product of the development 
of Radar making available rf sources in the microwave range. Furthermore, H and 
alkali atoms had been extensively studied by means of beam techniques and much 
was known about their internal properties and spectroscopy (Ramsey 1956). In par-
ticular, the magnetic properties of their ground state had been studied, the energy 
separation between the hyperfine levels falling in the microwave frequency range. 
Furthermore, magnetic properties of that ground state were such that the spacing 
between two of the hyperfine levels were independent of the applied magnetic field 
in first order. This is an important property, which using modest magnetic shielding 
makes such an atomic transition suitable for the implementation of a standard nearly 
independent of fluctuations of the environmental magnetic field. Another property, 
which was conclusive at that time, was the relative easiness of measuring the inten-
sity of a flux of atoms through ionizing and counting of the ions.

The choice of Cs relied in great part on that technique because of its low ioniza-
tion energy (3.894 eV). Furthermore, a single isotope, 133Cs, exists in nature, avoid-
ing the requirement of purifying it as is required in the case of Rb, which contains 
two isotopes in its natural form. These properties coupled with the fact that the Cs 
hyperfine frequency falls in the X band of the microwave spectrum and the existence 
of an important vapour density at a temperature of the order of 100°C are probably 
the most fundamental reasons for the extensive study that was made at that time to 
implement a frequency standard with that atom. It turned out that the choice, based 
mainly on those properties, was appropriate. Because of that intense research and 
development and the practical device that resulted, coupled with the fact that it is 
much easier and more accurate to implement in practice the SI unit, the second, from 
electromagnetic radiation rather than from astronomical observations, the hyperfine 
frequency of that atom was chosen as the basis for the definition of the second in 
1967. This choice appears to be excellent since, in 2015, we still live with that defini-
tion. However, as we will see, this situation may change, due mainly to outstanding 
new atomic physics research, which has resulted in a better understanding of the 
interaction of atoms with optical radiation. That new knowledge has resulted in a 
quasi-perfect control of the mechanical properties of atoms such as their velocity and 
movement in space. This has led to new approaches to the development of frequency 
standards that can be characterized by accuracies that are orders of magnitude larger 
than those achieved with the classical approach described above.
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The other element, H, basic in this universe, is certainly very attractive with its 
simple internal structure. Its hyperfine frequency falls in the low microwave range, 
1.4 GHz giving a 21 cm wavelength. Microwave cavities at that frequency, in their 
fundamental mode, are rather large but in principle do not cause a major problem, 
although not as attractive as Cs with its 9.2 GHz hyperfine frequency or 3 cm wave-
length. The high ionization potential of H of the order of 13.6 eV, however, prevents 
its use in a scheme similar to that of Cs, that is to say detection by means of ioniza-
tion. It has thus been used for the development of a maser, as described above, where 
stimulated emission is used and microwave radiation is detected as signal rather 
than atom counting. Because of the presence of the wall shift, the accuracy of the H 
maser was not comparable to that of the Cs standard and it could not be used as a pri-
mary standard. However, in the light of the kind of frequency stability obtained, the 
H maser has remained a workhorse mainly in ground applications where an ultra-
stable reference with high spectral purity is required. Nevertheless, new devices with 
smaller cavities of the magnetron type have appeared allowing their use in satellite 
navigation systems (Rochat et al. 2007; Waller et al. 2010).

The choice of Rb as the atom for implementation of a frequency standard is rather 
special. This choice is really based on the fortuitous coincidence of some lines of 
the D1 and D2 spectrum of the two isotopes 85Rb and 87Rb. That coincidence allowed 
very efficient optical pumping in a cell containing one isotope by using a spectral 
lamp filled with the same isotope and a filter using the other isotope. The result-
ing resonance signal obtained in the type of construction described above is very 
large providing an excellent S/N. Furthermore, a cavity at the resonance frequency 
of 6.8 GHz may be made very small by choosing the proper mode of operation. This 
coupled to easiness in construction led to a reduction of size of the standard without 
affecting much its frequency stability. The interest in the standard has remained high 
for more than 50 years and due to successful development in its supporting electron-
ics, making it very reliable, it has found applications in such fields as satellite naviga-
tion systems and communication systems at large.

Nevertheless, work has continued during all those years on new approaches 
to implement frequency standards using other elements. The reader is referred to 
QPAFS, Volume 2 (1989) for a detailed account of the state of the study on the use 
of other elements at the end of 1980s. We will only recall here those investigations 
that led subsequently to some interesting developments or still opened avenues for 
the use of other atoms and techniques. Some were studied in their ionized state and 
allowed a totally different approach in their storage, manipulation and technique for 
implementing a standard.

1.2.1 199Hg+ ion FrequenCy standard

1.2.1.1 General Description
In its singly ionized state, the isotope mercury, 199Hg+, appears to be a most interest-
ing element. Its ground state is an S1/2 state with a spin I = 1/2 as in the case of H 
but with a hyperfine frequency of 40.5 GHz. The difficulty of using ions resides in 
their manipulation in space and in the required inversion of their population, since 
beams and state selector magnets cannot be used as in the case of neutral atoms 



84 The Quantum Physics of Atomic Frequency Standards

such as H and Cs. Furthermore, containers with wall coatings cannot be used since 
the ions would react violently with the surface of such containers. Consequently, 
one technique used comprises storing the ions in a so-called electromagnetic trap. 
Combinations of magnetic, electric, and rf fields have been used for such a purpose. 
A structure using only static electric fields cannot be used because it leads to an 
unstable situation. The use of combined static magnetic and electric fields leads to 
stable trapping and is called a Penning trap. On the other hand, the use of combined 
dc and rf electric fields leads also to stable trapping. It is called a Paul trap and is 
the one that has been used most extensively in various shapes in the field of atomic 
frequency standards (Paul et al. 1958; Paul 1990). A particular configuration of such 
a trap is shown in Figure 1.31.

The potential inside such a trap, assuming electrodes having hyperbolic cross 
sections with dimensions ro and zo as indicated in the figure and with the geometrical 
condition ro

2 = 2zo
2, may be written in cylindrical coordinates as:
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If the potential V contains a dc and an oscillating component of frequency Ω, such as:

 V U V t= +1 1 cosΩ  (1.123)

the centre of the trap acts as region of minimum potential energy and, under certain 
conditions, charged particles may be trapped or stored for a long time. In the case 
where U1 = V1, the potential is said to be spherical and calculations show that the 
potential energy of an ion in such a trap is given by:
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FIGURE 1.31 Paul trap using hyperbolic-shaped electrodes.
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where:
e is the electronic charge
V1 is the amplitude of the applied rf field of frequency Ω
M is the mass of the ion
rav and zav are the average position of the ion in its motion

The ion is forced into a harmonic motion, called micromotion, at the frequency Ω 
of the driving field. Depending on its initial energy the ion travels also around the 
centre of the trap, a motion called macro- or secular motion. It is standard practice 
to define the term:

 
ω= eV

M r
1

2Ω o

 (1.125)

as the frequency of the macromotion. The motion of an ion in the trap looks some-
what like a Lissajou figure.

One of the first successful developments in the use of ions for developing a micro-
wave frequency standard was based on the mentioned ion, 199Hg+, and the use of such 
a trap. The inversion of population is done in a similar way as in the case of the Rb 
cell standard, by means of optical pumping with radiation emitted by an isotopic 202Hg 
lamp, whose emission line at 194.2 nm coincides fortuitously with the transition from 
state S1/2, F  =  1 to state P1/2 of 199Hg+. In early studies, the atomic ensemble was 
exposed simultaneously to optical pumping and microwave radiation at the hyperfine 
transition in the same region of space. A line width of 8.8 Hz was observed leading 
to a frequency stability σ(τ) = 3.6 × 10−11 τ−1/2 (Jardino et al. 1981). A narrower line 
was obtained by cooling the ion cloud with a low pressure buffer gas, such as He, and 
using a pulse approach, that is turning the optical pumping radiation off during inter-
action with the microwave radiation. The approach led to a narrower resonance line 
and improved frequency stability. For example, a line width of 0.85 Hz was measured 
in that approach leading to a line Q of 4.8 × 1010 (Cutler et al. 1983). In a similar type 
of arrangement, a line width of 1.6 Hz was observed leading to a frequency stability of 
σ(τ) = 4.4 × 10−12 τ−1/2 for 20 s < t < 320 s (Prestage et al. 1987; Tanaka et al. 2003).

1.2.1.2 Frequency Shifts
In those early studies, various parameters affecting the frequency of the standard were 
studied and their effect on accuracy and frequency stability was evaluated. In general, 
as we have seen in the case of frequency standards described previously, a frequency 
shift does not affect the quality of a standard if it can be evaluated accurately and 
is stable with time. Three of the shifts identified in the case of ion storage in a Paul 
trap appeared to be large enough to be possible sources of inaccuracy and frequency 
instability. Those are (a) the applied magnetic field, (b) the light shift, (c) second-order 
Doppler effect. Schemes and techniques have been found recently that address at least 
to a satisfactory level the questions raised by those shifts. We will examine them.

1.2.1.2.1 Applied Magnetic Field
The dependence of the resonance frequency on the dc induction B required to quan-
tize the system and give an axis of orientation is given by (QPAFS 1989):
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 ν ν= + ×hf 97 00 108 2. B  (1.126)

where:
B is in Tesla

For an induction of 10 μΤ (100 mGauss), the shift is 2.4 × 10−11. Although this appears 
to be a large shift, the value of the field can be determined accurately with the help of 
Zeeman transitions within the F = 1 states. It also turns out that in the trap described, 
the atomic ensemble occupies a rather small volume when compared to the classical 
standards described previously and field homogeneity is not a problem. On the other 
hand, the field must be stable with time. This is usually accomplished by means of 
well-designed current sources driving a solenoid. Furthermore, the field can be low-
ered to some extent because the resonance line width is rather narrow (~1 Hz) and 
the effect of neighbouring transitions is not a problem. A reduction in field reduces 
the demand on field stability. Consequently, the magnetic field, if well-controlled, 
does not introduce either inaccuracy or frequency instability that would inhibit the 
stored ions approach to implement a frequency standard of high frequency stability 
and accuracy.

1.2.1.2.2 Light Shift
We have addressed the question of the light shift to some extent in QPAFS, Volume 2 
(1989) for the case of Hg+ and have calculated a fractional frequency shift of about 
6 × 10−12 in standard operating conditions. This is not negligible and its stability 
with time and its precise evaluation are a concern. The lamp used is excited at a 
level of several watts rf, is hot and emits UV radiation that affect the glass enclo-
sure generally made of quartz. It is found in practice that Hg lamps age and light 
intensity tend to vary with the period of operation. The light shift can be studied 
by measuring the resonance frequency with pumping light intensity and its value 
can be determined in principle by means of an extrapolation to zero light intensity. 
However, it remains uncertain to a certain extent and may have an effect on long-
term frequency stability as well on accuracy. As mentioned above, that question 
was addressed in early development stages by means of a pulse technique. The 
pumping light is turned off during the application of the microwave radiation that 
excites the ground state hyperfine transition. Since the technique avoids the pres-
ence of radiation during the period of application of the microwave radiation, there 
is no broadening present from optical pumping and in principle no light shift. As 
mentioned above, outstanding results were obtained relative to line Q and frequency 
stability in the short term. Frequency stability measurements in reference to an H 
maser showed random fluctuations of the order of 4 to 8 × 10−15 for periods of days 
or so (Cutler et al. 1987).

1.2.1.2.3 Second-Order Doppler Effect
As in the case of Cs and H, the second-order Doppler effect is a major concern. In 
the present case, the line is extremely narrow and there is no concern relative to sym-
metry. However, the ions temperature is rather high after dissociation and their speed 
within the trap is also affected by their motion caused by the trapping electric fields. 
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As mentioned above, the motion of the ions caused by the applied radio- frequency 
field at a frequency Ω, of the order of 250–500 kHz, is called microscopic while the 
motion caused by their evolution of the ions around the centre of the trap is called 
macroscopic or secular motion. The fields increase with distance from the centre 
of the trap and the energy of the ions increases also. As we will see later, the 
motion of a single ion can be reduced considerably by means of laser cooling and 
set to the middle of the trap where the intensity of the fields is zero. In that case 
the motion of the ion is minimized and the second-order Doppler effect becomes 
negligible. However, in the microwave standard described here, the trap is loaded 
with something like 106 ions and these ions having all the same charge repel each 
other. They form a cloud. Assuming that the space charge adjusts itself to produce 
a gradient of the total potential equal to zero, it is possible to calculate the various 
parameters characterizing that cloud (Dehmelt 1967). The density is uniform and 
equal to:
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Assuming a trap with ro = 19 mm, V1 = 250 V, Ω = 2 π × 250 rad/s and Hg ions with 
M = 199, one obtains n = 1.54 × 1013 ions m−3 and ω = 2π × 33.7 × 103 rad/s. For a 
total number of ions N = 106, the radius of the cloud is rc = 2.5 mm. This justifies 
the assumption made on the smallness of the cloud in the discussion related to the 
applied magnetic field. The frequency shift caused by second-order Doppler effect 
is given by:
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where v is the ion velocity. In terms of average energy <E> this can be written as:
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and the shift is given by

 

∆ν
ν

ω
πε







 =−











2
2

2 2 3
3

10 4ndD c
N e

Mo

 (1.130)

The potential energy is of the order of a tenth of the trap potential or of the order of 
1 eV and the fractional frequency shift is of the order of a few in 1012. The size of 
this shift can be reduced considerably by reducing the speed of the ions. This can 
be done by laser cooling mentioned above and to be described later. This can also 
be done by means of exchange of energy with a low pressure buffer gas such as He. 
The technique was applied successfully with Hg+ as mentioned above. However, 
another small frequency shift is introduced, caused by the effect of ion–buffer gas 
collisions on the hyperfine splitting. At the pressure usually set, this shift is of the 
order of 10−14.
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One of the main practical goals in the implementation of such a frequency standard 
is to reach a frequency stability in the short term comparable to that of the classical 
frequency standards described above. For square wave frequency modulation, the 
frequency stability is given by (QPAFS 1989, Volume 2):
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where C is the contrast or fractional signal amplitude IM relative to the back-
ground Im. As pointed out earlier, the technique allows the realization of long 
storage times with resulting line Q’s in the 1010–1011. The other factor on which 
the experimenter may have some control is the contrast. An increase of such 
a factor can be realized by increasing the number of ions contributing to the 
resonance signal. However, this contributes to the space charge resulting in an 
increase in size of the volume of the ion cloud. The ions at the periphery are 
exposed to a larger potential and have more energy. Consequently, the second-
order Doppler shift increases and a greater demand is made on the stability of 
the ions density. Nevertheless, cooling by a buffer gas tends to reduce this effect 
to some extent.

1.2.1.3  Linear Trap
Another very successful approach consists in altering the hyperbolic trap described 
above into a linear trap as shown in Figure 1.32 (Prestage et al. 1989, 1990). The 
properties of such a trap can be calculated in a way similar to the case of the hyper-
bolic Paul trap. The ions are distributed along the length of the trap in its centre and 
for the same total number they do not experience electric fields as strong as in the 
case of the spherical ion cloud in a Paul trap of hyperbolic geometry. The second-
order Doppler frequency shift is calculated as:

Central end
needle

electrode

Linear trap
rods

Supporting
ring

FIGURE 1.32 One end view of a linear trap formed of four rods with appropriate alternate 
polarities. The needle end cap for retaining the ions between the rods is shown. The construc-
tion of the other end is similar and contains a source of atoms and ionization electrodes. 
(Data from Prestage, D. et al., J. Appl. Phys., 66, 1013, 1989; Prestage, J.D. et al., IEEE Trans. 
Ultrason. Ferroelectron. Freq. Control, 37, 535, 1990.)
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where N/L is recognized as the linear density. When this result is compared to the 
case of the spherical ion cloud case, it is found that, for the same second-order 
Doppler shift, the linear trap can store a much larger number of ions given by:
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For example for L = 75 mm and rc = 2.5 mm, the linear trap can store 18 times more 
ions than the spherical trap for the same second-order Doppler shift. Such a trap 
has received much attention and has been perfected by the introduction of sections 
as shown schematically in Figure 1.33 (Prestage et al. 1993, 1995, 2008; Burt et al. 
2007).

In that arrangement, the ions ensemble can be trapped and shuttled back and 
forth between region A and B by altering the bias between the two set of trapping 
rods. Ions are produced in section A where they are also optically pumped. The ions are 
then shuttled to region B where they are exposed to microwave radiation. They 
are then shuttled back to region A where they are optically pumped and fluorescence 
is detected verifying if the condition of resonance with the microwave was satisfied 
in section B. The technique thus avoids completely the presence of optical pumping 
radiation during the atoms-microwave interaction, avoiding the light shift and opti-
cal broadening effect. Such a trap using a time domain Ramsey interrogation scheme 
for the detection of the resonance gave a frequency stability of 6.5 × 10−14 τ−1/2 up to 
nearly 105 s where a frequency stability of 5 × 10−16 was measured (Tjoelker et al. 
1995). Further improvement was realized through the use of a multipole structure 

A

B

Vbias

Microwave in

Fluorescence
detection

Optical pumping
Ionisation source of ions

Trapping rods Needle
end caps

Trapping rods

FIGURE 1.33 RF trap with two sections allowing a transfer of the ions ensemble from 
one section where optical pumping is done to another section where the resonance sig-
nal is detected. (Data from Prestage, J.D. et al., Improved linear ion trap physics package. 
In Proceedings of the IEEE International Frequency Control Symposium 144, 1993; Prestage, 
J.D. et al., Progress report on the improved linear ion trap physics package. In Proceedings of 
the IEEE International Frequency Control Symposium 82, 1995.)
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(12 poles) in the region where the ions are interacting with the microwave radiation. 
However, the pumping region is kept as a quadrupole structure type allowing space 
for optical pumping and detection. In such a configuration, it is shown that the total 
number of ions can be increased considerably (up to 107 ions) and that changes in 
number of ions influence the second-order Doppler shift by a factor less than 10 times 
the same changes in the quadrupole trap. Finally, studies were also made on the use 
of different buffer gases for cooling. The intent was to find a buffer gas efficient in 
cooling but causing a smaller collision frequency shift than helium. Neon was found 
to have a collision shift of 8.5 × 10−9/Torr, a factor of 2.5 less than helium (Chung 
et al. 2004). A record line Q of 5 × 1012 was observed using time domain Ramsey sepa-
rated pulses with a cycle time of 12 s resulting in a frequency stability of 5 × 10−14 τ−1/2 
(Tjoelker et al. 1995; Burt et al. 2008a and b). The size of such a clock has been reduced 
to a volume of the order of 3 l, while keeping a frequency stability of 1 – 2 × 10−13 τ−1/2 
and 10−15 at one day (Prestage et al. 2007, 2008). It should be mentioned that this is 
comparable to the frequency stability obtained with H masers of much larger size.

1.2.2 otHer ions in a paul trap

Other ions have also been proposed and studied for implementation of a microwave 
frequency standard using a Paul trap. Those are for example 9Be+, 135Ba+, 137Ba+, 
171Yb+, 173Yb+, 87Sr+, and several others (see QPAFS Table 1.1.3b, Volume 1) (1989). 
The advantages of those ions over Hg+ resides in the lower microwave frequency of 
the ground state transitions and in the longer wavelength required for state selection 
by means of optical pumping, making possible the use of lasers. Those properties 
lead to somewhat easier experimentation and implementation.

In particular, considerable work has been made on the ion 171Yb+. An energy level 
diagram for this ion is shown in Figure 1.34. The main difference from an alkali 
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FIGURE 1.34 Lower energy levels manifold of 171Yb+ ion of interest in the implementation 
of a frequency standard.
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atom resides in the existence of D and F states lower than the P state. Since these 
states are metastable and ions falling into them have long lifetimes, they act as traps. 
Depending on the application, that property may be undesirable.

In general, optical pumping using isotopic filtering or a spectral lamp with a dif-
ferent isotope as in the case of 87Rb and 199Hg+ cannot be done. Lasers at the proper 
wavelength need to be used. Furthermore, as in the case of Hg+, an ensemble needs 
to be cooled in order to reduce the second-order Doppler effect. Fortunately, efficient 
lasers frequency doubling techniques exist with the proper wavelength to effectuate 
laser cooling for several ions. We will introduce those techniques of laser optical 
pumping and cooling in Chapter 2.

1.2.2.1 171Yb+ and 173Yb+ Ion Microwave Frequency Standards
As an example, we will at this point outline immediately the results obtained with the 
ion 171Yb+ for implementing a microwave frequency standard at 12.6 GHz. Proposal 
for using this ion were made early in the development of ion standards (Blatt et al. 
1983). Precise measurements were also done on the determination of its ground state 
hyperfine frequency splitting (Tamm et al. 1995). Actually, the ion can be used to 
implement a standard either in the optical range or in the microwave range (Barwood 
et al. 1988; Blatt et al. 1988; Webster et al. 2001). It was also studied for implement-
ing a single ion optical frequency standard (Gill et al. 2008; Tamm et al. 2008).

In the implementation of a microwave frequency standard at 12.6 GHz, optical 
pumping is done at 369 nm as shown in the figure in a cycling transition. Since a frac-
tion of ions decay to the metastable D3/2 state, they need to be returned to the cycling 
transition otherwise they accumulate in that state and are lost for the double reso-
nance signal. This ground state resonance signal is detected on the fluorescence at 
369 nm. In a particular case, radiation at that wavelength is generated from the dou-
bling of the frequency of a titanium-doped sapphire laser while the pumping of ions 
from the D3/2 metastable state is done with a solid-state laser (Fisk et al. 1993; Sellars 
et al. 1995). In those experiments, the trapping system used was a linear trap similar 
to that described earlier and the ions were cooled by means of a buffer gas such as He. 
The ions were confined to a volume of the order of 10 mm long by 1.5 mm in diam-
eter containing about 104 ions. In later experiments the ions were laser-cooled (to be 
described in Chapter 3) below 1 K (Warrington et al. 1999). It was claimed that with 
such cooling, the second-order Doppler shift was reduced by a factor of 180 when 
compared to the case where ions were cooled by means of a buffer gas. In order to 
avoid systematic shifts due to the optical radiation, the technique of pulsed opti-
cal pumping and cooling was used in a Ramsey type of double resonance in the 
time domain. Using a Ramsey pulse separation of 10 s and a cycle time of 13 s, a 
frequency stability σy(τ) = 5 × 10−14 τ−1/2 is expected while fractional frequency 
uncertainty of 4 × 10−15 is projected (Dubé et al. 2005; Park et al. 2007; King 
et al. 2012). It appears that these characteristics are nearly comparable to those of 
the Cs fountain to be described in detail later. We shall come back on those results 
later after the introduction of laser optical pumping and laser cooling.

173Yb+ is another ion that could be used for implementing a microwave atomic fre-
quency standard. However, it appears to be less attractive than 171Yb+ since, its nuclear 
spin I being 3/2, it has a more complex ground state energy level structure. It was 
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studied by Münch et al. (1987) in a rf Paul trap using a light buffer gas for cooling. 
Optical pumping was done with a dye laser at 369.5 nm and hyperfine resonance was 
detected by monitoring the fluorescence. Its frequency was determined as:

 vhs Yb  Hz173 10 491 720 239 550 0 093+( ) = , , , . ( . )

1.2.2.2 201Hg+ Ion Microwave Frequency Standard
Two stable odd isotopes of mercury with singly ionized hyperfine structure are suit-
able for implementing a microwave clock: 199Hg+ and 201Hg+. We have described 
above in some detail the progress made in the development of a frequency standard 
based on the isotope 199Hg+. It was reported that best results were obtained with a 
linear Paul trap. With that architecture, short-term stability ~1 − 2 × 10−13 at 1 s aver-
aging time, reaching 10−15 at 1 day averaging time was demonstrated. A ground version 
of that clock that displays performance of 5 × 10−14 τ−1 2 and drift of 2 × 10−17/day was 
also developed (Prestage et al. 2005; Burt et al. 2008a).

A standard using 201Hg+ in a Penning trap was proposed early by Wineland et al. 
(1981). In such a trap, as mentioned earlier, a large magnetic field is required and this 
forces the use of transitions between field dependent levels. Fortunately, at high field, 
some of those transitions become dependent quadratically on the magnetic induc-
tion. For example, one transition that could be used is the (F = 2, mF = 0) → (F = 1, 
mF = 1) ground state transition at a magnetic induction Bo of 0.29 T with a frequency 
of 25.9 GHz. However, magnetic fields of that size cause usually experimental dif-
ficulties and it is desirable to use the so-called 0-0 transition of the ground state. That 
last approach has been proposed by Burt et al. (2008b) in a linear trap similar to the 
one described earlier in the case of 199Hg+.

The lower energy level manifolds of interest are shown in Figure 1.35. It is noted 
that the nuclear spin of that ion is negative and the Zeeman energy levels position is 
inverted from that of the isotope 199Hg+. Optical pumping of the 201Hg+ isotope can 
be done efficiently with a 198Hg+ lamp. Actually due to a good overlap of the optical 
resonance lines, optical pumping can be done rather efficiently from state S1/2, F = 2 
of the ground state to the excited state P1/2, F = 2. Furthermore, the population of 
the F = 1 level of the ground state can be concentrated into mF = 0 level by means of 
appropriate mixing of states mF = ±1  with those of the ground state levels F = 2 at 
frequencies near 29.95 GHz.

Such a clock was investigated at Jet Propulsion Laboratory, Pasadena, CA 
(Taghavi-Larigani et al. 2009). According to the authors, such a clock has poten-
tial accuracy and stability exceeding 1 part in 1015. The unperturbed frequency 
of the 2S1/2, F = 1, mF = 0 to F = 2, mF = 0 clock transition was measured as 
29.9543658211(2) GHz.

A great interest in 201Hg+ resides in its simultaneous use with the isotope 199Hg+ 

in the same trap. Since the two isotopes would be submitted to the same perturba-
tion and bias, an accurate measurement of their relative hyperfine splitting would 
be possible. It would then be possible to examine the possibility of the constancy of 
fundamental constants, which determine their hyperfine structure (Burt et al. 2008a 
and b; Flambaum and Berengut 2008).
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1.3  ON THE LIMITS OF CLASSICAL MICROWAVE 
ATOMIC FREQUENCY STANDARDS

We have described room temperature microwave atomic frequency standards in detail 
in the two volumes of QPAFS (1989). In the present text, we have outlined develop-
ments using the standard approach that were made to those frequency standards after 
publication of those volumes. We have shown what the limits were. At this stage, we 
would like to examine further and in a general way the physics behind those limitations.

In all implementations, two important parameters were the quality factor, 
Ql = ν/ Δν, of the resonance line used for the clock transition and its S/N in its detec-
tion. These parameters were determined by contributions from several physical phe-
nomena and played the basic role in the determination of frequency stability. On the 
other hand, accuracy was a function of the possibility of identifying and evaluating 
biases that affected the frequency of the atomic resonance chosen as the clock transi-
tion. The main question thus regards the possibility of doing better on those param-
eters to improve both frequency stability and accuracy.

In all cases, we were concerned with Doppler effect either linear or quadratic. Linear 
Doppler effect produces a large broadening of spectral lines that reduces considerably 
the line Q. We managed to get rid of that broadening by means of various schemes such 
as using Dicke effect in maintaining the atoms in a field of constant phase either in a 
box with non-relaxing walls, a storage trap such as the Paul trap and even a buffer gas. 
We could also avoid linear Doppler effect in using an atomic beam and reducing line 
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FIGURE 1.35 Lower manifolds of energy levels of the isotopes 201Hg+.
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width by means of Ramsey’s double interrogation scheme either in space or in time. 
Due to mechanical constraints, the techniques were essentially limited to microwave. 
Even in the case where the first-order Doppler broadening could be eliminated, the 
second-order effect, dependent on the square of the atomic velocities, was present at a 
level that reduced considerably the accuracy of a given implementation.

During the last few decades work was done at addressing those questions and attempt-
ing to reduce if not eliminating those effects. Much work was done using laser optical 
pumping and other techniques such as sophisticated atom trapping. However, parallel 
work was done in the field of atomic physics at reducing the temperature. Similarly, tran-
sitions with optical frequencies were investigated as possible clock transitions. The first 
approach, atom cooling, would reduce linear Doppler effect. When used in combination 
with traps cooling would cancel it completely and at the same time reduce second-order 
Doppler effect to a negligible value. The second approach, the use of clock transitions 
at a higher frequency, would result in a larger line Q when those transitions have narrow 
line widths. The question regarding S/N and biases has to be evaluated for each choice 
of techniques used and is addressed in each individual implementation. The rest of this 
book is dedicated to an outline of the physics involved in materializing those ideas.

APPENDIX 1.A: FORMULA FOR SECOND-ORDER DOPPLER SHIFT

An atom travelling at velocity v experiences time dilation in its reference frame. An 
observer in the laboratory frame sees its frequency altered by the quantity:
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where:
c is the speed of light

In the classical Cs frequency standard, this atom is part of a beam with a velocity 
spread that gives rise to a distribution of interacting times f(τ) that is a function of 
the type of state selector used. The central Ramsey fringe is thus affected by this 
frequency shift and is written as:
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In practice, it is important to know the exact effect of this frequency shift on the 
fringe. We can see readily that it distorts its shape and shifts its maximum. The fre-
quency of the maximum can be obtained by differentiating Equation 1.A.2 relative 
to ω. This is done by first expanding the cosine part in series up to second order:
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This procedure is valid since the frequency shift is very small. Differentiating 
and setting dI/dω  =  0, we obtain readily the position of the maximum of the 
fringe as:
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APPENDIX 1.B: PHASE SHIFT BETWEEN 
THE ARMS OF RAMSEY CAVITY

The effect of the phase shift ϕ between the arms of the cavity on the shape and fre-
quency of the maximum of the central Ramsey fringe, when different from 0 or π, 
can be calculated from:
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We expand the cosine term in series as above, in the case of the Doppler shift. This 
again is valid since the frequency shift associated with the phase shift is very small. 
We differentiate the resulting expression with respect to ω, equate the result to 0 and 
obtain:
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APPENDIX 1.C: SQUARE WAVE FREQUENCY 
MODULATION AND FREQUENCY SHIFTS

In most practical implementations, the Ramsey central fringes is detected by 
means of a low frequency square wave modulation of the microwave frequency 
feeding the Ramsey cavity. We define ωm as the depth of the frequency modula-
tion of the microwave radiation. The value of ωm is set approximately equal to 
one-half the width of the fringe as shown in Figure 1.C.1. The value of the signal 
on each side of the Ramsey fringe at −ωm and +ωm is then compared by means 
of a synchronous detector and the resulting signal is used to lock the microwave 
generator to the frequency that makes those signals equal. It is readily observed 
that the central frequency is dependent on the shape of the fringe and on possible 
distortions that are introduced by the frequency shifts that depend on the interac-
tion time of the atoms.
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Let us assume that the frequency of a given atom is shifted by the amount Δ(τ). 
We can then write the transition probability as:
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The cosine term can be transformed to:
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The term Δ(τ) is small and we can write cos Δ(τ) T ~ 1 and sin Δ(τ)T ~ Δ(τ)T. We 
then have:
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This probability can be evaluated at the two frequencies ω  =  (ω1 − ωm) and 
ω = (ω1 + ωm), giving P− and P+ for the two cases. Making P− = P+, a condition 
fulfilled by the servo system and using trigonometric relations cosine and sine of 
summations of angles, we obtain the frequency shift as:
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FIGURE 1.C.1 Detection of signal with square wave modulation in the case of the Cs beam 
frequency standard.
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where:
ωΔ is the shifted measured frequency of the atoms

This expression is an approximation but is valid for any small shifts Δ(τ) that are 
introduced in the system by physical phenomena such as second-order Doppler effect 
and light shift that will be examined later when optical pumping is used for state 
selection. However, it cannot be used in the case when a phase shift exists between 
the two arms of the cavity. In that case, a calculation similar to that just done gives 
for the frequency displaced by the cavity phase shift ϕ:
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where we recall the T = L/v, and τ = l/v.

APPENDIX 1.D: RING CAVITY PHASE SHIFT

In the text, we have introduced the concept of a ring cavity that in principle reduces 
the variation of phase shift with position across the Cs beam. We wish to derive the 
expression for this variation. Referring to Figure 1.8, the field around point z = 0 
is the sum of the two components b1 and b2 injected at point A of the cavity. If we 
assume a propagation coefficient:

 γ α β= + i  (1.D.1)

where the propagation vector β is given by:
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we may write the amplitude of the field as the sum of the two components 
H1 and H2
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We may assume that b1 = b2 or H10 = H20 = H0 at the entrance of the cavity and the 
expression becomes:
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This can be written as:
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Expanding in series to second order the cosh term and neglecting terms small relative 
to 1, we obtain:

 
H H i zi t l= + ′( )+2 10

2 2e ω γ αβ  (1.D.6)

giving a phase shift αβ z′ 2 at position z′.

APPENDIX 1.E: MAGNETRON CAVITY

The structure shown in Figures 1.26 and 1.E.1, called here “magnetron cavity,” is 
also known as a loop gap resonator and was used in several fields of research in 
the domain of magnetic resonance (Hardy and Whitehead 1981; Fronzcis and Hyde 
1982; Rinard and Eaton 2005). It is extremely versatile and its shape is well-adapted 
to applications in the field of atomic frequency standards in which a cell is used for 
containing the ensemble of atoms, such as in the case of H masers (Peters 1978b; 
Belayev and Savin 1987) and double resonance Rb clocks (Stefanucci et al. 2012).

The field within the electrodes, sometimes qualified as a TE011 like mode, is rather 
homogeneous and, in the application considered here, the cell containing the ensem-
ble of atoms fills normally the space between those electrodes. Those electrodes can 
be thought of as inductances and the gaps between them as capacitances. Using the 
notation outlined in Figure 1.E.1, the resonance frequency of the structure is given 
by (Stefanucci et al. 2012):
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The first term represents the resonance of the equivalent LC circuit, the second term 
the effect of the shield, and the third term the effect of fringing. This expression 
neglects the presence of the storage cell and the supports holding the electrodes. 
It is accurate to the order of a few percent (Stefanucci et al. 2012). It can be used as 
a first approximation for the determination of the various dimensions for a given 
frequency. A program, such as COMSOL Multiphysics software, is needed to adjust 
final dimensions and determine the quality of the field in the structure.
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FIGURE 1.E.1 Cross section view of the magnetron cavity showing the electrodes and the 
shield, providing the notation used in the text.
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For application in the case of the H maser, an important parameter is the filling 
factor given by Equation 1.68. In the case of a magnetron cavity, the magnetic field 
has the same phase in the whole volume enclosed by the electrodes and consequently 
the structure is well-adapted for that particular application. On the other hand, in the 
case of the Rb clock, the atoms movement is restricted by a buffer gas and the appro-
priate factor for qualifying the field in such a case is (QPAFS 1989):

 η =
H r

H r

z
2

2

( )

( )
cell

cavity

 (1.E.2)

However, since the cell fills essentially the whole space between the electrodes, the 
numerator and denominator can both be considered as the average over the cell. In 
that case, the filling factor becomes really a measure of the quality of the field in the 
appropriate direction (parallel to the applied static magnetic field) and is called an 
orientation factor. In the case studied, this factor is very high (0.88) (Stefanucci et al. 
2012). Figure 1.E.2 is a photograph of an actual prototype constructed with six elec-
trodes, showing the cell sealed to the top tuning attachment and the coupling loop 
attached to the bottom section.

FIGURE 1.E.2 Photograph of the magnetron cavity implemented and used in an optically 
pumped Rb frequency standard. (Reproduced with permission from Stefanucci, C. et al., Rev. 
Sci. Instr., 83, 104706, 2012. Copyright 2012 by the American Institute of Physics.)
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2 Recent Advances in 
Atomic Physics That 
Have Impact on Atomic 
Frequency Standards 
Development

Over the past several decades, the field of atomic physics has seen outstanding 
developments, which have had an important impact on the development of atomic 
frequency standards. This is mainly due to improvements in laser technology, 
which has had a direct effect on the technique of optical pumping and made pos-
sible the cooling and trapping of ensembles of atoms to sub-Kelvin (sub-K) tem-
peratures. The laser as such was developed in the 1960s. In early stages of its 
development, however, the use of the laser in the study of interactions between 
electromagnetic radiation and atoms was limited by the very restricted number 
of wavelengths available with the existing lasers and the rather narrow tunabil-
ity of the instruments developed. The so-called dye laser extended the range of 
possible studies, but such an instrument is rather cumbersome and its size and 
complexity restricted its use to limited laboratory applications. The advent of 
room temperature solid-state diode lasers, which could be fabricated to emit wave-
lengths in resonance with many transitions in alkali atoms such as Cs and Rb, for 
example, as well as in ions such as Sr+ and Yb+, among many others, changed the 
whole picture. The power emitted by such lasers may be several tens of milliwatts. 
The spectrum of the radiation emitted is relatively narrow and the frequency can 
be adjusted over a relatively broad range by means of doping the substrate with 
selected elements at the time of fabrication. Fine frequency tuning of the device 
can also be done by means of the temperature of the substrate and its driving 
current. This property allows the exciting of transitions in selected atoms from 
one single ground-state hyperfine level to an excited state. This makes possible 
nearly complete inversion of population in ground states through optical pumping. 
Furthermore, as will be seen below, the exchange of momentum between a photon 
and an atom makes possible alteration of atomic velocities leading to so-called 
laser cooling of atoms. These two possibilities by themselves have totally altered 
the landscape of research in the field of atomic frequency standards leading to new 
realizations in both the microwave and the optical ranges. We will review selected 
subjects and recent advances in atomic physics that have had a specific impact on 
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the development of atomic frequency standards. For a broader overview of such 
advances in atomic physics, the reader is referred to the excellent review on the 
subject by Cohen-Tannoudji and Guéry-Odelin (2011).

2.1 SOLID-STATE DIODE LASER

In the following paragraphs, we will give an elementary description of the solid-
state semiconductor diode laser. The basic idea behind the operation of such a 
laser is the emission of a photon when an electron recombines with a hole in the 
transition region of a pn junction. The emission of such a photon takes place in 
the so-called direct band gap semiconductors. This is not the case of indirect band 
gap semiconductor materials such as Ge and Si used at large in solid-state elec-
tronics. However, the condition exists with combined elements of the so-called 
III–V columns of the table of elements such as Ga and As forming a gallium–
arsenide semiconductor. In indirect band gap semiconductors such as Si and Ge, 
recombination of electrons with holes injected across the transition region leads 
to the creation of phonons rather than photons, producing heat rather than elec-
tromagnetic radiation.

2.1.1 Basic PrinciPle of oPeration of a laser DioDe

We have outlined the basic quantum theory behind laser operation in QPAFS, 
Volume 2 (1989). The reader is referred to that volume for details on the theory of 
stimulated emission of radiation within an optical cavity. The basic idea is similar 
in the case of diode lasers. As illustrated in Figure 2.1, a pn junction is made by the 
joining of two identical semiconductor materials doped with different atoms known 
as impurities, and identified as acceptors (p) and donors (n) of electrons. When the 
doping is large, the conduction and valence bands adjust themselves in such a way 
that the Fermi level resides in both the conduction band in the n type material and the 
valence band in the p type material. The highly doped substrate is called a degener-
ate material.

Transition
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n type p type Contact

Valence band

Ev

Contact

Conduction band 

Band gap

FIGURE 2.1 Schematic representation of the energy band structure of a pn junction for 
highly doped (degenerate) semiconductor materials. The Fermi level is in the conduction 
band for the n type region and in the valence band for the p type region.
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In thermal equilibrium, when no voltage is applied to the junction, the Fermi level 
is constant through the device. When a direct voltage is applied to the material by 
means of contacts, + on the p side and – on the n side, the Fermi level is displaced in 
each region and there is injection of holes and electrons from the respective p and n 
substrates into the transition region. This effectively creates an inversion of popula-
tion in the transition region as illustrated in Figure 2.2.

An electron injected in the transition region tends to recombine with a hole 
and emit in a direct process a photon whose energy corresponds to the band gap 
energy. This is different from the process that takes place in a standard semicon-
ductor pn junction diode, in which the junction is thin and electrons are injected 
directly in the bulk p material where they recombine with holes, producing heat. 
In the present case, the recombination creates a photon, like in the case of spon-
taneous emission. If mirrors are placed appropriately forming an optical cavity 
enclosing the junction as shown in Figure 2.2, such a photon is reflected and may 
stimulate another recombination process, producing a photon in phase and with the 
same polarization as the stimulating one, like in the process of stimulated emission 
discussed earlier. We thus have an amplifying medium, and laser action may take 
place if threshold is reached, that is, if the gain is high enough and compensates 
for the losses in the medium. As in the case of gas lasers, one mirror is made 
semitransparent and energy is coupled out of the device. The mirrors are usually 
created by cleavage at the edges of the substrate, creating parallel reflecting facets. 
Below the threshold, the process of recombination leads to incoherent radiation, 
which is the characteristic of light-emitting diodes known as LED. The physical 
construction of such a device may look as shown in Figure  2.3. It is generally 
known as a Fabry–Pérot (FP) semiconductor laser. The radiation is maintained in 
the active region, acting as a guide through the use of materials of different indexes 
of refraction (index guided). The emitted beam is slightly divergent because of the 
short distance between the mirrors and the narrow width of the transition region. 
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FIGURE 2.2 Schematic illustration of the effect of applying a direct voltage on a pn junc-
tion formed with highly doped material.



104 The Quantum Physics of Atomic Frequency Standards

The beam generally also shows an asymmetry in orthogonal directions due to the 
flat geometry of the active region.

The condition of oscillation of the semiconductor laser may be derived as follows. 
The probability of occupation of level En by an electron in the conduction band is 
given by Fermi–Dirac statistics:
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Similarly, for a hole in the valence band, the probability of occupation of level Ep is:
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where:
µn and µp are called the quasi Fermi levels since they are displaced by the applied 

voltage

We define ρν the radiation density at frequency ν, Wcv the probability of a transi-
tion, and C a constant containing the line width, a characteristic of the transition. 
The rate of photon absorption dNa/dt is proportional to the transition probability 
Wcv, the occupation probability fv of a level in the valence band, the probability 
fc that a level is free in the conduction band, and ρν the radiation density in the 
junction:

 
dN
dt

CW f fa
vc= −( )v c1 ρν  (2.3)
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FIGURE 2.3 Typical construction of a conventional Fabry–Pérot semiconductor laser diode 
using cleaved facet of the substrate as the mirrors (dimensions are not to scale). The output 
laser beam is somewhat divergent due to the thinness (μm) and limited length (mm) of the 
active region from which it originates.
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while the rate of emission following the same line of thought is:

 
dN
dt

CW f fc
e

c v v= −( )1 ρν (2.4)

We have net gain and continuous coherent radiation emission if:

 dN
dt

dN
dt

e a>  (2.5)

As in stimulated emission, we have Wcv = Wvc and the oscillation condition is thus:

 f f f fc v v v( ) ( )1 1− > −  (2.6)

that is:

 f fc v>  (2.7)

or in other words:

 f E f E( ) ( )n p>  (2.8)

This means that the probability of occupation must be larger in En than in Ev leading 
to an inversion of population. Consequently, using Equations 2.1 and 2.2, we have:

 E En n p p− < −µ µ  (2.9)

which leads to:

 µ µn p n p− > −E E  (2.10)

Since we have:

 µ µn p a− = eV  (2.11)

where Va is the voltage applied to the junction, it is thus required that:

 eV ha > ν  (2.12)

This is the condition of laser oscillation. This is a very elementary description of 
the semiconductor operation; for a more complete analysis, the reader is referred to 
books on fundamentals of laser diodes (e.g., Chow and Koch 2011).

2.1.2 Basic characteristics of the semiconDuctor laser DioDe

In their early development, laser diodes were inefficient, required much driving power, 
and could be operated essentially only in pulse mode. Heterojunction diodes were 
developed in which a thin layer of a smaller band gap semiconductor is introduced in 
the transition region between the p and n substrate. The wavelength emitted depends 
primarily on the band gap of the material chosen and on its doping. With Al doping, it is 
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possible to obtain a wavelength output in the range of 750–850 nm. These  wavelengths 
fall most interestingly in the range of the wavelength used in optical pumping of Rb 
and Cs. Unfortunately, depending on the size of the junction, various modes of oscil-
lation may be excited with slightly different wavelengths. This is due to the fact that 
the gain of the active region extends over a rather broad range of wavelengths and 
wavelength selection is done largely on the basis of device gain. Although such a laser 
may operate at a single frequency, a shift in gain due to a change in temperature may 
cause mode jumps, temperature having an effect on both the device index of refraction 
and length. This may be undesirable in applications where the frequency needs to be 
well determined and set accurately in order to interact with a single pair of levels in 
absorption experiments, such as in optical pumping and atom cooling. On the other 
hand, the diode current tends to heat up the junction leading to temperature changes 
of approximately 0.06–0.2 K/mA, depending on construction, causing simultaneously 
a frequency shift of 1.5–6 GHz/mA. This characteristic can be used, of course, for 
fine-tuning in well-behaved regions between mode hops. A particular characteristic 
(somewhat idealized) of a laser diode emission wavelength is illustrated in Figure 2.4 
as a function of temperature. It is observed that the wavelength varies in steps and these 
abrupt steps are the mode jumps mentioned above. These jumps may be rather disturb-
ing since the mode transition may fall at the wavelength desired and that, furthermore, 
hysteresis may cause the emission wavelength to be irreproducible.

2.1.3 tyPes of laser DioDes

The problem just mentioned may be resolved by etching a diffraction grating in the 
active region of the device, providing active internal feedback. These devices are 
called distributed feedback (DFB) lasers. A schematic of the arrangement is shown 
in Figure 2.5.

In such a construction, as its name indicates, the radiation created in the active 
region is reflected back and forth by the grating creating DFB with appropriate phase 
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FIGURE 2.4 Typical (idealized) characteristics, λ versus T, of AlGaAs laser diode. (Based 
on data from Hitachi Application Note HLN500.)
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for particular wavelengths. One mode is re-enforced by constructive interferences at 
the expense of other modes whose excitation are inhibited by destructive interference. 
A  single wavelength is delivered at the output. In another type of laser, the grating is 
etched near the cavity ends as in Figure 2.6. These regions are then inactive regarding 
gain and act as wavelength selective mirrors. They are called Bragg reflectors. Selectivity 
of wavelength forces the device to emit a single wavelength with efficient suppression of 
side modes. The spectral width of the radiation emitted is at least an order of magnitude 
(~MHz) smaller than in the case of standard FP diode lasers (~100 MHz).

Another interesting type of semiconductor laser is constructed in such a way that 
the radiation emission is perpendicular to the transition or active region. It is called a 
vertical cavity surface emitting laser or VCSEL and is constructed also with internal 
structures (Bragg reflectors) acting as selective reflectors. They are small, consume 
very little power, and emit radiation as single modes at the milliwatts level. A sche-
matic of its construction is shown in Figure 2.7.

In solid-state semiconductor lasers, the spectral width of the radiation emitted, 
although narrow relative to some atom spectral lines is generally large enough as to 
cause undesirable effects in several applications. As mentioned above, the wavelength of 
the emitted radiation is very sensitive to the driving current and the temperature of opera-
tion. It is generally required to control rigidly both the  temperature of operation and 
the  driving current in order to stabilize grossly the frequency of the emitted radiation.

n type

Laser beam
Thin active
transition

region

p type

Connector lead

Ground metal plate

Internal
grating

FIGURE 2.5 Schematic representation of a DFB laser diode.
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FIGURE 2.6 Schematic representation of a distributed Bragg reflector semiconductor laser 
diode (DBR).
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An efficient method of reducing the spectral width consists in placing the laser 
diode in an external optical cavity (FP) with a high finesse, the pn junction diode 
acting then as an amplifier. The frequency of the emitted radiation is determined by 
the optical cavity. The width of that radiation is then determined by the finesse of the 
optical cavity, with a width of the order of 100 kHz easily obtained. The line width 
and mode suppression can also be accomplished by means of a single element that 
reflects the radiation into the laser itself. The radiation acts as selective feedback. On 
the other hand, the frequency can be stabilized by locking it to an atomic absorption 
line. We shall outline these various stabilization techniques in Section 2.2.

2.1.4 other tyPes of lasers useD in sPecial situations

A laser with variable wavelength is an extremely desirable tool in spectroscopy and 
is required in many instances in the field of frequency standards. The semiconduc-
tor lasers described above have addressed that question to some extent but as men-
tioned earlier have very limited range of tunability. In many occasions, the wavelength 
required in a particular application is not available with those lasers. We have mentioned 
in QPAFS, Volume 2, (1989) that the existence of the so-called dye lasers solve partly 
that problem. In that system, a chemical (dye) is diluted in alcohol or other solvent and 
pumped with an Ar+ or other ion laser. The system can be tuned to emit a limited range 
of wavelength. However, such systems are rather complex, cumbersome, and delicate 
to operate. A new type of laser that addressed that question was realized in the 1980s 
and made commercially available in the 1990s (Moulton 1986). It is the Ti3+-Al2O3 or 
so-called Ti-sapphire laser. The radiation originates from quantum transitions between 
vibration states of titanium ions imbedded as doping atoms in a sapphire crystal. Its gain 
is very broad, providing an emission spectrum from 650 to 1100 nm with a maximum 
at ~800 nm. With such a spectral breadth, the amplification gain is low and it requires 
powerful pumping. This is realized as in the case of the dye laser with an Ar+ laser or 
other types of laser. However, the system is much simpler and more versatile than the 
dye laser  and can be operated either continuously or in pulsed mode in the femtosecond 
range. It is extensively used in the field of atomic frequency standards particularly in the 
implementation of optical frequency standards and in the realization of the so-called 
optical comb used to measure optical frequencies in terms of microwave frequencies.

As will be seen later, laser cooling may require wavelengths that fall outside 
the spectrum of available lasers. For example, the Hg atom, which offers promising 
properties for the implementation of an optical frequency standard, can be cooled 
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FIGURE 2.7 Schematic diagram of a VCSEL diode.
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using an S–P transition at a wavelength of 254 nm. A coherent radiation field at that 
wavelength can only be reached by means of doubling or quadrupling the frequency 
of a longer wavelength laser. This process requires a rather powerful source of radia-
tion. A wavelength in the range of 1015 nm can be generated with sufficient power 
by means of a so-called Yb-doped YAG crystal laser (Versadisk). Optical pumping 
of the laser is done with an array of diode lasers at 938 nm and 100 W. The crystal 
assembly is water cooled. The laser delivers up to 8 W at 1015 nm. For obtaining 
the required wavelength for cooling Hg atoms, the laser frequency is doubled twice. 
A power output of 600 mW at the desired frequency of 254 nm has been obtained 
with such an approach (Petersen et al. 2007; Mandache et al. 2008).

2.2  CONTROL OF WAVELENGTH AND SPECTRAL 
WIDTH OF LASER DIODES

2.2.1 line WiDth reDuction

The characteristics just mentioned, frequency instability, line width, and mode hops 
may make laser diodes totally inappropriate to accomplish certain tasks required in 
optical pumping and laser cooling, subjects that will be described in Sections 2.3 and 
2.5. Consequently, several techniques, either optical or electronic, have been devised 
to narrow the emission line width of those diode lasers and stabilize their frequency. 
Excellent reviews of these techniques have been published (de Labachelerie et al. 
1992; Ohtsu et al. 1993). We will examine here the most important ones that are 
extensively used in the implementation of atomic frequency standards.

2.2.1.1 Simple Optical Feedback
It is possible to force a multimode laser diode to oscillate on a single mode by provid-
ing optical feedback from a small mirror or glass plate perpendicular to the radiation 
beam and placed close to one of the laser facets. The idea is to force the laser opera-
tion in a cavity mode created by the external mirror rather than in modes created 
by the cleavage surface of the semiconductor substrate. The limitations to the tech-
nique are that it is not efficient with all lasers and that it still requires some sort of 
frequency reference to stabilize the laser frequency. Furthermore, it can be difficult 
to achieve a long-term stable performance with such systems (Kanada and Nawata 
1979; Goldberg et al. 1982; Saito et al. 1982).

2.2.1.2 Extended Cavity Approach
In a typical arrangement used in that approach, the system uses a frequency  selective 
element, such as a grating, that reflects light in directions that are a function of the 
wavelength and redirects it back to the laser itself. Such an arrangement is called 
extended cavity laser (ECL) since it essentially places the laser-amplifying medium 
inside a cavity formed with one cleavage facet of the laser and an outside reflec-
tor. The grating is thus used as frequency discriminator. The arrangement reduces 
laser threshold current, narrows the line width, and provides broad tunability. Two 
optical configurations are generally used: the Littrow and the Littman–Metcalf 
 configuration. They are illustrated in Figure 2.8.
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In the Littrow configuration, the grating is aligned in such a way as to reflect back 
directly into the laser the first-order diffracted beam. The grating placed in front of 
the diode laser, acting as a frequency discriminator, feeds back into the laser the first 
diffraction order, and couples out part of the reflected light. In this configuration, the 
laser wavelength discrimination obeys the Bragg reflection condition as a function 
of the angle of incidence, θ:

 λ θsin=2d  (2.13)

where:
d is the grating’s line spacing
θ is defined in Figure 2.8

On the other hand, the length of the extended cavity formed by the grating and the 
diode back reflecting face must be such as to satisfy the relation:

 L m= λ
2

 (2.14)

where:
m is an integer, satisfying the condition for providing a standing wave in the cavity
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FIGURE 2.8 Schematic representation of the (a) Littrow and (b) the Littman–Metcalf con-
figurations for the implementation of an ECL diode used in the stabilization of the frequency 
of such a laser.
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The zeroth-order reflection is used as the output beam. In a typical setup, with a 
 grating of 1200 lines/mm and θ ~ 30°, one obtains (dλ/dθ) = 1.4 nm/mrad. Tuning of 
the laser redirects the output beam by a value of 2(dλ/dθ)–1 ≈ 1.4 mrad/nm since wave-
length selection and discrimination are done simultaneously with the same element.

In the Littman–Metcalf configuration, the output beam from the laser diode is 
aligned at grazing incidence with the grating. The first-order diffracted beam is sent 
to a mirror (retroreflector) which reflects the beam back on itself. This reflected 
beam then hits the grating and the diffracted beam then couples back into the laser. 
Tuning in this case is achieved by varying the angle of the retroreflector, which 
changes the wavelength of the radiation sent back to the laser as optical feedback. 
With a mirror attached to the grating mount at a distance of 15 mm, a transverse 
displacement of the output laser beam of (dx/dλ) = 18 μm/nm results, which may be 
undesirable in some situations. The output is the zeroth-order beam reflected off the 
grating (Baillard et al. 2006).

The spectral line width for such configurations is strongly dependent on the feed-
back and also on the ratio between external cavity and diode cavity lengths. Line 
widths of the order of 100  kHz are achievable. Over long periods, various noise 
sources (acoustic wave propagation, air movements, driving current instabilities, 
mechanical and thermal drifts) contribute to increase the line width. The line width 
can also be temporally affected by phase fluctuations of the reflected light induced 
by mechanical vibrations of the external reflector (de Labachelerie and Cerez 1985). 
As pointed out above, the useful output beam direction is affected by tuning of the 
arrangement, which may be an inconvenience when the system is used as part of a 
complex arrangement with mirrors for reorienting the beam towards a collimator at 
the entrance of the desired experimental setup.

Another configuration employs a low loss interference filter as wavelength selector 
rather than a diffraction grating as used in the set ups described previously (Baillard 
et al. 2006). The external cavity is then formed of an external mirror with the inter-
ference filter placed between that mirror and the diode laser. The whole setup acts as 
a high finesse discriminator. A schematic of the arrangement is shown in Figure 2.9. 
The integration of an interference filter rather than a grating allows a linear design 
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FIGURE 2.9 Schematic diagram of an external cavity laser configuration using an interfer-
ence filter for wavelength selection. The various components are identified as: (L1) collimat-
ing lens 3–5 mm focal length; (L2) lens forming a so-called cat’s eye, ~18 mm focal length; 
(L3) lens providing a collimated output beam with same focal length as L2; (PZT) piezoelec-
tric transducer used for adjusting the position of the mirror, that is the length of the cavity. 
(Data from Baillard, X. et al., Opt. Commun., 266, 609, 2006.)
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of the setup, an arrangement that reduces the sensitivity of wavelength and external 
cavity feedback to misalignment. The feedback and wavelength  selection functions 
are separated and both can be optimized independently leading to an increased tun-
ability of the laser.

Wavelength discrimination of the interference filter is based on multiple reflec-
tions within its dielectric coatings and behaves as a thin FP etalon with effective 
index of refraction nref. The transmitted wavelength is given by:

 λ λ θ= −max
sin

1
2

2nref

 (2.15)

where:
θ is the angle of incidence on the arrangement
λmax is the wavelength at normal incidence

It is possible to have filters with 0.3 nm bandpass and 90% transmission. With a λmax 
of 853 nm, neff ~ 2, and the nominal wavelength at 6°, one obtains dλ/dθ = −23 pm/
mrad. This is much smaller than in the Littrow setup. This characteristic makes the 
setup less sensitive to vibrations. The horizontal displacement of the output beam 
with wavelength tuning in that setup, as reported by Baillard et al. (2006), is dx/
dλ = 8 μm/nm, due to the thickness of the interference filter glass substrate, a large 
improvement over the Littrow setup.

2.2.1.3 Feedback from High-Q Optical Cavities
The essence of the optical feedback methods is that the line width is reduced by 
increasing the quality factor Q of the laser’s resonator. The simplest implementation 
of the optical method for spectral narrowing is just to reflect back to the laser a small 
fraction of its output power. Using this technique, one can reduce the line width by 
more than a factor 1000 achieving line width of a few kilohertz (Dahmani et  al. 
1987; Laurent et al. 1989; Li and Telle 1989).

2.2.1.4 Electrical Feedback
Spectral line width reduction can also be accomplished by means of electrical feed-
back derived from the laser spectrum as measured with a FP interferometer (Ohtsu 
et al. 1985). In that implementation, the minimum value obtained was 330 kHz for 
an InGaAsP laser at 1.5 μm, which was 15 times narrower than that of a free-running 
laser.

2.2.1.5 Other Approaches
Kozuma et al. (1992) proposed an optical feedback method to control a semicon-
ductor laser frequency by utilizing velocity-selective optical pumping (VSOP) and 
polarization spectroscopy of a rubidium (87Rb) atomic vapour. In this way, the laser 
field spectral line width was reduced to 20 times less than that of a free running 
laser. Another approach to reduce the laser emission line width consists in placing 
the laser diode inside a relatively long cavity, with some means of wavelength selec-
tion (Fleming and Mooradian 1981; de Labachelerie 1988). This technique narrows 
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the laser line width and provides a means of tuning the laser over a given range. The 
disadvantage is that it requires high quality antireflection coatings on the laser diode 
and a stable mechanical structure for the external cavity.

2.2.1.6 Locking the Laser to an Ultra-Stable Cavity
The approaches just described, which provide a significant improvement of a semi-
conductor laser spectrum, have nevertheless limitations. In some key applications, 
ultra-stable laser radiation with an ultra narrow spectrum is required. Those appli-
cations can be optical frequency standards (Ludlow et al. 2008; Rosenband et al. 
2008), tests of relativity (Müller et al. 2007), transfer of optical stable frequencies by 
fibre networks (Jiang et al. 2008; Williams et al. 2008), and gravitational wave detec-
tion (Danzmann and Rudiger 2003; Acernese et al. 2006; Waldman 2006). These 
research topics have stimulated new approaches in the design of FP reference cavi-
ties which are used to stabilize semiconductor lasers. We will outline briefly some 
of those approaches.

One way to improve the spectral performance of stabilized lasers is to reduce 
vibration sensitivity by carefully designing the cavity geometry and its mounting. 
Several groups have proposed and successfully implemented low vibration sensitiv-
ity cavities (Nazarova et al. 2006; Ludlow et al. 2007; Webster et al. 2008). A second 
important issue is the reduction of thermal noise in cavity elements (Numata et al. 
2004; Millo et al. 2009; Dawkins et al. 2010).

We will describe one typical setup assembled at Systèmes de Référence Temps-
Espace (SYRTE), Paris, France. The core component is a FP cavity assembly 
designed to be highly immune to environmental perturbations such as temperature 
fluctuations and vibrations. The FP cavity is made of two high-quality mirrors (one 
flat and one concave with a 500 mm radius of curvature) attached with optical con-
tact quality to the end of a 100 mm spacer made from ultra-low expansion mate-
rial (ULE), which is very insensitive to environmental temperature fluctuations. 
Fused silica or ULE can be used as mirror substrate. The cavity is housed inside two 
nested vacuum enclosures, as shown in Figure 2.10. The outer vacuum surrounds 
an inner vacuum chamber which is actively temperature controlled via a three-wire 

FIGURE 2.10 Photograph of the ultra-stable optical cavity used at LNE-SYRTE before 
final assembly. (Courtesy of SYRTE, France.)
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temperature measurement by means of four series thermistors and feedback to four 
Peltier elements also in series. Additional passive isolation to temperature fluctua-
tions is accomplished by means of two polished gold-coated aluminium shields. The 
windows used on the inner enclosure are made from BK7 and transmit the laser 
beam while blocking much of the thermal radiation above.

The other potential cause of fluctuations is the deformation induced by mechani-
cal accelerations of the cavity. In order to minimize the effects of residual vibration, 
a vibration isolation system is used. The cavity is mounted in a vertical configuration 
(Dawkins et al. 2010) such that vertical vibrations at a centrally located mounting 
point cause approximately equal and opposite strain in the top and bottom half of the 
cavity structure (Taylor et al. 1995). The cavity can also be mounted in horizontal 
configuration (Millo et al. 2009).

In one setup, the system is mounted horizontally (cavity, vacuum chamber on an 
optical table) and is supported by an active vibration isolation platform. The cav-
ity itself is supported under vacuum with four 2 mm2 Viton pads 0.7 mm thick. In 
another setup, the cavity is mounted vertically and is isolated from vibration using a 
passive isolation table; it is supported under vacuum with the same Viton pads used 
for the horizontal setup. Air flow, acoustic noise, and large temperature fluctuations 
are strongly filtered by containing the whole system in a thermo-acoustic isolation 
box. The vacuum chamber temperature is actively stabilized at ~22°C.

For locking the laser onto one of the ultra-stable cavity resonances in order to obtain 
ultra-stable radiation, a Pound–Drever–Hall stabilization method is used (Drever et al. 
1983). In that technique, the original Pound stabilizer used to frequency lock a klys-
tron oscillator to a microwave cavity is adapted to the optical range. The micro-
wave cavity is replaced by the high finesse optical cavity. Such a system is shown in 
Figure 2.11.
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FIGURE 2.11 Block diagram of a Pound–Drever–Hall stabilizer used in the optical range 
to stabilize a laser on a high finesse cavity.
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The finesse of the FP can be determined by means of the ringing of energy in the 
optical cavity under pulse excitation. Using that technique, a finesse of about 850,000 
was measured for the particular cavity constructed by the Laboratoire National de 
Métrologie et d’Essais (LNE)-SYRTE group (Dawkins et al. 2010). With a free-spectral 
range of 1.5 GHz, the measured finesse corresponds to a cavity line width of 1.8 kHz. 
Using the setup just described, the frequency of a 1062.6 nm Yb-doped fibre laser was 
stabilized to the high finesse cavity. Using a link to LNE-SYRTE’s primary frequency 
standards via an optical frequency comb (to be described in Section 4.6) the stabilized 
laser radiation signal produced was found to be stable to the 10−15 level and its frequency 
could be referenced directly to the primary frequency time standards, the Cs fountain.

2.2.1.6.1 Note on Laser Noise
Radiation emitted by a laser is subject to the presence of noise like all oscillators 
such as masers studied earlier. In the case of lasers, spontaneous emission taking 
place in the cavity is added into the laser coherent radiation mode. This is differ-
ent from masers in the microwave range, in which spontaneous emission between 
hyperfine levels is totally negligible. It is the physical process that limits the line 
width of the laser radiation beam. We define the line width of a single mode laser as 
the full width at half maximum (FWHM) of the optical spectrum. Each spontaneous 
emission event adds energy with random phase to the optical radiation field. Some 
of the radiation created by the spontaneous emission process propagates along the 
same direction as that of the stimulated emission radiation. It cannot be separated 
from it. The main consequence of the spontaneous emission noise is to give the laser 
output radiation a finite spectral width (Schawlow and Townes 1958). The line shape 
is Lorentzian and the line width is given by (Schawlow–Townes formula):

 ∆
∆

ν
π ν ν
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=
( )4

2
h

P
c  (2.16)

where:
Pout is the laser power output
Δνc is the laser resonator bandwidth (half width at half maximum, HWHM)

Another type of noise that plays an important role in the use of a laser, for the pur-
pose of optical pumping in particular, is intensity noise. It is usually characterized by 
means of the symbol RIN, for relative intensity noise, defined as

 RIN L q th=
+ +N N N

P
 (2.17)

where:
NL is the laser noise
Nq is shot noise
Nth is thermal noise
P is the laser average power

We will refer on occasion to these definitions.
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2.2.2 laser frequency staBilization using an atomic resonance line

In the previous discussion, we outlined various ways of controlling the frequency of 
a laser essentially by means of mechanical devices such as mirrors and gratings. We 
have shown that the laser radiation line width could be reduced considerably and its 
frequency stabilized to a great extent. However, the laser frequency is determined by 
the tuning of the mechanical device used, in occurrence a FP cavity. This frequency 
is thus set arbitrarily by the actual construction of the mechanical device. In many 
cases, it is desirable to use the laser in experiments where its frequency must be set 
and maintained tuned to a given atomic resonance frequency. For example, in laser 
optical pumping and laser cooling the frequency of the laser must be tuned exactly to 
the frequency of a given quantum transition or close to such transition. Furthermore, 
that frequency must be kept tuned exactly to that frequency. This cannot be done 
with a mechanical device such as a FP cavity since its frequency is determined pri-
marily by construction. We will now examine approaches to satisfy that requirement.

2.2.2.1 Locking the Laser Frequency to Linear Optical Absorption
Several microwave atomic frequency standards described in Chapter 1, for example, 
optical pumping for creating population inversion or still simply for detecting the 
resonance line. However, in such techniques, a typical situation may lead to a sig-
nificant light shift of the microwave hyperfine transition used as the clock reference 
frequency. This shift may be as large as 5 × 10–11/MHz of laser detuning. This sets 
the requirement that the laser frequency be stabilized to ~2 kHz to achieve a clock 
frequency stability of 10–13 over long-term periods. This is not a trivial requirement 
since it requires the frequency stability of the laser used to be of the order of 10–12 or 
better over the same long-term periods. This cannot be done by means of mechanical 
devices such as those described earlier.

The most common and simplest approach consists in locking the laser frequency 
to the optical absorption line observed in the same resonance cell as that used in the 
frequency standard. Such a system is shown in Figure 2.12.

However, these spectral absorption lines have rather large widths (700–1000 MHz), 
being broadened by Doppler effect and buffer gas collisions in the application men-
tioned. Consequently, the approach requires a tight frequency lock to a few parts in 
106 of the atomic absorption line width. The locking of the laser frequency is gener-
ally done by low frequency modulation of the laser frequency through the driving 
current and synchronous detection. The error signal developed is applied directly to 
the driving current source, as illustrated in Figure 2.12.

In general, laser frequency stability is evaluated over short-term periods below 
1000 s. This is a range where measurements can be made easily and information on 
the characteristics of the frequency lock loop efficiency can be obtained rapidly. For 
example, Tsuchida et al. (1982) evaluated from the error signal developed in the servo 
loop a laser frequency stability of the order of 10–11 τ–1/2 for 10–2 s < τ < 100 s, using 
stabilization on the D2 linear absorption line of 85Rb in a cell without buffer gas. In 
such a case, the optical absorption line width is Doppler broadened and is of the order 
of 500 MHz, which may limit the efficiency of the locking system. At averaging times 
longer than 100 s, laser frequency stability appeared to degrade rapidly.
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Similar results were reported by Ohtsu  et al. (1985) and Hashimoto and Ohtsu 
(1987), using the D2 absorption line of 87Rb as the reference. It should be mentioned 
that in those cases laser frequency stability was inferred from the error signal in 
the servo loop and results regarding frequency stability may have been optimistic. 
In experiments of the same nature in which lasers were frequency stabilized on an 
absorption line, two such lasers were measured and frequency stability was evalu-
ated to be 4.2 × 10–10 τ–1/2 for the range 0.2–40 s and ~10–11 τ for longer periods, 
probably caused by drift (Barwood et al. 1988).

2.2.2.2 Locking the Laser Frequency to Saturated Absorption
In later experiments, Barwood et al. (1991) used saturated absorption technique and 
a laser whose line width was narrowed by optical feedback. Saturated absorption 
is the phenomenon observed in a cell when the atoms are excited by two radiation 
beams of the same frequency superimposed and travelling in opposite directions. 
The two radiation beams interact with the same atoms whose component of velocity 
in the direction of the beams creates a Doppler shift smaller than the natural line 
width of the transition excited. A frequency stability measured directly from the beat 
frequency between two such stabilized lasers gave 1.9 × 10–11 τ–1/2 (Barwood et al. 
1991). A laser frequency stability of 4 × 10–12 was observed at an averaging time of 
10 s corresponding to fluctuations of the order of 1.5 kHz, degrading slightly above 
that averaging time. In measurements made over several months, however, the laser 
frequency could be reproduced only to about 44 kHz. A typical setup for laser stabi-
lization to saturated absorption is given in Figure 2.13. For a detailed discussion of 
the physics of the saturated absorption phenomenon, the reader is referred to Section 
8.10.2 of QPAFS, Volume 2 (1989).

Photodetector 

Resonance cell:
87Rb or other alkali atoms

Signal
Laser

Synchronous
detectorCurrent modulator

Current
source

R

Vd

Error signal

FIGURE 2.12 Block diagram of a typical servo system used to lock the frequency of a 
semiconductor laser diode to a linear absorption resonance in an Rb cell. The system may be 
used for optical pumping in a laser-pumped passive Rb standard.
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In another type of approach, Beverini used the dichroic property of a Cs vapour in 
a magnetic field for stabilizing the frequency of an external cavity diode laser system 
in the Littman configuration (Beverini et al. 2001). Although the width of the absorp-
tion line used for locking is still Doppler broadened, the technique, called DAVLL for 
dichroic-atomic-vapour-laser-lock, provides a much larger signal than that obtained 
by means of saturated absorption and is particularly robust against mechanical per-
turbations. It also offers a series of advantages requiring fewer optical and optoelec-
tronic components and no frequency modulation of the diode laser current.

More recently, Affolderbach (Affolderbach and Mileti 2003, 2005; Affolderbach 
et al. 2004) has reported measurements on extended-cavity diode lasers (ECDL), sta-
bilized to Rb reference cells by means of saturated absorption. They have measured 
the frequency stability of the laser itself. Their results are reproduced in Figure 2.14.

It is readily observed that the laser stabilized on Doppler broadened line gives a 
frequency stability of the order of 10–10 in the range of 10,000 s reflecting frequency 
fluctuations of the order of 375 kHz. Following the discussion made above relative to 
the possible presence of a light shift of the order of 5 × 10–11/MHz laser detuning in 
optically pumped passive Rb standards, it is quite evident that such laser frequency 
fluctuations could be a handicap on long-term frequency stability of the clock.

Reference

Low
frequency
oscillator

Rb
cell

Isolator
Beam

splitter

Low pass filter

Photodetector

Current source

Synchronous
detector

Mirror

λ/2
polarizer

λ/4
polarizer

Amplifier

Laser

FIGURE 2.13 Block diagram of a typical servo system used for locking a laser frequency 
to saturated absorption. The system is similar to the linear absorption system described pre-
viously aside for the laser radiation beam that passes twice in the resonance cell, creating 
saturated absorption for those atoms in the path.
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2.3 LASER OPTICAL PUMPING

We have addressed the question of laser optical pumping in Volume 2 of QPAFS (1989) 
and have outlined the general characteristics of such an approach. To simplify reading of 
the detailed analysis concerned with microwave standards using laser optical pumping 
presented in Chapter 3, we will recall the main steps in the analysis in the present volume.

The three-level system used for the analysis is shown in Figure 2.15. It is a quite 
general case and may be applied to a particular atom by making explicit the hyperfine 
and Zeeman structure of the ground state and the fine and hyperfine structure of the 
excited state.

10−9

10−10

10−11

10−12

100 101 102 103 104 105

Sampling time τ (s)

(a)

(b)

σ y
(τ

)

10−13

FIGURE 2.14 Allan standard deviation of lasers stabilized (a) on linear absorption (open cir-
cles) and (b) saturated absorption (filled circles). Dashed lines correspond to short-term stabili-
ties of 2·10–11 τ–1/2 and 2·10–12 τ–12 for each scheme, respectively. The solid line illustrates typical 
stability required to avoid important light shift effects as discussed in the text. (Reproduced 
from Affolderbach, C. and Mileti, G., Rev. Sci. Instrum., 76, 073108, 2005. With permission.)

ωL

Γ*

ωμ′μ γ1 and γ2 Bμw(r,t)

m

μ′

μ

FIGURE 2.15 Three-level model used in the present analysis for double resonance in an 
alkali-type atom using coherent radiation at both microwave and optical frequencies. In prac-
tice, the laser is tuned close to either of the two transitions from μ or μ′ to m.
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In this model, the laser may be tuned to either of the ground-state levels. In the 
analysis, the laser spectrum is assumed to be broad enough to cover the possible 
splitting of each hyperfine level caused by an applied magnetic field, but much nar-
rower than the ground-state hyperfine splitting. In microwave atomic frequency stan-
dards we are interested in the resonance signal of the field-independent transition 
F, mF = 0 to F′, mF = 0. This may be taken into account at the end of the analysis 
by means of considerations on the number of atoms contributing to the resonance 
signal as compared to those contributing to the total light absorption. (Some material 
in Section 2.3 is reproduced with appropriate alterations from Vanier and Mandache 
[2007], with the kind permission of Springer-Verlag+Business Media, Berlin.)

2.3.1 rate equations

The dynamical behaviour of the matrix elements representing the population of the 
energy levels, ρii, and the coherence, ρij, existing in the system, is obtained as usual 
from Liouville’s equation:

 
d
dt

ijk ji ik ji ik

i

ρ ρ ρ= −− ∑( ) ( )

1 H H  (2.18)

where:
H is the interaction Hamiltonian of the various fields applied, in occurrence the 

laser and the microwave radiation fields

In the analysis, we use an approach slightly different from that used in QPAFS 
(1989). We keep all terms corresponding to the laser interaction with both levels 
of the ground state. The approach allows the possibility of examining the effect of 
pumping from one level or the other and leads to a more realistic evaluation of the 
light shift. The optical radiation field emitted by the laser is written as:

 E e k r( , , ) cos( )ω ωλL oL Lt z E t= + ⋅  (2.19)

where:
EoL is the radiation field amplitude
eλ is the polarization vector
ωL is the angular frequency
k is the propagation vector

We have a single laser radiation field applied. It is identified as subscript 1 and defines 
the optical Rabi angular frequencies ω1mμ′ and ω1mμ as:
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where:
ℏ is the Plank’s constant over 2π

The terms within brackets are the so-called dipole matrix elements dμm and dμ′m of 
the two possible transitions. We will study later the case where two laser radiation 
fields are present leading to interesting effects such as population trapping in a single 
state. We assume that a microwave field is present and has the form:

 B zBm Mr t t( , ) cos( )= 1 ω  (2.22)

where:
B1 is the microwave field amplitude
ωM is its angular frequency

This field could be created inside a cavity through excitation of a particular mode 
by means of an external oscillator. The Rabi angular frequency associated with this 
field is defined as:

 ω µ µ
1g

B zH r= o ( )


 (2.23)

where:
μB is Bohr magneton
μo is the permeability of free space

For simplifying the calculation, we assume that the microwave field is homogeneous 
over the resonance cell. This assumption has no fundamental consequences on the 
calculation.

We evaluate the various terms in Equation 2.18 and obtain a set of rate equations 
for the populations and the coherence of the atomic ensemble. Relaxation in the 
ground state characterized by γ1 and γ2 and decay from the excited state character-
ized by the rate Γ*

, which includes spontaneous emission and relaxation by buffer 
gas collisions, are introduced in a phenomenological way. In fact, the ensemble of 
atoms is in close contact with the vacuum radiation field. This random radiation field 
has effects on the behaviour of the atomic ensemble in its excited state, causing a 
frequency shift observed at the optical pumping frequency (Lamb shift) and sponta-
neous emission taken care of by the term Γ*

. In view of the low laser light intensities 
used and the large decay rate from the excited P state, the fractional population of 
the excited state is always very small. This is taken into account in the equations for 
the ground-state populations, by assuming that the total population is the sum of the 
populations of the two ground-state energy levels. The rate equations are:

 d
dt

g
i t

m m
i t

mm
M L

ρ
ω ρ ω ρ ρ γ ρµ µ

µµ
ω

µ µ
ω

µ µ
′ ′

′
−

′ ′
−

′ ′= − + + −1 1 1
2

Im Im
*

e e
Γ −−








1
2

 (2.24)

 d
dt

mm
m m

i t
m m

i t
mm

L Lρ ω ρ ω ρ ρµ µ
ω

µ µ
ω= − − −−

′ ′
−

1 1Im Im *e e Γ  (2.25)



122 The Quantum Physics of Atomic Frequency Standards

 

d
dt

i i

i i

m
m m

m i t
mm

g i t
m

L

M

ρ
ω ρ

ω
ρ ρ

ω
ρ

µ
µ µ

µ ω
µ µ

ω
µ

′
′ ′

′
′ ′

−

= + −( )

+ −

1

1

2

2

e

e
ωω

ρ ρµ ω
µ µ µ

1

2 2
m i t

m
Le ′ ′− Γ*

 (2.26)

 

d
dt

i
i

i i

g i t

m i t
m

M

L

ρ
ω ρ

ω
ρ ρ

ω
ρ

ω

µµ
µ µ µµ

ω
µ µ µµ

µ ω
µ

′
′ ′ ′ ′

′

= + −( )

+ −

1

1

2

2

e

e 11 ′ −
′−m i t

m
Lµ ω

µ µµρ γ ρ
2

2e

 (2.27)

 

d
dt

i i

i i

m
m m

m i t
mm

g i t
m

m

L

M

ρ
ω ρ

ω
ρ ρ

ω
ρ

ω

µ
µ µ

µ ω
µµ

ω
µ

µ

= + −( )

+ −′
′

1

1 1

2

2 2

e

e eei t
m

Lω
µµ µρ ρ′ − Γ*

2

 (2.28)

 
d

dt
g

i t
m m

i t
mm

M Lρ
ω ρ ω ρ ρ γ ρµµ

µµ
ω

µ µ
ω

µµ= + + + − −

′

− −
1 1 1

2
1
2

Im Im
*

e e
Γ 


  (2.29)

 ρ ρµ µ µµ′ ′ + =1  (2.30)

These equations contain all information on the response of the atomic ensemble to 
the two electromagnetic fields applied, microwave and optical, taking into account 
the various relaxation mechanisms that are present in the ensemble. In practice, one 
is interested in determining the frequency at which resonance takes place between 
the microwave radiation at frequency ωM and the atoms at frequency ωμ′μ of the 
ground-state. The two ground state energy levels μ and μ′ are hyperfine levels. 
There are various ways of detecting that resonance. One may detect the effect of 
transitions excited between those levels either on the fluorescent light resulting from 
the optical pumping or on the transmitted light. The first method in the case of 
dense medium as those encountered in Cs and Rb resonance cells is not appropri-
ate. The reason is that generally a buffer gas such as nitrogen is used to quench the 
scattered or fluorescence radiation in order to avoid undesirable random optical 
pumping of the dense atomic ensemble by that radiation. Consequently, in most 
applications using closed cells, the resonance effect of the microwave radiation with 
the ground-state hyperfine transition is detected by means of its effect on the trans-
mitted radiation.

2.3.2 fielD equation anD coherence

The physical parameter looked for is the intensity of the radiation at the exit of 
the resonance cell as detected by a photodetector. Authors have taken various 
approaches in evaluating theoretically the effect of absorption on the transmitted 
radiation (Vanier and Audoin 1989; Mileti 1995; Scully and Zubairy 1999; Godone 
et al. 2002). All those approaches are equivalent. We choose the method developed 
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in Godone et al. (2002). The technique is straightforward and gives rise to a first-
order differential equation for the field amplitude at any point within the cell as a 
function of  parameters that can be calculated from a solution of the set of Equations 
2.24 through 2.30.

The local electric field E is a function of distance z within the cell and is related to 
the electric polarization P at that point by the equation (QPAFS 1989, Vol. 1):

 ∂
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− ∂
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2

E E P
z t t

ε µ µo o o
 (2.31)

where:
εo is the vacuum dielectric constant
μo is the permeability of free space

The Rabi frequencies for both optical transitions and the electric field are related by 
Equations 2.20 and 2.21. We assume that the laser is tuned close to the transition μ 
to m and only atoms in level μ contribute to the absorption. This assumption is made 
possible because the laser spectrum is generally much narrower than the hyperfine 
splitting (MHz for the laser compared to GHz for the transition). However, the effect 
of the other transitions is kept in the equations since, even though it is off resonance, 
it causes a light shift through virtual transitions. Equation 2.31 can be transformed 
readily into (Godone et al. 2002):

 ∂
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where δμm is the complex amplitude of the optical coherence ρμm to be calculated 
below and
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is the absorption coefficient, with c being the speed of light and n the atomic density.
The problem, thus, consists in evaluating δμm from Equations 2.24 through 2.30, 

and integrating Equation 2.32 for obtaining the Rabi frequency proportional to the 
electric field at any point within the resonance cell and particularly at the exit, where 
z = L, L being the length of the cell. From the information obtained, it is then pos-
sible in principle to draw conclusions regarding background radiation, contrast, and 
line width as a function of several parameters such as light intensity, atomic density, 
and microwave power.

In the following analysis we assume for the moment that the intensity of the laser 
radiation is constant in the radial direction. We assume that the coherences excited 
by the laser and the microwave radiation are given by the expressions:
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The calculation of δμm required in Equation 2.32 involves some algebra but is straight-
forward, as described in QPAFS, Volume 2 (1989). In the analysis, we assume the 
following values for various parameters, values that are typical of experimental 
conditions:

 γ γ1 2
1 9 1500 2 10  (s ), (s )*− −= ×Γ

The Rabi frequencies are variable but are of the order of:

 ω ω ωµ µ1
3 1

1 1
6 11 1g m m to 5 10 to 5 10× = ×−

′
−(s ), (s )

In view of the various decay and relaxation rates, the values just chosen make all 
optical coherences very small relative to the ground-state coherence. Furthermore, 
at laser intensities used in the present application and as mentioned above, the frac-
tional population of the excited state ρmm is of the order of 10–6. These consid-
erations make possible a number of approximations valid over a broad range of 
microwave and optical Rabi frequencies. We replace Equations 2.34 through 2.36 
into Equations 2.24 through 2.30 and we look for a stationary solution of each of 
those equations. We find that the ground-state coherence created by the microwave 
field is given by:
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where Δ, the population difference between the two ground-state levels, is calculated as:
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On the other hand, the optical coherence δμm is a solution of the equation:
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A similar expression is obtained for δμ′m:
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In these expressions, the following definitions have been introduced:
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We take note that:

 ω ω ω ω ωµ µL M m L m− − = −′  (2.45)

and

 ω ω ω ω ωµ µL M m L m+ − = − ′  (2.46)

The above expressions for the light shift can of course be derived in several other 
ways, for example, by means of the operator formalism developed by Happer and 
Mather (1967) or still by considering optical pumping as a relaxation process 
(Vanier 1969). In the present case, that is laser optical pumping, keeping the opti-
cal coherence allows the evaluation of the light shift and of the light transmitted 
by means of Equation 2.32, even though the final mechanism is intensity optical 
pumping.

With the values assumed for the Rabi frequencies, several approximations can be 
made. Since we have assumed ω1g to be of the order of 103, ω1μm of the order of 106, 
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and Γ*
 of the order of 109, the two last terms on the right-hand side of Equations 2.39 

and 2.40 are negligible. We are thus left with:
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This essentially implies that the coherence introduced in the transition from μ to m 
is driven mainly by the direct interaction of the laser with that pair of levels and not 
by feedback from the other transition μ′ to m through the ground-state coherence δμμ′.

The value of ρμμ′ is obtained from the set of Equations 2.24 through 2.30. Within 
the approximations just made, we finally obtain:
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where:
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and S is the microwave saturation factor defined as:
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We note that Equation 2.48 is identical to the result obtained in QPAFS, Volume 1 
(1989), for a calculation made in a phenomenological way in terms of pumping rates 
only. In the present case, a complete analysis in terms of the coherence introduced 
by the laser radiation provides exact expressions for the light shift and pumping rates 
and gives insight on the relative importance of various coherences introduced by the 
laser and the microwave radiation. The first term of Equation 2.48 gives the equilib-
rium population under the effect of optical pumping alone, assuming the laser tuned 
close to the transition from the lower ground-state level μ to the excited level m. The 
second term gives the resonance signal under the influence of the applied microwave 
radiation represented by the Rabi angular frequency ω1g. An equation similar to that 
of Equation 2.48 can be obtained for the laser tuned close to the transition from the 
upper ground-state level μ′ to the excited level m. Equation 2.48 is valid locally. Since 
the laser radiation is absorbed in the cell, the pumping light intensity decreases with 
the distance z travelled within the cell. Consequently, the pumping rates Γpi are func-
tions of distance within the resonance cell. In the case that the laser is tuned exactly 
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to the transition μ to m, Γpμ′ is very small compared to Γpμ and can be neglected. Γpμ is 
then given by Equation 2.41, which becomes:
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m
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µω
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2

*  (2.53)

where:
ω1μm is a function of z

Equation 2.47 is replaced in Equation 2.32, and at optical resonance we have:
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with ρμμ given by Equation 2.48. On the other hand, the FWHM is obtained from 
Equation 2.48 and is given by:
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This is the essential result that can be derived analytically for laser optical pumping 
in a cell. The final solution cannot be written analytically. We will solve the equa-
tions numerically in Section 3.4 where we will apply the present results to obtain 
signal amplitude, contrast, and light shifts as a function of various parameters in a 
practical application with cells of various dimensions used to implement a frequency 
standard optically pumped by means of laser radiation.

2.4 COHERENT POPULATION TRAPPING

The demand for small atomic frequency standards with moderate frequency stability 
has led to the search for new phenomena at the atomic level that could be used as an 
alternative to the classical approaches just described. Coherent Population Trapping 
(CPT), a quantum phenomenon observed in the 1970s (Alzetta et al. 1976), turns out 
to be appropriate for such a purpose. We have introduced it briefly in QPAFS, Volume 1 
(1989). In early studies, the phenomenon was perceived as an inhibition to efficient 
optical pumping in optically pumped Cs beam frequency standards and attempts were 
made to avoid it by slightly detuning the laser radiation from exact resonance (Gray 
et al. 1978). It was soon realized, however, that the effect led to rather narrow reso-
nance lines, particularly in alkali metal atoms and that the coherence introduced in 
the ground state had rather interesting characteristics similar to those encountered in 
the field of microwave atomic frequency standards (QPAFS 1989). In the 1960s, those 
characteristics were exploited to implement a passive atomic frequency standard (Cyr 
et al. 1993; Levi et al. 1997; Vanier et al. 1998) and even a maser (Godone et al. 2000).

The CPT phenomenon is observed by irradiating an alkali atom, for example, 
with two coherent laser radiation fields applied in a so-called Λ scheme. CPT makes 
possible the preparation of the atomic ensemble and resonant excitation at the same 
time and same region of space. In the case of alkali atoms, the coherent fields are 
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applied to an ensemble of atoms in resonance with the transitions between the two 
hyperfine levels of the S1/2 ground state and one of the P state hyperfine levels, form-
ing the Λ scheme. Due to internal physical quantum properties, coherence is created 
in the ground state and interference appears in the quantum excitation process. The 
ensemble is placed in a non absorbing state called a dark state. The phenomenon 
was called CPT because the atoms appeared to be trapped in their respective levels 
since no actual transitions take place. The phenomenon, observed at a hyperfine 
frequency, was observed for the first time by Alzetta et  al. (1976) in sodium by 
means of a multimode dye laser. A related phenomenon was also reported earlier at 
the Zeeman frequency of Cs and Rb vapours using an amplitude modulated spec-
tral lamp (Bell and Bloom 1961). (Some of the material presented in this section is 
re-edited with appropriate changes from Vanier [2005] with the kind permission of 
Springer Science+Business Media.)

The phenomenon may be observed by means of several techniques. Since in CPT 
no atoms are excited to the P state at exact resonance, a narrow dark line in the 
fluorescence spectrum of the optically pumped ensemble is observed. Furthermore, 
since the atomic ensemble does not absorb energy it becomes transparent at reso-
nance. Consequently, the phenomenon can either be observed on the fluorescence 
as a dark line or on the transmitted radiation as a bright line. On the other hand, the 
ensemble is placed in a superposition state of the two alkali atom hyperfine ground 
levels and coherence at the hyperfine frequency is created. This coherence, in turn, 
creates an oscillating magnetization that can be detected directly in a cavity as in a 
maser, but without population inversion.

Early proposals were made on the use of the phenomenon in several applications 
such as magnetometry (Scully and Fleischhauer 1992; Nagel et al. 1998), induced 
transparency (Kasapi et al. 1995; Harris 1997; Scully and Zubairy 1999), atom cool-
ing (Aspect et  al. 1989), precision spectroscopy (Wynands and Nagel 1999), and 
its properties were studied in connection to state selection improvement in optical 
pumping (Avila et al. 1987).

On the other hand, the resonance phenomenon reflects all the properties of the 
hyperfine resonance in the ground state of the alkali atoms and may be used to 
implement a passive atomic frequency standard in the same way as is done in the 
classical approach using double resonance microwave-optical pumping or still an 
active maser exploiting the coherence that is created at the hyperfine frequency. 
A first effort was reported by Thomas et al. on the use of the phenomenon towards 
implementing an atomic clock (Thomas et al. 1982). In those experiments, the phe-
nomenon was used on a sodium beam to implement a Ramsey type of separated 
interaction regions entirely with light beams without state selector magnets and the 
classical Ramsey microwave cavity. Serious efforts were also started in the mid-
1990s on the application of the CPT phenomenon towards the use of sealed-off 
cells to implement small-scale atomic frequency standards (Cyr et al. 1993; Levi 
et al. 1997; Vanier et al. 1998). The last effort has led to the industrial implemen-
tation of a small, completely autonomous, passive frequency standard using 87Rb 
(Vanier et al. 2004, 2005) as well as a laboratory-type CPT maser (Godone et al. 
1999; Levi et al. 2002; M. Delaney 2005, pers. comm.). The phenomenon was also  
studied in a pulse excitation mode in a cell, with the goal of implementing later a 
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Ramsey type of time separated pulse excitation in a laser-cooled ensemble (Zanon 
et al. 2004).

It is possible to interpret the phenomenon and most of the observations by means 
of a simple three-level model. In the case of atomic beams, the problem is simplified 
due to the free evolution of the atoms in the beam and the absence of relaxation. In 
the case of cells, with the presence of relaxation, the rate equations for the evolution of 
the energy levels population and of the coherence created by the laser radiation fields 
in the ensemble may be solved exactly in the case of low alkali metal atom density 
(Orriols 1979). The final results of that analysis, however, are rather complex and are 
not transparent to easy interpretation. In order to interpret more easily experimental 
data in connection to atomic frequency standards applications, a simpler analysis has 
been developed (Cyr et al. 1993; Vanier et al. 1998). In that analysis, a three-level 
model is also used, but the rate equations are solved approximately by means of a first-
order approximate analysis relative to optical coherence. The expressions obtained for 
the hyperfine resonance line shape, width, and amplitude are transparent and easy to 
interpret. The results can explain most experimental data in the case of a dilute or 
optically thin absorbing medium. In the case of an optically thick ensemble (T > 50°C 
in the case of Rb, T > 40°C in the case of Cs), a more elaborate approach using con-
cepts developed in the study of the electromagnetically induced transparency (EIT) 
phenomenon (Harris 1997) is required (Godone et al. 2002). Furthermore, in the case 
where relatively intense radiation fields are used, it is found that the three-level model 
is not adequate (Vanier et al. 2003a, 2003b, 2003c). The lower manifolds of an alkali 
metal atom contain many energy levels and the Λ system is no longer closed as in the 
three-level model generally used (Renzoni et al. 1999). For example, when circularly 
polarized radiation is used, as required to observe the so-called ground-state field-
independent 0-0 transition, atoms are optically pumped to a level not involved in the 
CPT phenomenon. They are transferred to that level, and trapped in it. They no longer 
contribute to the CPT resonance phenomenon. This effect has consequences on the 
observed signal amplitude. This effect is also encountered in several other experimen-
tal studies related to atom cooling (Berkeland et al. 1998; Wallace et al. 1992; Sortais 
2001; Sortais et al. 2001) and absorption of laser radiation (Vanier et al. 2003d).

Reviews have been made on the use of CPT in high resolution spectroscopy 
(Arimondo 1996; Wynands and Nagel 1999). The present section will concentrate 
on the basic physics of CPT in connection to applications to the field of atomic fre-
quency standards (Vanier 2005).

2.4.1 Physics of the cPt Phenomenon

We will first establish the basic equations describing the CPT phenomenon in an 
alkali metal atom such as the 87Rb isotope and later we will adapt those to various 
situations. To do so, we will assume the presence of two coherent radiation fields 
resonant with the transitions from the levels F = 1 and F = 2 of the ground state to 
one of the hyperfine levels of the excited P state. In practice it is best to choose level 
P1/2, F ′ = 2 (D1 radiation), since in that case the transition probability is the same for 
both transitions making the system symmetrical, avoiding direct optical pumping 
and simplifying the analysis (Levi et al. 1999). The analysis can be easily adapted 
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to other pairs of levels and to the case of other alkali metal atoms. The scheme is 
illustrated in Figure 2.16.

In the scheme shown, only those transitions starting from the levels mF = 0 of the 
ground state are shown, although the spectral width of the lasers generally used would 
allow transitions from other Zeeman levels. In all applications concerned, however, a 
small magnetic field of the order of 10 μT is applied to the atomic ensemble and the 
other Raman resonances are well resolved. Consequently, a given Λ scheme may be 
selected to be resonant with only two of the ground-state levels. In the present case, 
the scheme starting at levels mF = 0 is chosen since the energy of these levels is inde-
pendent of the applied magnetic field in first order, a property desired in frequency 
standards applications. It is also noted that σ+ polarization exciting the ΔmF = +1 tran-
sition is used. Left-hand circular polarization can also be used. Circular polarization 
is required by the fact that, due to states symmetry, transitions involving simultane-
ously ΔF = 0, ΔmF = 0 are forbidden.

However, other Zeeman levels may play a role in the evolution of the system. 
Decay from the excited state takes place to all ground-state Zeeman sublevels due 
to spontaneous emission and due to atomic collisions in the case a buffer gas is 
used. Consequently, atoms may find a path to a Zeeman sublevel not involved in 
the Λ scheme. In such a case, the system is no longer closed and atoms may be 
trapped in a level such as mF = +2 or mF = −2, depending on the polarization used 
as in a classical optical pumping process (Kastler 1950). Those atoms are lost for the 
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FIGURE 2.16 (a) Illustration of the lower energy levels manifold involved in the CPT exci-
tation of the alkali metal atom 87Rb using circularly polarized radiation σ+. (b) Closed three-
level model generally used to analyze the CPT phenomenon.
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CPT phenomenon. This effect takes place in a buffer gas and becomes important at 
laser intensities corresponding to excitation levels comparable to or larger than the 
ground-state relaxation rates. Consequently, it is necessary to use a four-level system 
including a trap to explain some of the results obtained (Vanier et al. 2003b). The 
CPT phenomenon analysis is best done in the density matrix formalism. The general 
configuration shown in Figure 2.17 is used to establish the rate equations.

The atomic ensemble may be contained in a closed cell and imbedded in a buffer 
gas. In that case, the population of the Zeeman levels within the ground state and the 
coherence that may exist at the hyperfine frequency relax towards equilibrium at rates 
γ1 and γ2, respectively. If the atomic ensemble is an atomic beam, those rates may be 
assumed to be zero. The buffer gas also has important effects on the excited state, 
increasing the decay rate Γ*

 of the P state by a factor that depends on its  pressure. 
Consequently, the optical resonance line is homogeneously broadened. At a buffer 
gas pressure of about 20 Torr, the rate Γ*

 is of the order of 3 × 109s–1 as compared to a 
free space decay rate Γ (spontaneous emission) of the order of 3 × 107s–1, as in a beam.

2.4.2 Basic equations

The analysis of the CPT phenomenon is done based on concepts similar to those devel-
oped in Section 2.3. However, two laser radiation fields are present. That laser radiation 
is assumed to propagate in the same direction as the applied magnetic field and the 
electric component En of the two laser radiation fields is assumed to be of the form:

 E z t E z t r nn n n nω ωλ, , cos ( , )( ) = ( ) − ⋅( ) =on e k 1 2  (2.56)

where:
Eon is the amplitude of the laser radiation field component n at position z
ωn is its angular frequency
kn is its wave vector
eλ is the polarization vector assumed to be the same for both radiation fields
z is the distance travelled by the wave as measured from the entrance of the cell 

containing the atomic ensemble

Laser

Bo

Microwave
environment

Brf

Fluorescence
signal

Transmission
signal

z
0

λ/4 plate

Photodetector

ensemble

Atomic
Laser radiation, two angular frequencies, ω1 and ω2

FIGURE 2.17 General configuration used in the development of the rate equations.
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These two radiation fields may be produced from a single laser through modula-
tion of the laser driving current or by means of an electro-optic modulator, creating 
frequency modulation and sidebands in the laser spectrum. The two radiation fields 
may also be created by means of two phase-locked lasers with a frequency difference 
corresponding to the hyperfine frequency.

We introduce the optical Rabi angular frequency ωR1 and ωR2 as a measure of the 
laser field intensity and of the transition probability:

 ω µ λR
E

r e1
1= ⋅


e m  (2.57)

 ω µ λR
E

r e2
2= ′ ⋅


e m  (2.58)

where:
e is the electronic charge
ℏ is Planck’s constant over 2π
<i|e r|m> is the electric dipole moment of the transition from level i to level m 

(i = μ or μ′)

We assume that the ensemble is placed in an environment where a microwave field 
Bμw(z,t) at angular frequency ωμw may be present. This field may be excited by means 
of an external source or created by the atoms themselves through stimulated emis-
sion. It is assumed to be parallel to the dc magnetic field (z direction), a condition 
required for ΔmF = 0 transitions. In that condition, the microwave field is assumed 
to have the form:

 B z t B z t zw z mµ µω φ( , ) ( )sin= +( )  (2.59)

where:
ϕ is its phase

To simplify notation, the associated Rabi angular frequency describing the interac-
tion of this field with the atomic ensemble is defined as:

 b b z
B zz z= =( )

( )µ


 (2.60)

where:
μz is the atom magnetic moment

This definition makes b = ω1g used in Section 2.3 concerned with a single laser opti-
cal pumping. We also define:

 ω ω ω12 1 2= −  (2.61)
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The rate equations for the population of the levels and for the coherence in the ground 
state are obtained by means of Liouville’s equation as in the case of optical pumping 
with a single laser:

 
∂
∂
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i
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where:
ρ is a density matrix element
H  is the interaction Hamiltonian

We assume a solution for the off diagonal matrix elements of the form:
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and we expand Liouville’s equation into its various terms. The resulting equations are:
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with the condition:

 ρ ρ ρµ µ µµmm + + =′ ′ 1  (2.72)

The above equations apply to a group of atoms that have a specific velocity. Doppler 
broadening of the optical interaction is of the order of 500 MHz. In a cell containing 
a buffer gas, as mentioned above, collisions cause optical line broadening of several 
hundreds of MHz and in that case homogeneous broadening represented in the equa-
tions by the decay rate Γ*

 is assumed. In such a case, it is also assumed that Dicke 
narrowing takes place at the microwave frequency corresponding to the hyperfine 
frequency of the ground state (Dicke 1953). When the phenomenon is observed in 
an atomic beam, the experimental setup is such that the laser radiation traverses the 
beam at right angle, avoiding first-order Doppler effect. Questions relative to the 
phase of the various fields are taken into account in the derivation when appropriate.

In Chapter 3, we will apply this set of equations to a few cases representing experi-
mental approaches that have been studied towards the implementation of a frequency 
standard. The parameters in the above set of equations will be adjusted to the appro-
priate experimental situations encountered in those various approaches. The set of 
Equations 2.66 through 2.72 cannot be solved exactly in the general case. However, 
in many situations, there is no microwave field applied and b may be set equal to zero. 
Figure 2.17 then reduces to a laser radiation beam traversing an ensemble of atoms. In 
that case the solution of this set of equations can be done exactly (Orriols 1979; Zanon-
Willette et al. 2011). However, such a solution is rather complex and is not transpar-
ent to easy interpretation. In order to understand the result it is then best to evaluate 
the behaviour of the equation for the transmitted light for a given situation. It is then 
possible to get some insight into the result by making approximations. The physical 
parameters measured in practice are the fluorescence power and power transmitted as 
illustrated in Figure 2.17. The total fluorescence emitted is readily evaluated as:

 Pfl l fl mmN= ω ρΓ  (2.73)

while the power absorbed in a slice of length dz is given as:

 ∆ ΓP z n dzl mmabs( ) *= ω ρ  (2.74)

where:
N is the total number of atoms in interaction with the laser radiation
n is the density
Γ*

 is the decay rate from the excited state caused by all types of relaxation, buffer 
gas collisions, and spontaneous emission 

Γfl is the decay from the excited state resulting in fluorescence 

These parameters are functions of the density matrix elements representing the pop-
ulation of the excited state ρmm. It is thus the term to be calculated. This can be done 
approximately by means of a step technique in which first it is assumed that two laser 
radiation fields have the same intensities, ωR1 = ωR2 = ωR. In a first-order step, we 
then assume that δmμ′ and δμm are small and that ρmm is zero. The solution obtained 



135Recent Advances in Atomic Physics

is then replaced in the steady-state equation of the ground-state hyperfine coherence 
and after some algebra an approximate solution for ρmm is obtained in terms of the 
real part of the ground-state coherence δμμ′:

 ρ ω δµµmm
R r= +( )∗ ′

2

2 1 2
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 (2.75)

On the other hand, the real part of the ground-state coherence is given by:
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where Ωμ stands for the detuning of the two laser frequency difference from the 
hyperfine frequency or

 Ωµ µ µω ω ω= −( ) − ′1 2  (2.77)

As is readily seen from these results, the fluorescence and the transmitted power are 
affected by a sharp resonance of width:

 ∆
Γ

ν
γ ω

π
1 2

2
2

=
+( )∗

R /
 (2.78)

which is characteristic of a hyperfine resonance and is proportional to the laser radia-
tion intensity through the optical Rabi frequency ωR. On the other hand, in this 
closed three-level model, the ensemble becomes totally transparent for a light inten-
sity such that ωR

2/Γ* becomes much larger than the relaxation rate γ2. This simple 
homogeneous model gives some insight into the behaviour of the system and the 
importance of the size of the parameters. For a value Γ*

 of 3 × 109s–1 and a γ2 of 
1000s–1, typical values encountered in practical setups for a cell volume of a cubic 
centimetres and a buffer gas pressure of the order of 2 kPa (15 Torr), the Rabi angular 
frequency required to double the line width is 1.7 × 106s–1. The laser power required 
for providing such a Rabi frequency is of the order of 10 – 100 μW depending on the 
laser radiation spectral width and the cell cross section. It is also readily seen that 
in equilibrium, using these values, the population ρmm of the excited state does not 
exceed 3 × 10–7, a value much smaller than that of the ground state. In fluorescence, 
the phenomenon is observed as a dark line in the emitted radiation. The situation 
has been called a dark state: since no transitions take place, there is no fluorescence 
present at resonance. In transmission, we observe a bright line.

We have outlined a simple solution which makes explicit the properties of the 
CPT phenomenon. In Chapter 3, we will apply this set of equations to the cases 
where the ensemble of atoms has the form of an atomic beam or is contained in a cell 
with a buffer gas or a wall coating. In that case we will study the situation where the 
ensemble is placed in a cavity resonant at the alkali atom hyperfine frequency, lead-
ing to the concept of the CPT maser. We note that the analysis can be adapted easily 
to other alkali atoms through a proper adjustment of the frequencies, wavelength, 
and other decay and relaxation parameters.
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2.5 LASER COOLING OF ATOMS

On the basis of the various analysis made in Chapter 1 and the conclusions drawn, it 
is rather obvious that a primary condition for improving the characteristics of a par-
ticular atomic frequency standard is to reduce or possibly cancel Doppler effect, which 
broadens the clock resonance line, reduces its quality factor (first-order Doppler), and 
causes a frequency shift (second-order Doppler). An improvement in line quality factor 
has a direct effect on frequency stability and accuracy and a reduction of the second-
order Doppler shift in most cases improves frequency accuracy. Major efforts have 
been made towards implementing methods for increasing line quality factor, either by 
means of a buffer gas, storage in a container with proper coating to inhibit relaxation, 
or still use of the Ramsey separate interaction zones approach in the time or space 
domain, all these being techniques that reduce the line width of the observed atomic 
resonance line. We have seen that those various solutions have limitations. One pro-
posed brute force approach in relation to that question was to reduce the global temper-
ature of the ensemble of atoms by means of cryogenic techniques, reducing the random 
speed of atoms and consequently Doppler effect. Such an approach also has a direct 
effect on frequency stability through a reduction of thermal noise. A typical example 
using such an approach is the cryogenic H maser described earlier. However, cryogenic 
techniques are very sophisticated, require rather cumbersome equipment and are not 
easily adaptable to the kind of simplicity and dimensions wished for in the implemen-
tation of atomic frequency standards. Furthermore, such cryogenic  techniques are not 
applicable to all atomic ensembles such as alkali atoms, for example. Also, they do not 
considerably improve line quality factor and, furthermore, introduce other unexpected 
frequency shifts through the various storage techniques used.

Soon after the development of lasers, it was proposed to use them to directly affect the 
motion of atoms in a very effective way (Letokhov 1968; Hansch and Schawlow 1975; 
Wineland and Dehmelt 1975). The atom–light interaction would then act directly on 
Doppler effect if it could be used to reduce the thermal agitation of atoms. This idea 
was based on the consideration that the direction and speed of atoms could be altered 
by an exchange of energy and momentum with photons in resonance with those atoms 
(Frisch 1933). In practice, one can say that an atom is slowed down by the radiation 
pressure created by a counter-propagating laser photon. It is readily calculated that 
about 105 collisions with counter-propagating photons can reduce to a negligible value 
an atom average velocity associated to its room temperature motion. The process does 
not look efficient at first sight, but due to the number of photons carried by a laser 
beam of moderate intensity (~mW) and the fast internal response of atoms, it is pos-
sible to alter considerably the velocity of atoms in very short periods (~ms or less). The 
technique could thus be used on a beam of atoms to reduce their speed at least in one 
direction. It could also be used in principle on an ensemble of atoms, using multiple 
laser beams oriented in orthogonal directions, to reduce their average speed and at the 
same time reduce the width of the velocity spectrum, thus reducing the temperature of 
the ensemble. The process has been given the name laser cooling.

The expression laser cooling that indirectly refers to the concept of temperature has 
to be used with caution. Temperature is a physical concept that is associated with ther-
mal equilibrium, that is to say equilibrium of an ensemble of atoms with its interacting 
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environment. In the case of so-called laser cooling, temperature is not  normally 
 associated with the laser radiation with which the atoms interact. Furthermore, after 
interaction with the laser radiation, the atomic ensemble may not be in thermal equilib-
rium itself, velocities having a spectrum very different from that of a Maxwell distribu-
tion. Another way of looking at the question is to observe the behaviour of an atom in 
a frame of reference moving with that atom. The observer sees that atom at rest. The 
same reasoning can be made relative to a beam of atom emerging from a source at 
temperature T and moving at an average speed v. An observer moving at that average 
speed sees atoms moving forward or receding from him, reflecting the spectrum of 
the random speeds of atoms within the beam. It is the width of that spectrum that is 
connected to the concept of temperature and to the temperature of the source or oven. 
Nevertheless, it has become convenient in common language to use the concept of 
temperature, even in cases where atomic speed is reduced in a single direction, mak-
ing reference to the relation between kinetic energy of atoms Ek and thermal energy 
through the relation:

 E Tk B= 
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where:
M is the mass of the atom whose speed v has been reduced by laser radiation
kB is Boltzmann constant
T is then a temperature characterizing that speed

Sometimes, we will use that concept to characterize an atomic velocity that has been 
reached in a given experimental situation, but we will use it with caution, reserving 
normally the concept temperature to a situation where we can identify the width of 
the atomic velocity spectrum of an ensemble.

The technique of laser cooling has had a major impact in several fields of phys-
ics, for example, improving precision in spectroscopy and the observation of long 
predicted phenomena such as Bose–Einstein condensation. It has also altered in an 
irreversible way the development of atomic frequency standards, particularly those 
primary standards used to implement the definition of the second. It has opened 
new promising avenues of research, particularly in the domain of optical frequency 
standards. This is the subject that interests us. We will now outline the physics 
behind the concept and outline various methods that have been developed using 
laser radiation to alter the velocities of atoms, reduce their temperature by means of 
atom–radiation interaction and provide means of trapping and store ensembles of 
cooled atoms. There has been a tremendous amount of work done in that field over 
the last few decades. We will limit the outline to the aspects that are important to 
atomic frequency standards and are used in their implementation. For a more com-
plete description, the reader is referred to some excellent books that have been writ-
ten on the subject (Cohen-Tannoudji et al. 1988; Metcalf and van der Straten 1999; 
Letokhov 2007; Cohen-Tannoudji and Guéry-Odelin 2011). Excellent early reviews 
have also been made on the subject (see, e.g., Adams and Riis 1997; Phillips 1998; 
Srinivasan 1999). The following sections provide an outline of the main concepts, 
which will be necessary for understanding Chapters 3 and 4.
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2.5.1 atom–raDiation interaction

In Sections 2.3 and 2.4, we have examined in some detail the interaction between 
electromagnetic radiation and atoms. In those cases we have looked essentially at 
the effect of that radiation on the internal state of the atoms such as energy level 
population and coherence introduced particularly in the ground state. This led us 
to the study of the so-called double resonance phenomenon, using microwave and 
optical radiation simultaneously, as in the case of optically pumped Rb frequency 
standards. Similarly we have introduced the CPT phenomenon in which two laser 
radiation fields are used simultaneously to force the atom into an internal state 
with rather interesting properties. For doing so we have used Bloch equations for 
analyzing energy levels populations and coherence in atomic systems character-
ized by an excited state m and a ground state which consisted of two hyperfine lev-
els μ and μ′ separated by an energy in the microwave range. We could characterize 
the internal properties of the atoms rather completely and identify the parameters 
that were important in the implementation of atomic frequency standards. The 
external properties such as atomic velocities and ensemble temperature were dealt 
with in a phenomenological way through the introduction of relaxation parameters 
and Doppler effect. We did not have much control on them. We will now examine 
how we can alter those external properties by means of atom-photon interactions.

2.5.1.1  Effect of a Photon on Atom External 
Properties: Semi-Classical Approach

In the present section we wish to examine the effect of optical radiation generated 
by a laser on the external properties of an atom, that is, to say its effect on the atom 
speed and kinetic energy.

2.5.1.1.1 Elementary Approach and Interpretation
We assume that the atom is characterized by two internal states, m and μ separated 
by an energy ∆E = ω µm , where ωmμ is an angular frequency in the optical range, as 
shown in Figure 2.18a.

Level μ is the ground state and if the atom is excited to state m by the optical 
radiation, it normally decays to the ground state at the spontaneous rate Γ. The opti-
cal radiation produced by a laser at an angular frequency ωL close to ωmμ consists of 
photons with energy E and momentum p:

 E L= ω  (2.80)

 p = kL  (2.81)

where:
kL is the radiation wave vector (2π/λ) z for a wave propagating in the z direction

We consider first an atom at rest. The atom-photon interaction is represented pictorially 
in Figure 2.18b. If the frequency νL of the laser radiation is close to the atom resonant 
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frequency νmμ, a photon may be absorbed. The photon disappears and the atom is 
excited to level m. The atom receives a kick and recoils in the direction of propagation 
of the radiation. In agreement with the principle of conservation of momentum, the 
photon momentum p = h/λ is transferred to the atom, which acquires a momentum 
in the negative z direction equal to that of the photon that we call ∆pa. The atom finds 
itself in the excited state m and recoils at velocity vrec satisfying the relation:

 ∆p k Ma L= = vrec  (2.82)

where:
M is the mass of the atom

The recoil velocity, upon interaction with the photon, is thus:

 vrec = k
M

L  (2.83)

In addition to its internal energy gain 
 L, the atom gains an external energy δErec per 

absorption cycle given by:

 δE M
k

M
L

rec rec
2v= =1

2
1
2

2 2
  (2.84)

which can also be written as:

 δ ω
E

Mc
L

rec = 1
2

2 2

2



 (2.85)

where:
c is the speed of light

(a)

m

μ

ωmμ = 2π νmμ

One incident photon,
momentum ħkL,

angular frequency ωL

Atom at rest

Photon

z
(b)

ħkL

FIGURE 2.18 (a) Representation of an atom with energy levels m and μ in interaction with 
a photon of energy ωL. (b) Pictorial interpretation of a photon with momentum kL incident 
on an atom.
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The atom is in the excited state, in interaction with the vacuum radiation field 
reservoir. Its lifetime in the excited state m is limited by that interaction and it 
decays by spontaneous emission of a photon. The photon is emitted in a given 
direction but has equal probability of being emitted in the opposite direction. 
On the other hand, in practice, the atom being exposed to a laser coherent radia-
tion beam, we assume that it makes a large average number N  of absorption– 
emission cycles per second at the rate ∂ ∂N t. Consequently, upon averaging 
over several cycles, no net average recoil is perceived by the atom in the sponta-
neous emission process since the direction of emission of individual photons is 
random with equal probability in opposite directions. Aside from a small residual 
effect from random walk since emission takes place in discrete steps, the atom 
does not gain momentum on average from the spontaneous emission process. On 
the other hand, the maximum rate of absorption–emission cycles is limited by 
the actual rate of return of the atom to the ground state. This is controlled by the 
vacuum radiation field reservoir and this rate is Γ, the spontaneous emission rate. 
Consequently, since the change of velocity is vrec at each cycle, the rate of change 
of the atom velocity is

 d
dt

k
M

v
N

t
vrec=

∂
∂

= Γ  L  (2.86)

This change in velocity can be interpreted classically as caused by a force

 F = =d
dt

M M
d
dt

v v  (2.87)

which using Equation 2.86 becomes:

 F kL=  Γ  (2.88)

In this analysis we have essentially assumed that the laser intensity is low and the 
atoms spend most of their time in the ground state. We will see later, in the quantum 
mechanical approach, that in the case of a high rate of transition, saturation takes 
place and the number of atoms in interaction is half the value assumed in the pres-
ent approach. They spend half their time in the excited state and half in the ground 
state. The maximum force is then half the value just calculated because the rate of 
transitions is reduced by half.

The interaction of the atom with a continuous radiation field thus appears classi-
cally as if a continuous force was applied to the atom accelerating it in the direction 
of the laser beam. It can be interpreted as a radiation pressure pushing on the atom 
in the direction of propagation of the laser radiation.

2.5.1.1.2 Size of the Effect
We may question the size of the effect for its practical use in providing a mea-
surable speed to an atom at rest or for a more interesting use, that of changing 
the velocity of an atom already in motion. As mentioned earlier, this is actually 
our purpose: changing the velocity of atoms or the spread of those velocities and 
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thus altering their temperature. For the moment we will limit ourselves to atoms 
 commonly used in atomic frequency standards, that is Rb and Cs. We will examine 
later the case of other atoms and ions when required. We will use selected data con-
tained in Tables 1.1.2 and 4.2.1 of Volume 1 of QPAFS (1989) and from a report by 
Steck (2003, 2008). The lower energy levels of Rb and Cs are shown in Figure 2.19. 
To facilitate an evaluation of the order of magnitude of the parameters involved, we 
reproduce some of the basic data in Table 2.1. We then calculate from the previous 
analysis various parameters of importance in the interaction process. These results 
are given in Table 2.2.

It is important to evaluate the rate or the time constant at which the change in 
velocity introduced by the interaction takes place. We have to fix a kind of reference 

TABLE 2.1
Selected Atomic Properties of 133Cs and 87Rb Useful in the Calculation of 
Some of the Parameters of Importance in the Absorption–Emission Cycle 
Discussed in the Text

M (kg)
10–25

λ (m) (air)
10–9

v (Hz)
1012

ω (rad/s)
1015

k (m–1)
106

τ (s)
10–9

Γ (s–1)
107

Δv1/2 (Hz)
106

87Rb 1.44 (D2)780.0(P3/2)
(D1)794.8(P1/2)

384
377

2.41
2.37

8.06
7.91

26.2
27.7

3.82
3.61

6.08
5.76

133Cs 2.21 (D2) 852.1(P3/2)
(D1) 894.4(P1/2)

351.7
335.1

2.21
2.10

7.37
7.02

30.5
34.9

3.28
2.87

5.26
4.58

Source: Steck, D., Cesium D Line Data, Rubidium 87 D Line Data, 2003, 2008. http://steck.us/
alkalidata.

5P1/2

5P3/2

5S1/2
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F = 1
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F = 0

F = 3

Cyclic transition
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for cooling

266.6 MHz
156.9 MHz
72.2 MHz

814.5 MHz

6834 MHz

D1 line
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D2 line
780 nm

87Rb

6P1/2

6P3/2

6S1/2

F = 4

F = 3

F = 4
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F = 4

F = 3

F = 2
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used

for cooling

251.0 MHz
201.2 MHz
151.2 MHz
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9192 MHz
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133Cs

FIGURE 2.19 Energy level manifold of S ground state and first excited P states of 87Rb and 
133Cs. (Data from Steck, D., Cesium D Line Data, Rubidium 87 D Line Data, 2003, 2008. 
http://steck.us/alkalidata.)
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for this evaluation. For example, we may set arbitrarily as an external time constant, 
τext, the time it takes for an atom at rest to acquire a speed that, through Doppler 
effect, changes its D2 frequency by about one natural line width following an accu-
mulation of several absorption-emission cycles. At such a speed, the atom is off 
resonance with the radiation and the probability of absorbing a photon is reduced 
considerably (factor ~5). This frequency change is given by:

 ∆ ∆ Γω = ≈k vrec  (2.89)

where:
Δvrec is the total speed acquired during the time τext

That cumulative speed is given from Equations 2.87 and 2.88 as:

 ∆ Γ
vrec ext ext= =F

M
k

M
Lτ τ

 (2.90)

and from the condition 2.89 and Equation 2.84, we have:

 τ
δ

ext
rec

≈ 1
2


E
 (2.91)

Several remarks can be made regarding the values of the various parameters cal-
culated and reported in the last table. First, we have limited our evaluation of the 
effect of the interaction to D2 radiation since it is a spectral line that originates from 
a cycling transition. This transition is closed and is more efficient: in principle atoms 
are trapped in that transition and no optical pumping to another level of the ground 
state takes place. We have also compared the external energy acquired by the atom to 
that of thermal energy kBT. The table shows that the energy involved in one absorp-
tion–emission cycle is extremely small of the order of 10–30 J. This is to be compared 
to thermal energy which at room temperature is of the order of (1/40) eV, that is 
4 × 10–21 J. The process thus requires a large number of excitation cycles to have a 
visible effect. Fortunately, the possible rate of transitions that can be excited is very 

TABLE 2.2
Values of Various Recoil Effects Caused by the Interaction of Laser Radiation at 
the Resonance Frequency of the D2 Transition with Cs and Rb Atoms at Rest

δvrec (per cycle)
(mm/s)

δErec (per cycle)
(J) 10–30

δErec/kB

(K) 10–6

τext (for Δvrec = Γ/kL)
(s) 10–6

Formula k ML ( )( )1 2 2 2
 k ML ( )( )1 2 2 2

 k M kL B  2δErec

87Rb 5.9 2.51 0.181 21
133Cs 3.5 1.36 0.099 38.8

Note: The value of the time required, τext, for reaching a speed that causes a Doppler shift equivalent to 
a full natural line width is also given.
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large. On the other hand, the time constant τext calculated for a notable increase in 
speed is of the order of 30 μs while the internal response τ of the atom is in the range 
of 30 ns. Thus, internal parameters follow very rapidly external perturbations and we 
can say that at all times the atom’s internal properties are in a stationary state while 
external properties are evolving. This property will allow us to simplify a quantum 
analysis that we will make below to obtain a more complete picture of the process.

We recall that we have assumed that the atom interacting with the radiation field 
was at rest and the effect of the incident photon and momentum transfer was to accel-
erate the atom in the direction of the laser radiation. In a sense, we can say loosely 
that the atom is heated by the radiation since its speed increases in the laboratory 
frame. On the other hand, we note that the elementary analysis can be applied as well 
to an atom moving at speed v in positive z direction, which is in opposite direction to 
the laser radiation. In that case, the atom sees the laser frequency shifted upwards by 
Doppler effect. To be resonant with the atom frequency, the laser must then be tuned 
to an angular frequency lower than ωmμ by the amount kLv. Then, the above elementary 
analysis can be used to calculate the force applied on the atom and its change in speed 
and energy. In that case we can say loosely that the atom is cooled by the incident radia-
tion since its speed is decreased by the interaction. In Appendix 2.A, we outline a con-
cept that we have used in QPAFS, Volume 2 (1989), and which is based on relativistic 
equations that are based on considerations regarding the energy or frequency of pho-
tons absorbed and emitted by spontaneous emission. The results are the same as those 
obtained above in the elementary approach based entirely on momentum exchange.

2.5.1.2 Quantum Mechanical Approach
The above elementary approach, although rather instructive regarding the connection 
between external and internal atomic parameters, does not provide the full picture of the 
interaction between the atom and the radiation field. It is based entirely on an exchange 
of momentum and considers in a phenomenological way the absorption of the photon. 
It does not address, for example, the details of the absorption–emission process and 
the difference existing in the interaction with a travelling wave and a standing wave. In 
fact, in its interaction with the atom, the radiation induces an oscillating dipole moment 
and the interaction is sensitive to the relative phase of the field and the induced dipole 
moment. When properly handled in a quantum mechanical approach, it is found that 
new effects added to cooling are introduced, such as trapping the atoms in specific cir-
cumstances and altering the energy level structure of the atom that leads to new cooling 
mechanisms. These effects are important in the implementation of atomic frequency 
standards particularly in the optical range. We will now introduce a quantum mechanical 
approach to the atom–radiation interaction and make explicit its effect on the behaviour 
of the external properties of the atom. We will follow the main lines of the analysis made 
in the excellent texts mentioned in Section 2.2 (Cohen-Tannoudji et al. 1988; Metcalf 
and van der Straten 1999; Cohen-Tannoudji and Guérin-Odelin 2011).

2.5.1.2.1 Atom at Rest
2.5.1.2.1.1  The Force as a Function of Internal Variables As in Figure 2.18, we 
assume that the atom is at rest and is exposed to a laser radiation field propagating 
in the negative z direction. We need an expression connecting the classical force 
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exerted by the field on the atoms, as introduced in the previous elementary approach, 
to the internal properties of the atom altered by the radiation field. Classically, the 
force is given by the expression:

 F Ma
d
dt

M p= = =v
d
dt

 (2.92)

This force is interpreted as the expectation value of the operator Fop that can be 
calculated by means of Heisenberg equation (QPAFS 1989, Vol. 1). We have thus:

 F F
d
dt

p
i

p= = =op


[ , ]H  (2.93)

where:
p is the quantum mechanical momentum operator
[ , ]H p  is the commutator of the Hamiltonian representing the atom–radiation 

interaction and the momentum operator

In the context of the assumed geometry (Figure 2.18), we take the z-axis as the axis 
of propagation of the radiation and we replace p by its operator iℏ∂/dz. Equation 2.93 
may then be written as (Schiff 1968, Section 24):

 F
z

= − ∂
∂

H  (2.94)

We thus need to evaluate H, the interaction Hamiltonian. We are dealing with tran-
sitions between an S state and a P state, which involves an interaction between the 
electric dipole d = -er and the electric component of the radiation field E(R, t) pres-
ent at the site of the atom. The vacuum radiation field is assumed to have zero average 
value and its gradient (∂/∂z) is zero. Consequently, it is taken care of in a phenom-
enological way by means of the introduction of spontaneous emission phenomenon 
in the master equations describing the evolution of the atomic state and is assumed 
to have no effect on the mean radiation force. The interaction Hamiltonian is thus 
(QPAFS 1989, Volume 1):

 H R t R t R to, , ,( ) = − ( ) = − ( )er E d E⋅⋅ ⋅⋅  (2.95)

where:
E(R,t) is the applied field

Equation 2.94 becomes:

 F
z

R t= ∂
∂

( )





d E⋅⋅ ,  (2.96)

The evaluation of the expectation value of the interaction d·E(R,t) can be done by means 
of a density matrix approach, the expectation value of an operator Q being Q Q= Trρ .
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Our atomic system is a two-level isolated system and its density matrix, as driven by the 
laser radiation, is:

 ρ
ρ ρ
ρ ρ

µ

µ µµ
=











mm m

m

 (2.97)

We define the optical Rabi frequency ωRmμ as in Equation 2.21, of Section 2.3, but 
for our two-level system:

 ω µµ λ µRm
L L

m
E

m e
E

d= 





 ⋅ = 








 

r e  (2.98)

The force becomes:

 F Tr
z

Rm= ∂
∂







 ρ ω µ  (2.99)

which may be made explicit as:

 F
z z

m Rm m Rm= ∂
∂

+ ∂
∂









 ρ ω ρ ωµ µ µ µ
* *  (2.100)

Using the definition of the Rabi frequency (Equation 2.98), we finally obtain the 
force as a function of internal variables and E(z):

 F d E z d E zm m m m= − ∇ + ∇{ }ρ ρµ µ µ µ
* *( ) ( )  (2.101)

where we have assumed that the field propagates in the z direction as in Figure 2.18 
and have represented the derivative ∂/∂z by the gradient symbol ∇.

2.5.1.2.1.2  Density Matrix Elements: Optical Bloch Equations In order to elab-
orate further, we need to determine the density matrix, ρ, that represents the state of 
the atom under the influence of the radiation field. We can make as usual the approx-
imation that the atom is very small and that due to its large mass it is well-localized. 
We thus make the long wavelength approximation. We also make the rotating wave 
approximation in which the counter-rotating wave in the radiation field incident on 
the atoms is neglected as we have done in our earlier analysis of optical pumping 
with a laser. We can thus use the set of optical Bloch equations derived in Section 
2.3 assuming this time a single level in the ground state as shown in Figure 2.18. We 
thus have:

 
d
dt

mm Rm m mmρ ω δ ρµ µ= − −Im Γ  (2.102)

 
d
dt

Rm m mmρ ω δ ρµµ µ µ= +Im Γ  (2.103)

 
d
dt

i im L m m
R m

mmδ ω ω δ
ω

ρ ρµ µ µ
µ

µµ+ + −( )





= 





 −( )Γ

2 2
 (2.104)
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We have assumed that the off diagonal elements of the density matrix ρ are driven 
by the laser radiation field and have the form:

 
ρ δ

ρ δ

µ µ
ω

µ µ
ω

m m
i

m m
i

( ) ( )

( ) ( )

z, t z, t

z, t z, t

L

L

t

t

=

=

−  

 

e

e*

 (2.105)

with the condition for the diagonal elements (populations):

 ρ ρµµmm + = 1  (2.106)

We assume the atom to be at rest at z = 0 and assume as mentioned earlier that the 
internal response is much faster than the evolution of the external properties. We thus 
solve the equations for a stationary state with:

 d
dt

d
dt

d
dt

mm mρ ρ δµµ µ= = = 0  (2.107)

To simplify notation, we define:

 δ δ δµm
r ii= +  (2.108)

 ∆ = −ρ ρµµmm  (2.109)

We also define the saturation factor as:

 S Rm

L m

=
+ −
ω

ω ω
µ

µ

2

2 2

2

2( ) ( )Γ
 (2.110)

and obtain:

 δ
ω ω ω

ω ω
µ µ

µ

r Rm L m

L m S
=

−
+ − +2 2

1
12 2

( )

( ) ( ) ( )Γ
 (2.111)

 δ
ω

ω ω
µ

µ

i Rm

L m S
= −

+ − +4 2
1

12 2

Γ
Γ( ) ( ) ( )

 (2.112)

 ρmm
S

S S
=

+
=

+
2

1
1

1
, ∆  (2.113)

We may now replace in Equation 2.101 the assumed solutions 2.105 for ρμm. We 
obtain:

 F E z t d t tm L
r

L
i= −∇ −{ }( , ) cos( ) sin ( )µ ω δ ω δ2 2  (2.114)

At this point we need to assume a form for the radiation electric field component. We 
take the coherent radiation field as:

 E z t E z t zL( , ) ( )cos[ ( )]= +o ω φ  (2.115)
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where:
ϕ(z) is the phase of the radiation field to which the atom is exposed

We may set the origin of the z-axis arbitrarily and set the phase ϕ(0) = 0 at that ori-
gin. We replace E(z,t) in Equation 2.114 to obtain:

 F d E z t E tm
r

L
i

L= − ∇ + ∇{ }µ δ ω δ φ ω2 22 2
o o( )cos sin  (2.116)

This force can be averaged over one period of the radiation field to give:

 F d E z Em
r i= − ∇ + ∇{ }µ δ δ φo o( )  (2.117)

We may analyze two cases that help in understanding the meaning of the two terms 
in this last expression for the force.

2.5.1.2.1.3  Case of a Travelling Wave This is the simplest case illustrated 
in Figure  2.18 and encountered experimentally. This is the case, for example, 
of the first experiments in which a beam of atoms at a given temperature, such 
as sodium emitted by an oven and collimated to form a narrow beam, is slowed 
down by a counter-propagating laser radiation beam (Balykin et al. 1979; Phillips 
and Metcalf 1982; Phillips and Prodan 1983). We will examine later in some 
detail the conditions for implementing such an experiment. For the moment it is 
only necessary to examine its general characteristics. The travelling wave may be 
written as:

 E z t E t k zL L( , ) cos( )= +o ω  (2.118)

This wave has no amplitude gradient (Eo is constant in space). Thus ∇ =Eo 0. 
However, the phase is kLz and its gradient ∇ =φ kL. We assume that the atom is situ-
ated at z = 0. There is thus a force present and we will see below that this force is 
associated with a dissipation of energy. We call it Fdiss. We obtain:

 F d E km L
i

diss o= − µ δ  (2.119)

Using the value found for δi we obtain:

 F k
S

L
R m

L m
diss =

+ − +


ω
ω ω

µ

µ

2

2 22
2

2
1

1
Γ

Γ( ) ( ) ( )
 (2.120)

which can also be written using the definition of S introduced in Equation 2.110:

 F kL
R m

L m R m
diss =

+ − +
 Γ

Γ
ω

ω ω ω
µ

µ µ

2

2 2 24
1

2 2( ) ( ) ( )
 (2.121)

In the process, a photon is absorbed by the atom and the energy of the photon is dis-
sipated into spontaneous emission and energy acquired by the atom originally at rest. 
In a classical approach, we can calculate the work done on the atom as dW  =  F·dr 
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where dr is the displacement of the electron under the influence of the force F. 
Assuming the field applied at the site of the electron to be:

 E tLop o= E cosω  (2.122)

the force is then (e Eap). We identify the term (e dr) as an elementary dipole and we 
calculate the expectation value of the rate of energy absorption dW/dt as:

 
d

d

W
t

L= E do ⋅⋅  cosω t  (2.123)

where:
d is the time derivative of d

The expectation value of the dipole moment is calculated as in the case of the force 
through the relation <d>  =  Tr(ρ d) and we obtain from the equilibrium density 
matrix calculated above:

 d d t tm
r

L
i

L= −( )2 µ δ ω δ ωcos sin  (2.124)

Finally, replacing d in Equation 2.123 we obtain:

 
dW
dt

= ω ω δµRm L
i  (2.125)

It is thus clear that the force expressed in Equation 2.119, proportional to the imagi-
nary part δi of ρmμ, is the result of the absorption of a photon as made explicit in 
Equation 2.125 for the rate of energy absorbed. It is also clearly seen, by means of 
Equation 2.124, that it is the component of the dipole moment that is out of phase 
with the field that causes the absorption.

2.5.1.2.1.4  Case of a Standing Wave This is the situation that can be created, for 
example, when laser radiation is reflected back on itself by a mirror. In that case, the 
radiation field may be written:

 E z t E k z tL L( , ) cos cos= ( ) ( )o ω  (2.126)

There is thus an amplitude gradient and no phase gradient. The radiation field pat-
tern is fixed in space. Equation 2.117 is reduced to the first term that we call Freact:

 F d E zm
r

react = − ∇{ }µ δ o( )  (2.127)

where the subscript, react, indicates that we are in effect in presence of a reactive 
force that we will make more explicit below. Using the definitions introduced earlier 
and the solution of the Bloch equations for δr, this becomes:

 F
S

R m L m

L m

react = −
∇ −( )

+ −( ) +


ω ω ω

ω ω
µ µ

µ

2

2 24 2

1
1( ) ( )Γ

 (2.128)
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which, using the definition for S, can also be written as:

 F R m L m

L m Rm

react = −
∇ −( )

( ) + −( ) + ( )


ω ω ω

ω ω ω
µ µ

µ µ

2

2 2 24 2 2Γ
 (2.129)

2.5.1.2.1.5  Properties of Fdiss and Freact We may examine each type of force by 
setting actual experimental conditions. In the case of the dissipative force, if we set 
the laser frequency at resonance, ωL = ωmμ, and make the laser radiation intensity 
weak, (ωRμm << Γ), then we have:

 F kL
R m

diss low laser radiation intensity≅ 
ω µ

2

Γ
( ) (2.130)

The force is proportional to ω µRm
2  thus to the laser radiation intensity. At high inten-

sity, ωRμm >> Γ and Equation 2.121 shows that the force is proportional to the decay 
rate of the excited state, the atom not being able to absorb photons at a rate larger 
than that at which it decays to the ground state, thus spending half its time in either 
of the excited state or the ground state.

 F kLdiss high laser radiation intensity= ( )

Γ
2

 (2.131)

In the present case of a travelling wave, the force F is called dissipative. The atom 
absorbs a photon from the laser radiation field and receives a kick through the 
exchange of momentum as we calculated earlier. Since it was assumed at rest to start 
with, it is thus accelerated to a given velocity under the force just calculated. If the 
atom travels at speed v in an atomic beam, its speed is reduced and, thus, in prin-
ciple, is cooled in the laboratory frame.

The case of the reactive force Freact is rather different. For the laser tuned to the 
transition (ωL = ωmμ), there is no force present. On the other hand, the force changes 
sign with the sign of the detuning. Equation 2.129 is represented graphically by a 
dispersive curve: for ωL < ωmμ the atom is pushed by the gradient to a field of higher 
intensity. In the opposite case, ωL > ωmμ, the atom is pushed to a field of lower inten-
sity. For a field of large intensity we have:

 F R m

R m
L mreact = −

∇
−( )

ω
ω

ω ωµ

µ
µ  (2.132)

If we set ωRμm ~ ωL − ωmμ, we then have F R mreact = − ∇ ω µ  and the force increases with 
the applied field. This is different from the dissipative force which saturates at high 
values of the field due to the fact that the rate of photon absorption cannot be larger 
than the rate at which the atoms fall back in the ground state where they are available 
for absorption. In the case of high intensity, the atom may be stimulated in emission. 
In that case, the process of spontaneous emission does not play the major role. In the 
case of the dissipative force, the atom emits a photon in phase with the incident wave 
and there is no net transfer of momentum. In the case of the reactive force, Freact, 
present in a standing wave, the atom may be excited by the wave propagating in the 
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positive direction and stimulated into emission by the wave of the same  frequency 
propagating in the negative direction. There is no exchange of energy, but the atom 
receives a kick from the absorption and the emission processes. The term ∇ω µR m for 
the case ωRμm created by a standing wave of the form Eocos kL z may have a maxi-
mum for a given field amplitude. This maximum exists for ωRμm ~ ωL − ωmμ, and 
Freact becomes:

 F kL R mreact o~ ( ) ω µ  (2.133)

where:
(ωRμm)o stands for the Rabi frequency ( )1  d Emµ o

We see readily that the force is proportional to an exchange of momentum  kL at the 
rate (ωRμm)o, which is different from the dissipative force, for which the exchange of 
momentum takes place at maximum at the rate Γ.

It should finally be noted that the force can be represented as the negative 
gradient of a potential U (F Ureact = −∇ ) having the form (Cohen-Tannoudji and 
 Guéry-Odelin 2011):
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In view of the form of this potential and the description just made, the reactive 
force provides the possibility of creating a situation appropriate for trapping atoms. 
A standing wave is thus such a situation. Some conditions of course must be fulfilled 
and this will be examined later when we will describe in more detail the type of traps 
that are appropriate for atomic frequency standard implementation.

It should be mentioned that such trapping is not created by the dissipative force. 
We will see later that it is possible to cool an ensemble of atoms by means of an 
arrangement consisting of several laser radiation beams travelling at right angle. The 
arrangement is called a molasses and the cooling is created primarily by the process 
of exchange of momentum that we described in the calculation of the dissipative 
force. Consequently, although the atoms are cooled, they tend to diffuse away ran-
domly in such an absorption–emission process and are not trapped as such.

2.5.1.2.2 Atom in Motion: Doppler Cooling
Up until now, except for an occasional mention of the effect of laser radiation on 
atoms in motion, we have analyzed essentially the case of the interaction of laser 
radiation with an atom at rest. Since it is the purpose of reducing Doppler effect that 
we have evoked for introducing the subject of cooling, we wish to extend the analysis 
to the case where the atoms are in motion. We may consider several configurations. 
For example, we may have an ensemble of atoms in a cell of arbitrary shape at a 
temperature T. The velocity spectrum is characterized by a Maxwell–Boltzmann dis-
tribution around an average speed va. It is that speed that we wish to reduce as well 
as the width of the velocity distribution or velocity spectrum, which determines the 
temperature of the atomic ensemble. On the other hand, we may have a collimated 
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beam of atoms originating from a source at a given temperature. The construction of 
the passive Cs standard that is used for implementing the primary standard of time 
is based on the use of a beam of Cs atoms. In that case as in the case of beams of 
other alkali atoms, for example, Rb, the source may be a small heated glass or metal-
lic capsule with a small orifice having the form of a cylinder to act as a collimator. 
The speed of the atoms in the beam reflects the temperature of the oven and the 
velocity spectrum is characterized by an altered Maxwell–Boltzmann distribution. 
In the case of the Cs beam clock, the width of the resonance line reflects the length 
of the transit time that the atoms spent in the interaction region. Consequently it 
would be desirable to reduce the speed of the atoms in such a beam and at the same 
time reduce the line width. Successful experiments in alteration of atomic speeds 
by means of laser radiation were done on an atomic beam, in occurrence sodium, in 
the early 1980s (Phillips and Metcalf 1982). Let us examine how we can adapt the 
analysis we have done above, for atoms at rest, to the case of atoms in motion.

The atom moving in the laboratory frame is at rest in its own reference frame 
attached to its centre of mass. Assume it is moving towards the laser and thus oppo-
site to the propagation of the laser radiation beam as in Figure 2.20.

In the elementary approach done at the beginning of Section 2.5.1.1.1, we 
have  calculated that the exchange of momentum between the radiation and the 
atom causes recoil of the atom, which gains a speed vrec whose value is given by 
Equation 2.83. The same reasoning applies to the atom in motion except that now 
that recoil velocity is added vectorially to the velocity of the atom. However, a 
condition is imposed on the laser frequency. If the laser is tuned at the resonance 
frequency of the atom at rest, it is no longer resonant with the atom in motion at 
speed v. If the atom moves towards the laser or in other words moves against the 
direction of propagation of the wave, it sees a wave shifted up in frequency by 
Doppler effect by the amount:

 ∆ωD Lk= v  (2.135)

(b)

m

μ

ωmμ = 2π νmμ

One incident photon,
momentum ħkL

angular frequency ωL

Atom in motion

Photon
v

z(a)

ħkL

FIGURE 2.20 (a) Pictorial interpretation of a photon with momentum ℏkL incident on an 
atom moving at velocity v against the photon or laser radiation propagation. (b) Representation 
of an atom with energy levels Em (excited state) and Eμ (ground state) in interaction with a 
photon of energy ωL.
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Consequently, in order to be resonant with the frequency of the transition Eμ to Em, 
that is ωmμ, the laser must be tuned to a frequency given by:

 ω ω µL m Lk= − v  (2.136)

that is a lower frequency or in other words tuned towards the red relative to ωmμ. In 
that situation the laser tuning is such as to be resonant with the atom and the transition 
probability is at maximum. The atom absorbs the photon and the recoil velocity adds 
vectorially to the original atom velocity. The atom motion is thus slowed down and a 
similar reasoning regarding energy and spontaneous emission as we did in the case of 
the atom at rest may be done. We would like, however, to examine the details of the 
effect of this interaction and apply it later to an ensemble of atoms in two- (2D) and 
three-dimensional (3D) spaces and exposed to counter-propagating waves. To do this, 
we re-examine the quantum mechanical approach we have used previously to derive 
expressions for the two types of forces that result from the atom–radiation interaction.

Since that atom sees a frequency different from the one it sees when it is at rest, 
we can simply express this fact by adding the Doppler shift (Equation 2.135) to the 
frequency ωL of the laser. The dissipative force is then given by Equation 2.121, 
which we reproduce here with laser frequency now displaced by Doppler effect:

 F k
k

L
R m

L L m R m

diss v
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( ) = −
( ) + + −( ) + ( )
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ω

ω ω ω
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µ µ
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2 2 24
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We have thus a force that is dependent on v. As mentioned above, it is maximum 
when the laser frequency ωL is tuned towards the red relative to ωmμ to compensate 
for Doppler effect, that is when:

 ω ω µL L mk+ =v  (2.138)

The resonance line shape is Lorentzian. The force is represented in Figure 2.21 as a func-
tion of the laser frequency for an atom travelling against the wave direction at a velocity v1.

The equation representing the force is relatively complex. Atoms with different 
velocities respond in a similar way to the laser radiation except that the peak is displaced 

ωL = ωmμ − kLv1

ωL = ωmμ

ωL

kLv1

Fdiss

FIGURE 2.21 Schematic representation of the dissipative force as a function of the laser 
frequency for an atom travelling against the wave at a velocity v1 as in Figure 2.20.
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relative to the resonance frequency of an atom at rest. One can also plot the force as a 
function of v and a similar curve is obtained. This is represented in Figure 2.22. In the 
case represented in the figures, the laser is tuned at ωL = ωmμ – kLv1. We see that atoms 
at v = 0 are on the wings of the resonance curve but still experience a force.

It is readily observed that since the width of the resonance is controlled by Γ 
(Δω1/2 = Γ), a limited number of atoms within a velocity range are in interaction with 
the laser radiation. From Table 2.1, the natural line width at half the height is about 
5 MHz for Cs giving Δω1/2 equal to 30 × 106s–1. Detuning the laser to the red by 2Γ 
would thus displace the resonance peak to a velocity given by kLv = 60 × 106s–1 and, 
with kL ~ 7 × 107m–1, atoms with velocities of the order of 1 m/s would experience 
maximum force. Atoms in a cell at a given temperature have a spectrum of velocities 
given by a Maxwell distribution. If exposed to such a radiation field, those atoms 
within a range 0.5 m/s to 1.5 m/s centred on that value would thus be submitted to a 
force at least 50% of the maximum given by Equation 2.137.

On the other hand, an atom with negative velocity or travelling in the same direc-
tion as the travelling wave will receive an impulse in the same direction as it is 
travelling and thus will be accelerated. However, due to the added Doppler shift 
and the recoil velocity acquired, it will be submitted to a smaller force. One way of 
understanding better the situation is to expand Equation 2.137 in power series around 
v = 0. After some elementary algebra, one finds in first order of v:
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kLv

kLv = 0

kLv1

kLv1 = ωmμ − ωL1

Fdiss

FIGURE 2.22 Schematic representation of the dissipative force as function of the atom 
velocity for a laser detuned to the red relative to resonance frequency of an atom at rest.
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It is standard practice to write this expression as:

 F Fdiss o v= − α  (2.140)

with

 F
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and
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We note that these expressions can also be written in terms of the saturation 
 parameter S as:
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Fo is seen to be a force independent of the velocity of the atom and acts on the atom 
in the direction of the propagation of the wave while the second term, αv, appears as 
a force proportional to the speed of the atom as in a friction environment, opposing 
the atom motion.

If a reduction in speed of an atom is desired, the force Fo must be compen-
sated for to start with. There are various ways of accomplishing that (Cohen-
Tannoudji and Guéry-Odelin 2011). We have seen that it is possible to trap ions, 
for example, by means of a Paul trap, and consequently it is possible to oppose 
that force by the restoring force of the trap. Fo is very small as we have shown 
earlier since it acts by an exchange of momentum through the recoil effect. On 
the other hand, it is readily realized that if another radiation field of the same 
frequency and same intensity is created travelling in the opposite direction as 
shown in Figure 2.23a, a force independent of velocity opposite to the original 
one is then created (Hansch and Schawlow 1975). The process is totally sym-
metrical and the two forces Fo, independent of velocity introduced by each wave, 
cancel each other.

On the other hand, in a given situation where an atom travels at speed v1 in the 
+z direction and the laser is tuned to the red relative to ωmμ by the amount −kLv1, the 
transition probability (the force) is maximum for the wave travelling from the right, 
with wave vector −kL. In that case, the laser radiation to the right with  positive 
wave vector kL is off resonance and the transition probability (the force) is smaller. 
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The  difference between the two implies more absorption–emission cycles by the 
wave travelling from the right creating a net force proportional to the velocity of 
the atom and opposing its motion. The same argument applies to the symmetrical 
situation, which is to say for the atom travelling to the left and the laser radiation 
travelling to the right in the figure. Since the speed reduction mechanism relies on 
an imbalance caused by Doppler effect, it is generally called Doppler cooling. As 
calculated from Equation 2.141, the force is maximum for ωL – ωmμ = –Γ/2. In that 
case, for weak laser radiation intensity, that is S << 1, the friction coefficient is maxi-
mum and is given by:

 α = 2 2
k SL  (2.145)

The factor 2 originates from the presence of the two travelling waves forming a 
standing wave and assumed to act independently in the case of weak laser field 
intensity.

From the analysis just made, it would appear that there is no cooling limit in the 
process and that an atom would be totally stopped in its motion. However, as is real-
ized, the processes of absorption and emission are discrete and random. Consequently, 
these processes lead to fluctuations in spontaneous emission and absorption of pho-
tons. For example, spontaneous emission may fluctuate in direction and average 

Photon from
the left

Photon from
the right

z

Atom in motion

(a)

+ ħkL − ħkL

Fdiss

kLv = 0

kLv

kLv

kLv = ωmμ − ωL

kLv = ωL+ −ωmμ Total force

(b)

−kLv

FIGURE 2.23 (a) Pictorial representation of photons incident on an atom. (b) Schematic 
representation of the force created on an atom as a function of its velocity for an interaction 
created by the presence of two identical, but symmetrical, laser radiation fields travelling in 
opposite directions.
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momentum acquired by the atom may not be zero. This effect can lead to random 
walk with a residual velocity (Dalibard 1986). This effect may be associated to heat-
ing and opposes cooling. When the two processes are equal, one reaches the limit of 
cooling. As we will see below, the minimum energy that can be reached is given by:

 Emin = 1
2
Γ  (2.146)

This appears to be a limit in laser cooling. However, we will see later that nature 
has provided means for attaining lower energies and thus by extension, lower 
temperatures.

2.5.1.2.3 Molasses
The arrangement shown above is for one dimension, the z direction of Figure 2.23a. 
The wave travelling to the left with wave vector –kL may originate directly from the 
laser and the wave travelling to the right with wave vector +kL may be created by 
reflecting the same wave on a mirror. In a cell containing an alkali atom vapour and 
exposed to such one-dimensional interaction, cooling would take place in one direc-
tion and some heating would take place through the random spontaneous emission 
process in all directions. It is readily visualized, however, that a similar situation can 
be created for the two orthogonal axes x and y. Consequently, a set up in which three 
lasers emitting in directions oriented at right angles, creating six radiation beams by 
reflections, can be used to create a 3D environment to reduce the speed of atoms in 
a gas in all directions over a given volume. This reduction takes place over a certain 
range of velocities close to zero and in such an arrangement those atoms are in a 
sense captured by the interaction process. At every absorption–emission cycle their 
speed is reduced, as if submitted to a friction mechanism in a viscous substance. The 
arrangement has been called a molasses, in reference to the high pseudo-viscosity of 
the arrangement (Chu et al. 1985). The size of the small ball formed by the molas-
ses may be of the order of mm to cm depending on the size of the overlapping vol-
ume of the six radiation beams. A schematic of a typical arrangement is shown in 
Figure 2.24.

As shown in the figure, the properties of the molasses can be studied by means 
of a narrow laser probe beam. If the cooling lasers are turned off, the molasses 
falls in the earth’s gravitational field and its properties such as size, density, 
number of atoms, and temperature can be determined as a function of time. From 
those studies one concludes that with cooling lasers detuned to the red by a 
few Γ, about 109 atoms can be captured in the molasses. On the other hand, the 
calculation we did previously for a single beam concerning the capture velocity 
still applies. Depending on the detuning of the lasers, the technique can capture 
velocities of the order of several metres per second. Furthermore, the same rea-
soning as the one used in one dimension relative to randomness of the processes 
involved can be applied to the three-dimensional case. Since in three dimen-
sions the process of cooling relies on the discrete absorption–emission cycles 
that are random, it is submitted to statistics that result in random walk and atoms 
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diffusion in space. The minimum energy (or equilibrium temperature) is given 
by (Phillips 1992):
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For ωL – ωmμ = −Γ/2, we obtain the same result as that of Equation 2.146. An approx-
imate value for the minimum temperature that can be reached in principle may be 
obtained by equating this Emin to kBTmin. For Cs, one obtains T ~ 230 μK. We will see 
below that in practice temperatures much lower than that value are obtained.

The small ball created by the molasses possesses extremely interesting proper-
ties relative to its use in atomic frequency standards. In particular, it can be used to 
implement a Cs frequency standard based on Zacharias’ original idea of creating 
a so-called fountain of atoms in the earth’s field (see Forman 1985). By changing 
slightly the frequency of the lasers, the ball can be given a small vertical velocity. 
When the lasers are turned off, the ball continues its vertical motion up to a height 
given by classical mechanics laws and falls back under gravity. Its dispersion or 
increase in size depends on the temperature reached in the cooling process. On that 
question, a most interesting phenomenon was discovered when the temperature of 
the molasses was determined experimentally: the measured temperature reached by 
the atomic ensemble was two orders of magnitude lower than that calculated above 
on the basis of equilibrium between the cooling effect of the lasers and the heating 
caused by the randomness of the absorption–spontaneous emission cycles as made 
explicit in Equation 2.147. A most convincing experimental result obtained on that 
matter is shown in Figure 2.25 (Phillips 1992).

Probe
laser

�ree pairs of
orthogonal cooling 

laser radiation beams  

Falling molasses when
vertical lasers are

turned off

Molasses

Detector of
fluorescence

FIGURE 2.24 Schematic arrangement used for the creation of a molasses by means of 
three pairs of radiation beams oriented at right angle to each other. Upon turning off of the 
lasers the ball falls in the earth gravitational field and its properties are analyzed by means 
of the probe beam.
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At the time of observation, those results appeared to be problematic in the sense that 
they did not agree with the predictions based on the basic physics connected to Doppler 
cooling (Lett et  al. 1988). The phenomenon required some serious thinking on the 
behaviour of atoms in the presence of intense laser fields. It was known for some time 
that such fields cause displacements of the atom energy levels, that is, light shifts which 
we calculated in Section 2.3. The analysis shows that the atom in its motion in space 
is forced to spend extra energy when this motion is correlated to the space modulated 
pumping rate of the absorption–emission cycle and the energy valleys and hills created 
by the light shifts. It has been given the name Sisyphus cooling (Dalibard and Cohen-
Tannoudji 1989). The effect will be described semi-quantitatively in Section 2.5.3.

2.5.2 effect of fluctuations in laser cooling anD its limit

Absorption and spontaneous emission are random discrete processes. Consequently, 
during a time Δt these processes are affected by fluctuations. Spontaneous emission 
takes place in random directions and the process leads to a random walk of momen-
tum of minimum step, kL.

This leads in momentum space to a diffusion of the atom momentum characterized 
by a dispersion which increases with the time of observation Δt. The number of steps 
is equal to the number of absorption cycles dN/dt per unit time. The mean quadratic 
dispersion of momentum ∆p2  can thus be written as the product of three terms: the 
square of the minimum momentum value, the number of absorption cycles per unit 
time, and the time of observation:

 ∆ ∆p k
dN
dt

tL
2 2 2= 
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FIGURE 2.25 Variation of temperature of a sodium atoms molasses as a function of the 
laser red-detuning from the sodium atom rest resonance. The upper solid line shows the 
Doppler limit as calculated from Equation 2.147. The points are obtained experimentally. 
(Courtesy of W.D. Phillips 2014, pers. comm.)
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The number of transitions per second is limited by the rate of absorption which 
 cannot be larger than the rate of spontaneous emission. It was evaluated previously 
to have a maximum value of:

 dN
dt

mm= Γρ  (2.149)

where:
ρmm is the stationary fractional population of the excited state that we have calcu-

lated earlier and is given by:
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It is a standard practice to write the momentum dispersion given by Equation 2.148 as:

 ∆ ∆p D t2 2= spont  (2.151)

where:
Dspont is the so-called spontaneous emission diffusion coefficient

From the above reasoning, Dspont can thus be written as:

 D k
S

S
Lspont =

+
1
4 1

2 2
 Γ  (2.152)

A similar analysis can be done in connection to the absorption process, fluctuations 
being present in the number of photons absorbed. The calculated dispersion is similar 
to the one just calculated and the dispersion coefficient is approximately the same as the 
one calculated for spontaneous emission (Cohen-Tannoudji and Guéry-Odelin 2011).

These considerations on dispersion of momentum lead to a limit in the cooling 
process, which can be calculated as follows. The damping of the atomic velocity, or 
cooling, can be calculated from the damping force acting on the atoms through the 
friction coefficient α. We have F = –αv, which through simple algebra becomes:

 dp
dt M

p= − α  (2.153)

where:
M is the mass of the atom

This can be written in terms of fluctuations of p as:

 d p
dt M

p
∆ ∆

2
22= − α  (2.154)

The friction coefficient was evaluated earlier and is given by Equation 2.144. If we 
assume a laser frequency detuning equal to (1/2)Γ, which makes the cooling rate 
maximum, and weak laser intensity such as to make S << 1, then α becomes:
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 α = 2 2
k SL  (2.155)

The rate of change of the momentum steps Δp in the cooling process can thus be 
written as:

 d p
dt
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On the other hand, the diffusion of the momentum due to random emission and 
absorption is interpreted as a heating process. From Equation 2.151, we have:

 d p
dt

D
∆ 2
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 (2.157)

A stationary state is reached when heating rates and cooling rates are equal. This leads 
to the situation that momentum fluctuations (Δp)2 becomes stationary. Considering 
fluctuations in both absorption and emission it reaches a value equal to (1/2)ℏΓM. In 
terms of residual energy this can be interpreted as one degree of freedom residual 
thermal energy (1/2) kBTeq leading to:

 k TB eq = 1
2
Γ  (2.158)

This result can also be interpreted in terms of residual equilibrium velocity:

 ∆ Γ
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This analysis thus leads to a limit in the temperature that can be reached through 
 so-called Doppler cooling. In the case of Cs, for example, this limit is 130 μK.

2.5.3 cooling BeloW DoPPler limit: sisyPhus cooling

We have reported earlier that in practice a much lower temperature than the one just cal-
culated was obtained in practice. Actually the temperature reached experimentally was 
two orders of magnitude lower than that just calculated. The result appeared of course to 
be most interesting since it proved the existence of phenomena not known up to that time, 
phenomena that opened the door to techniques of reaching much lower temperatures than 
those expected. The task, however, was to explain the origin of such phenomena in order 
to control them as well as possible and possibly reach still lower temperatures.

2.5.3.1 Physics of Sisyphus Cooling
The origin of the phenomenon causing such an efficient cooling was established 
as a coupling of the external parameters of the atom, such as its speed, to internal 
interactions causing a light shift created in the atom energy levels by the laser radia-
tion field. We will outline this explanation in a semi-quantitative way and evaluate 
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its limit. This outline is based on texts published by Dalibard, Cohen-Tannoudji, and 
Phillips (Dalibard and Cohen-Tannoudji 1989; Cohen-Tannoudji and Phillips 1990; 
Cohen-Tannoudji and Guéry-Odelin 2011).

Let us re-consider the configuration consisting of two plane waves counter- 
propagating along the z-axis that we have used up until now. Let us assume at this 
time that those waves have orthogonal linear polarizations and with the same fre-
quency and the same intensity. The phase of the two waves varies linearly with z 
and interference results. This interference causes not a standing wave of the kind 
observed in a cavity, but rather a standing pattern of polarizations distributed in space 
as illustrated in Figure 2.26a. The ellipticity of the wave varies linearly with z passing 
from circular to linear polarization in a stationary pattern.

Up until now, our analysis relative to Doppler cooling has been done with an 
atom having two energy levels and the laser radiation was assumed to be nearly 
resonant with the frequency corresponding to a transition between these two levels. 
In practice, as with alkali atoms, this is not the case. Atoms, such as Rb or Cs, for 
example, have an unpaired electron with spin 1/2 in interaction with a nucleus hav-
ing a nuclear spin I. This creates manifolds of Zeeman levels in both the ground 
and excited states. Those levels are usually degenerate, but that degeneracy can be 
lifted by various effects such as interaction with and electromagnetic radiation field, 
a static electric field or static magnetic field. It turns out that the presence of those 
energy levels manifolds is essential in establishing a comprehensive explanation of 
the sub-Doppler cooling observed. However, in order to simplify the analysis, we 
will use a simpler system in which the atom has an angular momentum Jμ = 1/2 in 
the ground state and Jm = 3/2 in the excited state. We assume that the separation 
between these two states corresponds to radiation in the optical range. This will 
allow us to examine, without ambiguity, the behaviour of the internal state of such a 
simple atom when exposed to radiation of the kind illustrated in Figure 2.26.

The various transitions that can take place between the levels of the ground state 
μ and those of the excited state m are illustrated in Figure 2.26b. The two Zeeman 
sublevels mμ = +1/2 and mμ = −1/2 undergo different light shifts, shifts that depend 
on the laser polarization, because of changes in interaction set by Clebsch–Gordon 
coefficients. Consequently, the degeneracy is lifted. Figure  2.26d makes explicit 
the spatial modulation of the splitting between the two sublevels with a period λ/2, 
reflecting the periodicity of the polarization. Thus, an ensemble of atoms distrib-
uted uniformly along the z-axis experiences an interaction that causes energy shifts 
that depend on their location in space as if submitted to a spatially modulated poten-
tial, with hills and valleys, corresponding to a modulation of the light shift of the 
ground-state levels. On the other hand, we first realize that atoms submitted to a 
field such as that shown in Figure 2.26a can be optically pumped from one level 
to the other of the ground state. The transitions causing that optical pumping are 
shown in Figure 2.26b and the probability of those transitions is calculated in a 
straightforward way (QPAFS 1989). The intensity of those transitions is dictated 
by symmetry and the associated Clebsch–Gordon coefficients. The optical pump-
ing is characterized by a pumping rate Γp given by the expression derived earlier, 
Equation 2.41, with the Rabi frequency weighted by a Clebsch–Gordon coefficient. 
The resulting weight is given in Figure 2.26 for the transitions associated with the 
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FIGURE 2.26 Sisyphus cooling. (a) Field configuration using two counter-propagating laser radiation fields with perpendicular linear polarization. 
(b) States of an atom with two states J = 0 and J = 1 exposed to that field. The transition probabilities in the various sectors are identified. (c) Field con-
figuration as in (a). (Continued)
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illustrated polarization. Consequently, the pumping rate is modulated. A simple 
analysis of the situation leads to the conclusion that in the region of circular polar-
ization an atom is pumped at a rate that is different depending in which level it is 
in. For example, in the region where the radiation is polarized σ– the atoms are 
pumped to the level mμ = −1/2. This has the net effect of pumping the atoms in the 
lower energy level with the consequence that in stationary state the population itself 
is modulated along the z-axis. The polarization modulation thus leads to modulated 
pseudo-potential where atoms with sufficiently low energy (low speed) could be 
trapped. We can associate with Γp a pumping time τp =  1/Γp. This time is much 
longer, by several orders of magnitude, than the lifetime of the atom in the excited 
state J = 3/2, which is 1/Γ, Γ being a spontaneous decay rate of the order of tens of 
nanoseconds. During the optical pumping time, in the millisecond range, the atom 
has the time to travel a certain distance. Let us assume that such an atom, at posi-
tion A in Figure 2.26d and in state mμ = −1/2 travels at speed vp. Let us assume that 
this speed is such that during the time tp it is sufficient for the atom to climb up the 
hill and travel a distance λ/4, to region B as illustrated. In such a situation, due to 
change in polarization, the atom in level mμ = −1/2 is pumped to level mμ = +1/2. 
In the process, the atom climbs a potential hill. Its kinetic energy is transformed 
into potential energy. It has slowed down. It decays from level mμ = −1/2 to level 
mμ = +1/2 in a very short time 1/Γ and the photon emitted has an energy larger 
than the original pumping photon by the quantity 2/3 Δls. Through the absorption–
emission cycle, the atom has lost kinetic energy. It may then subsequently climb a 
new hill, slowing it down still further. Like Sisyphus in the Greek mythology, who 
was always rolling a stone up the hill, the atom is running up potential hills more 
frequently than down since it has overall greater probability of being in the lower 
ground-state energy level as explained above.

2.5.3.2 Capture Velocity
The speed vp used above in the explanation may effectively be considered as a cap-
ture velocity of the cooling process since above that velocity the atom would not stay 
long enough in the appropriate polarization to be pumped to the other ground-state 
level. During the pumping time τp the atom travels a distance λ/4 and we can write:

 v vcapt p capt
p

τ λ=








 ≈1

4Γ
 (2.160)

The definition of kL in terms of λ leads to a capture velocity:

 vcapt
p≈

πΓ
2kL

 (2.161)

This is to be compared to the capture velocity effective in Doppler cooling, Γ/2kL, 
which gives:

 v Sis.

v Dop.
capt

capt

p( )

( )
≈

πΓ
Γ

 (2.162)
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This ratio is extremely small and it shows that Sisyphus cooling is effective only on 
atoms of low velocities or having already been cooled by another process such as 
Doppler cooling.

2.5.3.3 Friction Coefficient
On the other hand we may attempt to define a friction coefficient αSis as we have done 
in the case of Doppler cooling. We thus write:

 F = αSisv  (2.163)

The energy W dissipated by the atom in climbing the potential hill is ( )2 3 ∆ls. At 
speed vp optimum for cooling it does that in time τp = 1/Γp. Thus:

 dW
dt

ls= − =



( )
( )

2 3
2 3

∆ ∆ Γls

p
pτ

 (2.164)

On the other hand, the work done by the atom is equal to force × distance travelled. 
We may thus write:

 dW
dt

F
d
dt

F= =( )distance travelled v (2.165)

Using Equation 2.163, we obtain:

 dW
dt

= −αSis
2v  (2.166)

Identifying v as vcapt and using Equation 2.164 we finally get:

 α
πSis

ls

p

≈ − 





kL

2
2

8
3

∆
Γ

 (2.167)

We identify the light shift by means of Equation 2.43 and the pumping rate by means 
of Equation 2.41 and obtain the following order of magnitude value for the friction 
coefficient for Sisyphus cooling:

 α
ω ω µ

Sis ∼ −
−

kL
L m2

Γ
 (2.168)

We see readily that for a laser detuning much larger than Γ, αSis may be much larger 
than the Doppler cooling friction coefficient, which is given by αDop ∼ −k SL , where 
S is the saturation factor assumed much smaller than 1. What must be realized, 
however, is that the range of velocities over which Sisyphus effect is effective or in 
other words the capture velocity is very small compared to that of Doppler cooling. 
Sisyphus cooling thus acts on very small velocities and, in practice, one relies on 
Doppler cooling to feed the Sisyphus cooling step.
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2.5.3.4 Cooling Limit Temperature
The limit of Sisyphus cooling is readily estimated by means of Figure 2.26 by 
 realizing that at each absorption–emission cycle the kinetic energy of the atom is 
reduced by the work done in climbing the pseudo-potential hill. The depth of the 
well is of the order of Δls. Once the atom has reached a kinetic energy of the order of 
∆ls, it is essentially trapped in the well and can no longer be optically pumped. We 
can thus say that at that point we have:

 k TB Sis ∼ ∆ls
 (2.169)

Using again the value calculated for Δls and assuming a large detuning relative to the 
line width we obtain:

 k TB
m

L m
Sis ∼ 

( )ω
ω ω

µ

µ

1
2

−( )
 (2.170)

One readily observes that a decrease in Rabi frequency ω1μm, that is to say laser 
intensity, could lead to lower temperature. This can be understood by the fact that 
the light shift is smaller for a lower radiation intensity. Laser detuning has the same 
effect. Thus, in principle one could reach very low temperatures by simply reducing 
the laser intensity or by increasing the detuning. The conclusion of this analysis is 
that although Sisyphus cooling acts on a small number of atoms, that is to say those 
having already a low velocity, it can reduce that velocity even more rather efficiently 
and cool a sample of atoms to very low temperatures.

It should be mentioned that polarizations different from those of the radiation 
beams illustrated in Figure 2.26a can be used in order to obtain a similar result. 
For example, the two counter-propagating laser radiation fields could be polarized 
circularly in a σ+–σ– configuration. In such a case, a linear polarization that rotates 
in space is created. This is different from the configuration of Figure 2.26a where 
the polarization alternates from σ+ to linear to σ–. However, although details of the 
interactions that take place are quite different from the case just analyzed, the final 
results obtained are similar and in practice the two schemes of polarization can be 
used (see Dalibard and Cohen-Tannoudji 1989 and references therein).

2.5.3.5 Recoil Limit
Sisyphus cooling, however, is limited by the recoil effect. It should be realized that 
in Sisyphus cooling as in Doppler cooling, fluorescence cycles never cease. Since 
the random recoil ℏk communicated to the atom by the spontaneously emitted pho-
tons is random and cannot be controlled, it seems impossible to reduce the atomic 
momentum spread Δp below a value corresponding to the photon momentum ℏk. 
The condition Δp = ℏk defines the single photon recoil limit, the corresponding recoil 
temperature being set as k T EB R R( )  =2 , ER being the recoil energy of a spontane-
ously emitted photon. If the cooling process reaches that temperature, heating takes 
place through that recoil energy and Sisyphus cooling is no longer efficient (see 
Appendix 2.A). The lowest temperatures that can be achieved with such a scheme is 
thus of the order of a few E kR B. This is of the order of a few microkelvins for heavy 
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atoms such as Rb or Cs. This analysis is confirmed by a full quantum theory and is 
in good agreement with experimental results.

2.5.3.6 Sub-Recoil Cooling
There are ways of reducing the temperature of an ensemble of atoms still further. This 
is a subject known as sub-recoil cooling. What one realizes is that the recoil energy 
results from spontaneous emission. If one could make spontaneous emission velocity 
dependent, one could in principle manipulate the recoil effect. Consequently, if the 
atom could be put in a state where fluorescence vanishes at v = 0, one would create 
a favourable situation where cooling could be done to a temperature below recoil 
since no fluorescence would be present. Such a situation can be created by means of 
coherence population trapping in which two laser radiation fields are used to create 
a non absorbing state (see Section 2.4). In a specific condition where the laser beams 
are circularly polarized and propagate in opposite directions, atoms with speed v = 0 
being in a dark state are not absorbing radiation while those atoms with a given small 
velocity can interact with the radiation. These atoms are excited and can randomly 
fall upon cooling into the dark state condition close to zero velocity. This approach 
has been used by Aspect (Aspect et al. 1989). A similar approach consists in using 
stimulated Raman transitions to favour trapping in velocity space atoms with near 
zero velocity (Kasevich and Chu 1992). These techniques rely essentially on rare 
events that are functions of random walk processes. Another approach for reducing 
temperature still lower consists in using the so-called evaporative technique (Hess 
1986). In that technique, the depth of the potential well used to trap an ensemble of 
atoms is gradually reduced and atoms with energy larger than that of the depth of the 
potential well are left to escape leaving behind those atoms with lower energy. The 
ensemble then consists of atoms with lower energy or lower temperature. These tech-
niques are used in experiments connected to fundamental research on Bose–Einstein 
condensation, for example. They will not be developed further here since they fall 
outside the direct interest of this text.

2.5.4 magneto-oPtical traP

In a molasses, the atoms appear to be trapped in a region of space whose volume 
is about the size of the crossing volume of the six laser beams, that is a cm or so. 
However, this trapping is rather loose in the sense that there is no spatial restoring 
force as such. The force applied to the atoms acts essentially in the velocity domain 
through a friction mechanism while in a real trap the force should act in real space 
forcing the atoms to a single region of space or ideally to a single point. It is possible 
to compensate for that situation by applying to the ensemble of atoms, in conjunc-
tion with the cooling lasers, a magnetic field whose distribution in space is such as to 
introduce a new force that pushes the atoms towards a given limited region of space 
or a point.

The arrangement is called a magneto-optical trap (MOT) and shown in Figure 2.27 
(Raab et al. 1987). The field produced by the two coils is represented in Figure 2.28a. 
The two horizontal coils with current in opposite directions produce a quadrupolar 
field. The field lines are axially symmetric and the field is zero in the centre of the 
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structure. The operation of the system is best understood by examining what happens 
in one-dimension as shown in Figure 2.28b. In order to simplify the analysis, we will 
assume an atom with two states with angular momentum J = 0 for state μ and J = 1 
for state m. There is no hyperfine splitting and the m state splits into three levels 
whose energy increases linearly with increasing magnetic field intensity. An atom 
positioned at z1 is exposed to a magnetic field that splits the upper state J = 1 into 
three Zeeman levels. The laser radiation from the right, polarized σ–, and tuned to the 
red relative to the resonance frequency of the atom at the centre of the trap, where the 
magnetic field is zero, excites the transition from level J = 0, m = 0 to J = 1, m = −1. 
This interaction causes an exchange of momentum. This is reflected by the creation 
of a force as we have calculated earlier. In the calculation it was assumed that the 
atom in motion was exposed to radiation of a frequency displaced by Doppler effect. 
In the present case it is the atom frequency itself that is displaced by the magnetic 
field. We can thus use the same equation for the force (Equation 2.137).

�ree pairs of
orthogonal cooling

laser radiation
beams

Molasses

Two coils carrying a
current I in opposite

directions

I

I

FIGURE 2.27 Configuration of a system that exposes a molasses to a so-called quadrupolar 
magnetic field that introduces a new force that pushes the atom towards the central region 
where the magnetic field is zero. The arrangement is called a magneto-optical trap.
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FIGURE 2.28 Basic functioning of the magneto-optical trap. (a) The current in the coils are 
opposed such as to produce a quadrupolar magnetic field. (b) Two-dimensional representation of 
the energy levels of an atom with a ground state J = 0 and excited state J = 1 submitted to such a 
field around the central part.
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and adapt it to the present situation where the atom resonance frequency is  displaced 
relative to its value in zero magnetic field. The magnetic component of the interac-
tion Hamiltonian is (QPAFS 1989, Volume 1):

 H = g S BJ B zµ  (2.171)

creating the level structure shown in Figure 2.28b. In the present situation, for the 
transition considered in the figure (mJ = −1 to mJ = 0), the resonance frequency of 
the atom is altered by Zeeman effect from its resonance in zero field ωmμ by the quan-
tity −2µBB , in which gJ has been made equal to 2. In such a situation, the force 
exerted by the incident photon on the atom may be written as:

 Fdiss( )
( )

v
v

= −
( ) + + − − { } +





k
k B z

L
R m

L L m B R m

Γ
Γ

ω

ω ω µ ω
µ

µ µ

2

2 24
1

2 2 22 2( )
 (2.172)

On the other hand the magnetic field at the site of the atom is assumed to vary lin-
early as:

 B z Az( ) =  (2.173)

where:
A is the gradient and expressed in T/m

We thus have a force that depends on position, a situation required for the creation of 
a trap. We may assume that the change in frequency is small close to the centre of the 
trap and as we did for the case of the term that depends on velocity, we may expand 
the equation in a power series and keep the linear term only. We then obtain a force 
that depends on velocity and on position within the trap:

 F F z= − −o α κvz  (2.174)

where α has the same definition as previously (Equation 2.144) and κ is defined as:

 κ µ
ω ω

ω ω
µ

µ

=
− −( )
−( ) + ( )

2
2

2 2k ASL B
L m

L m

Γ

Γ
 (2.175)

The force αvZ creates a friction as mentioned earlier and the force −κz pushes the 
atoms towards z = 0 where that component of the force is zero. The wave in its travel 
to the left can interact with an atom that would be situated on the negative side of 
the z-axis. However, its frequency would be off resonance due to its polarization that 
inhibits its interaction with the pair of levels that has the proper resonance frequency. 
The same reasoning applies to a radiation field coming from the left with equal 
intensity and same frequency but with the polarization σ+. The force is symmetri-
cal and the atom is pushed towards the centre of the trap. On the other hand, in the 
case when radiation is applied from the left and the right simultaneously, the force 
Fo cancels as in our previous analysis. We thus have a situation in which atoms on 
each side of the centre of the structure of Figure 2.28a are pushed towards the centre. 
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We can re-create the three-dimensional arrangement used for creating the molasses 
and obtain the same type of force proportional to distance from zero on the other 
axes x and y. The atoms are now within a molasses with their speed reduced by fric-
tion and at the same time within a real trap with its centre situated at the zero of the 
magnetic quadrupole field. The technique was described for an atom with a single 
ground level. In practice, however, atoms used in atomic frequency standards have a 
nuclear spin and a ground-state total angular momentum larger than 0. That ground 
state splits into several Zeeman levels. Consequently, the cooling of atoms even 
using a cycling transition may lead to optical pumping (due to various causes such 
as imperfect circular polarization). Atoms may accumulate in a ground level that 
does not take part in the laser cooling, creating a situation similar to that observed 
in the case of CPT analyzed earlier. Such a trapping state is sometimes called a dark 
state, a notation that should not be confused with the CPT phenomenon itself also 
called a dark state. In that case, it is necessary to re-pump the atoms out of that level 
by an additional laser beam. This is generally implemented without much difficulty. 
The MOT turns out to be one of the most efficient laser-cooled atom trap. At the 
application of the quadrupole magnetic field, the volume of the molasses is seen 
experimentally to reduce in size by an order of magnitude. It has become the main 
tool for research in atomic physics and implementation of new systems in the field of 
atomic frequency standards.

As the reader certainly realized, the use of radiation emitted by a laser and 
reflected on a mirror leads to the creation of standing waves in the environment in 
which the radiation propagates. The standing wave created is stable in space and has 
a constant phase. We have analyzed that situation previously and have arrived at the 
conclusion that the force exerted on the atoms was due, not to a gradient of phase 
since it is constant, but to a gradient of field amplitude.

The force is given by Equation 2.129. It increases with the intensity of the field 
present to which the Rabi frequency ωRmμ is proportional, is function of the laser 
detuning (ωL − ωmμ) and its behaviour looks like a dispersion curve. It was called a 
reactive force. It acts effectively like a trap for the atoms. In the present case, how-
ever, we assumed that the laser radiation field was weak.

Atoms are not trapped then as such in the Doppler cooling that we described 
and that led to the creation of a cooled ensemble that we called a molasses. It is 
found that in such a weak field situation, interference terms appear in the interaction 
of the atomic dipoles with the two waves travelling in opposite directions. These 
terms are spatially modulated over a half wavelength and their spatial average is 
zero. In weak fields the atoms in their motion have sufficient energy to traverse sev-
eral of those modulation cycles and average those terms. The interaction from the 
two counter-propagating waves contributing to the friction coefficient α can thus be 
considered independently as we did and can be summed up (Cohen-Tannoudji and 
Guéry-Odelin 2011).

2.5.5 other exPerimental techniques in laser cooling anD traPPing

We have described above the so-called technique of laser Doppler cooling. The 
technique is applied to an ensemble of atoms in a vapour state. Historically, the 
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first experiments on laser manipulation of atomic speeds and cooling were done on 
beams of atoms such as sodium. With atomic beams, a complication arises in the 
deceleration process because of the changing Doppler shift itself with deceleration. 
As the atom velocity changes, the laser frequency seen by the atom in its rest frame 
also changes and the resonance condition is no longer fulfilled, the laser frequency 
becoming off resonance with the atom.

A compensation for that changing Doppler shift during the atom deceleration 
can be done by modifying either the laser frequency ωL or the atomic resonance 
frequency ωmμ. Along this line of thought, several solutions have been proposed 
and demonstrated. So-called Zeeman-slowing and laser chirping have been the most 
commonly used methods. In the first case, frequency tuning is achieved with a spa-
tially varying Zeeman frequency shift induced by an inhomogeneous static magnetic 
field. Experiments using such an approach were done on a sodium beam (Phillips 
and Metcalf 1982; Prodan et al. 1982). The atoms could even be stopped producing 
a small volume of cold atoms (Prodan et al. 1985). In the second case, the laser fre-
quency is swept (chirped) so as to follow the changing frequency shift due to Doppler 
effect during deceleration (Letokhov et al 1976; Balykin et al. 1979; Phillips and 
Prodan 1983).

These cooling techniques, although interesting on their own, turned out to be 
useful in the field of atomic frequency standards. As we mentioned, molasses have 
limitations in capturing a large number of atoms, since the cooling lasers interact 
through detuning of a few Γ with a limited number of atoms at rather low velocities. 
The number of atoms captured is a function of the laser detuning and is limited by 
the natural line width of the atoms in question. Consequently, if the atomic ensemble 
is pre-cooled by some technique, more atoms are captured by the molasses. In prac-
tice, this can be done by feeding the atomic ensemble, from which the molasses is 
extracted, by means of an atomic beam consisting of atoms whose speed has been 
reduced by transfer of momentum from laser radiation. The two techniques just men-
tioned can thus in principle be used for that purpose. On the other hand, we have 
seen that the molasses is rather efficient in cooling an ensemble of atoms in a small 
volume particularly if a quadrupole magnetic field is applied to the atomic ensemble. 
An interesting development took place when it was realized that the MOT could 
be altered in such a way that a beam of slow atoms could be extracted from it. The 
arrangement is called a 2D MOT (Monroe et al. 1990; Riis et al. 1990; Dieckmann 
et al. 1998). It could then be used for feeding an actual molasses increasing consider-
ably the number of atoms captured. We will introduce at this point these techniques 
by which low velocity atomic beams can be created.

2.5.5.1  Laser Atom-Slowing Using a Frequency Swept 
Laser System: Chirp Laser Slowing

In the chirping technique, a laser beam counter-propagating to the atomic beam, 
tuned slightly to the red relative to the rest frequency of the atoms, is used to reduce 
the speed of a group of atoms within a range of velocities. During slowing, the 
atoms are driven out of resonance, their Doppler shift changing with their chang-
ing speed. To compensate this effect, a modulation having the form of a ramp is 
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applied to the laser diode driving current. This has the consequence of sweeping 
the laser frequency, maintaining resonance with the atoms at every instant. A sche-
matic diagram of a laser chirping system is shown in Figure 2.29. In the particular 
setup shown, atoms of Cs, for example, originate from a reservoir heated at ~90°C. 
The pressure difference between the oven and the loading chamber produces an 
effusive jet which is collimated generally by an array of capillaries. In a typical 
case, the thermal beam travels over a distance of the order of 50 cm during which 
the speed of the atoms is reduced by the laser radiation. The atoms enter a region 
called capture region where they can be used for other experiments. The laser cur-
rent is driven by a source modulated by a ramp generator. The laser radiation is 
thus chirped and, when the chirping rate is appropriate, the radiation propagat-
ing against the beam direction is tuned to compensate for the changing speed or 
Doppler shift seen by the atoms. The radiation interacts with the atoms over the 
full length and reduces their longitudinal velocity through the momentum exchange 
mechanism described above.

In a simple calculation, the time required to stop an atom with initial velocity vo is 
calculated as Δt = vo/a, and the required length of travel, ΔL, is given by:

 ∆ ∆L a t
a

= =1
2 2

2
2

( )
vo  (2.176)

where:
a is the average deceleration rate of the atom

As just explained, in order for the laser to compensate for the changing speed of the 
atom, it must be continuously retuned. The Doppler shift as seen by the atom is given by:

 ωD Lk= v  (2.177)

where:
v is the atom speed

Ramp
generator

Current
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Laser
Atomic beamSource of
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FIGURE 2.29 Schematic diagram of the slowing of an atomic beam by means of laser 
chirping. The central region is called loosely the capture region although the atoms are not 
trapped as such. The atoms in that region, whose speed has been considerably reduced, or 
have even been stopped in their motion in the z direction, can be used for other experiments. 
Although not made explicit, the laser frequency is generally stabilized by means of a tech-
nique outlined earlier.
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The change in speed by Δv upon deceleration and the change in laser angular fre-
quency must be equal:

 ∆ ∆ωD Lk= v  (2.178)

The laser frequency must then be changed at the same rate as the change in speed of 
the atoms. We thus set:

 d
dt t

k
d
dt

L D
L

ω ω= =∆
∆

v  (2.179)

where:
dv/dt is the rate of change of velocity

Assuming that the laser radiation intensity is very large such as to make the Rabi fre-
quency ωRμm much larger than Γ/2, the force applied to the atom is given by Equation 
2.121 leading to a maximum rate of change of velocity given by

 d
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We thus obtain a required sweep frequency equal to

 ν = ν
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We need to apply this sweep for a time τrep that depends on the original velocity vo 
of the atoms in the beam velocity spectrum selected by the choice of the laser initial 
frequency. This, of course, is also a function of the temperature of the source. That 
time is calculated as:

 τrep
o

rec

= v
v ( )Γ 2

 (2.182)

The sweep can thus be repeated at the rate 1/τrep in order to accumulate a larger 
number of atoms in the region called capture region in Figure 2.29. From the anal-
ysis just made, we note that, selecting a velocity vo of 300 m/s, the length required 
for reducing that speed to zero is 0.76 m. On the other hand, we require for Cs 
a frequency sweep νsweep  =  68.35  MHz/ms; for Rb we need a frequency sweep 
νsweep = 145 MHz/ms.

The disadvantage of the frequency chirping techniques lies in its pulsed nature. 
As a result, a smaller number of slow atoms per second is generally produced as 
compared to other techniques to be described below.

2.5.5.2 Laser Atom-Slowing Using Zeeman Effect: Zeeman Slower
The Zeeman slower technique uses a spatially varying magnetic field to shift the 
energy levels of an atom. The atomic transition frequency during the complete 
atom’s forward trajectory is thus changed automatically in order to compensate for 
the Doppler shift reduction caused by the deceleration.
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A Zeeman slower thus consists of an atomic beam tube inside which a magnetic 
field is applied to shift the energy levels of the atoms moving along the axis. With 
the appropriate field profile, atoms moving through the tube can be decelerated effi-
ciently by a counter-propagating laser beam of constant frequency. A schematic dia-
gram of a Zeeman slower is shown in Figure 2.30. In order to illustrate the technique, 
the variation of the S1/2 and P3/2 states of 85Rb with the applied field is sketched in 
Figure 2.31. For the two transitions shown, the resonance frequency varies linearly 
with the applied magnetic induction B according to:

 ∆ω µ
z

B B= ±


 (2.183)

When both the Doppler shift and the magnetic field are taken into account, the frequency 
of the atom and the frequency of the laser seen by the atom are shifted. We define:

 Ωo = −ω ω µL m  (2.184)

and

 Ω Ω ∆= + −o kL xv ω  (2.185)
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FIGURE 2.30 Block diagram illustrating the principle of laser Zeeman slowing.
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or

 Ω Ω= +o vk BL
B∓
�

µ  (2.186)

where we have introduced the Doppler shift kLv seen by the atom moving against 
the laser radiation beam. With an appropriate field profile, atoms moving through 
the tube can be decelerated efficiently by the counter-propagating laser beam main-
tained at a constant frequency. The resonance condition (Ω = 0) for Zeeman-tuned 
slowing can then be written as:

 Ωo v+ =k BL
B∓
�

µ
0  (2.187)

To maintain the atom in resonance with the counter-propagating laser radiation field, 
the magnetic field must be shaped accordingly in order to satisfy the equation:

 B k
B

L( )z = +( )

µ
Ωo v  (2.188)

where v is altered by the laser radiation according to the analysis we have made 
earlier. For a constant deceleration a, the velocity changes as v2 and the field must be 
shaped accordingly. Using Equation 2.183, B(z) must be shaped as:

 B z k az
B

( ) = + −( )

µ
Ωo oL v2 2  (2.189)

In order to avoid optical pumping and increase efficiency, v circularly polarized light 
is used to drive a transition between the extreme hyperfine energy levels, that is to 
say a cycling transition. In σ+ slowing, the atoms decouple from the field when the 
magnetic field gradient becomes larger than the allowable value determined by the 
maximum deceleration. In σ− slowing, the atoms decouple from the field at the maxi-
mum field location since the resonance retreats to higher velocities after that. These 
important differences are manifested in real magnetic fields (as opposed to ideal 
fields) and make it difficult if not impossible to extract slow atoms from a σ+ slower. 
The coils are somewhat voluminous, require a large current to shift the energy levels 
and thus sometimes, depending on construction, require water cooling.

It should be mentioned that the type of Zeeman atom slower just described is 
relatively complex to build and furthermore cannot be altered easily when built. The 
setup is generally not demountable. In order to avoid this complication and create a 
system easily adaptable to various atoms and situations, a Zeeman slower configu-
ration based on the use of an array of permanent magnetic dipoles (MD) has been 
proposed (Ovchinnikov 2007). The system has the extra desirable advantage of not 
requiring electrical power and water cooling. In addition, the whole system can be 
assembled and disassembled at will, a property that is desirable regarding questions 
related to vacuum and bakeout. The magnetic field may be oriented transversely 
or longitudinally in relation to the direction of the atomic beam and laser radiation 
beam. A typical experimental goal of such Zeeman slowers was to slow Sr atoms, 
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for example, from an initial velocity of 420 m/s to a final velocity of 25 m/s over a 
length of 25 cm. Such a transverse slower using permanent MD has been success-
fully implemented for use in a Sr optical clock (Ovchinnikov 2008).

In the transverse Zeeman slower, laser radiation with linear polarization is used, 
which can be decomposed into σ+ and σ– radiation for cooling by means of the 
appropriate cycling transition. Due to the fact that only one polarization is used, the 
transverse slower demands twice as much laser power, when compared to standard 
longitudinal slowers. On the other hand, the transverse Zeeman slower, in which the 
magnetic field changes its sign (spin-flip type), is working only for atoms without a 
large splitting of their ground state (e.g., Sr or Yb). For atoms like Rb and Cs, where 
there is significant splitting of the ground state, linear polarization prevents excita-
tion to the proper cooling state, which results in the loss of the decelerated atoms in 
the region where the magnetic field becomes zero. A transverse Zeeman slower has 
recently been perfected through the use of a MD distribution adapted from a so-called 
Halbach configuration (Cheiney et al. 2011). In the Halbach configuration, the direc-
tion of each of the MD within an array is such as to create a field in a preferred direc-
tion in a region of space and cancel the field in another region (Halbach 1980). In the 
setup used by Cheiney et al., 8 MD, 6 × 6 mm cross section and 14.8 mm length, with 
specific Halbach orientation are distributed in an annulus around the beam (Cheiney 
et al. 2011). Such a section is repeated eight times along the beam and forms a slower 
about 1  m long. The diameter of the annulus varies from about 50  mm to about 
30 mm along the beam axis. A rather uniform transverse field is created, which var-
ies along the length by ΔB = 388 G. In order to avoid low field level crossing in the 
P state of Rb, for example, at about 120 G, a bias field of 200 G is applied on the 
full length. The authors report a very smooth varying field all along the slower and 
homogeneity of the order of 1 G across the atomic beam. The slower operates on the 
transition from S1/2 to P3/2 (D2 line, 780 nm) tuned to −800 MHz below the atom rest 
resonance. Because of the transverse configuration, π polarization is used of which 
the σ– component is used to excite the cycling transition F = 2, mF = −2 to F = 3, 
mF  =  −3. The presence of the σ+ polarization causes other transitions and some 
atoms decay to the level of the ground state that is not used in the cooling process. 
For this reason, a repumping laser is used to remove atoms from that so-called dark 
state. The slower was used to feed a MOT. The captured velocity of the slower was 
evaluated to be 450 m/s and the measured output flux was up to 5 × 1010 atoms/s at a 
speed of 30 m/s. A MOT could be loaded with more than 1010 atoms in one second.

The design of a longitudinal Zeeman slower, in which the magnetic field changes 
sign along the beam length has been found to be very efficient when properly designed 
(Slowe et al. 2005). In that particular design the field varied from 200 to −100 G and 
used laser repumping from the ground F = 2 state to the excited P state F = 2. The 
capture velocity was of the order of 320 m/s and the exit velocity was 40 m/s. In their 
case the exit velocity could be altered by varying the current in the last section of the 
winding, which could be driven independently of the main solenoid. Their special 
design including a source and initial transverse cooling led to a flux over 3 × 1012 
atoms/s with a transverse temperature of 3 mK.

On the other hand a longitudinal Zeeman slower using MD arrays, which does 
not have the disadvantage of the transverse slower, such as limitation to Sr and Yb 
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atoms and the requirement of a larger laser power, has been proposed (Figure 2.32) 
(Ovchinnikov 2012). The slower is typically made of two groups of four arrays of 
MD distributed symmetrically around the atomic beam axis with a space between 
the two groups. For example, in the Sr slower, each array of the slower entrance 
group consists of 16 MD (8 mm long and 20 mm diameter). The second group of 
arrays made of similar MD, with polarity opposed to the first group, is situated at 
the other end of the slower or exit and is spaced from the first group by 58 mm. It is 
made of 6 MD. A schematic diagram of the arrangement is shown as a cross sec-
tion in Figure 2.33. The distance of the individual MD from the beam axis is given 
as a table and the resulting field is calculated in the reference (Ovchinnikov 2012). 
The atoms go through a zero field (so-called spin-flip) between the two groups. The 
field changes from −300 G to +300 G and is rather homogeneous. The system is 
designed for a capture velocity of 410 m/s and an exit velocity of 25 m/s with a cool-
ing frequency tuned to the red, 476 MHz below the atom resonance at rest. In the 
case of Rb, the system is designed in a similar way but with the arrays consisting 
of 19 and 6 MD for the input and output groups respectively, separated by 125 mm. 
The MDs have a diameter of 30 mm and 20 mm length. The calculated field changes 
from −118 to 116 G avoiding the crossing of the P state levels. The design is made 
for a capture velocity of 275 m/s, an output velocity of 25 m/s and a cooling laser 
frequency tuned to the red by 196 MHz. These slowers appear to be rather promising 
regarding simplicity compared to the solenoid approach and should give a beam flux 
of a similar intensity.

2.5.5.3 2D Magneto-Optical Trap
A device providing a slow beam of atoms can be implemented directly from the 
magneto-optical trap described previously. For example, the top vertical laser beam 
in Figure 2.27 can be replaced by a laser beam with a so-called narrow dark column 
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FIGURE 2.32 Cross section (y0z plane) of the MD horizontal Zeeman slower proposed for 
slowing Sr atoms. The longitudinal magnetic field goes through a zero between the two pairs 
of stacked MDs. A similar symmetrical arrangement is mounted in the x0z planes. In the case 
of Sr, stacks A are made of 16 MD and stacks B are made of 6 MD. A simpler version of this 
set up was tested in an actual Sr clock setup. (Data from Hill, I.R. et al., A simple, configu-
rable, permanent magnet Zeeman slower for Sr. In Proceedings of the European Forum on 
Time and Frequency 545, 2012.)
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in its centre. The atoms are accelerated out of the trap through the dark column by 
the detuned counter-propagating laser beam, which acts as a pusher. With a 0.6 mm 
diameter hole, a flux of the order of 5 × 109 atoms/s at a speed of 14 m/s and a spectral 
width of 2.7 m/s could be realized (Lu et al. 1996).

Another approach used to form a beam of slow moving atoms is the so-called 
two-dimensional magneto-optical cooling. Since it traps the atoms by means of a 
transverse magnetic field gradient in two of the dimensions of the MOT described 
earlier, the device has been given the name 2D-MOT. The technique was first used to 
cool and compress atomic beams transversally (Riis et al. 1990). It was soon realized 
that two-dimensional cooling could be used to produce a beam of cold atoms out of 
a vapour cell (Monroe et al. 1990; Dieckmann et al. 1998; Camposeo et al. 2001). 
Several types of 2D-MOT have been implemented and can be classified grossly as 
follows.

2.5.5.3.1 Basic 2D-MOT
That type uses two orthogonal pairs of laser radiation beams that transversally cool 
atoms in a vapour cell. Two pairs of elongated coils provide a quadrupole magnetic 
field for the MOT with zero field along the z-axis on which the atoms are confined. 
The atomic beam emerges from a collimator centred on the z-axis. A flux of up to 
6 × 1010 atoms/s has been achieved and geometrical filtering can limit the mean lon-
gitudinal velocities to below 30 m/s.

2.5.5.3.2 2D-MOT+

In that type of 2D-MOT, an additional laser radiation beam pair along the z-axis 
is added to cool the atoms longitudinally. The setup is given the name MOT+. The 
mean velocity along the z-axis may reach a value below 10 m/s, which means that 
more atoms can be captured in a 3D-MOT when fed from such a source of atoms. 
Typically, the flux has been found to be of the order of 1010 atoms/s.

2.5.5.3.3 2D-MOT with Pusher
A thin red-detuned pushing laser beam along the z-axis may be added to push the 
atoms of a 2D-MOT towards a chosen spot, hole, or collimator, from which they 
emerged and can be used. The arrangement is particularly efficient for those atoms 
with negative or small longitudinal velocity components. This pusher technique can 
increase the atomic flux by a factor of 2 - 5.

The principle of operation of a 2D-MOT is in general similar to that of the MOT 
described earlier, that is to say Doppler cooling of an atomic vapour, but in two 
(x and y) rather than three dimensions, and the use of magnetic field gradients along 
the x- and y-axes. Two orthogonal pairs of counter-propagating laser beams having 
opposite circular polarization and with a frequency below the cooling transition (red-
detuned) are directed into a vapour cell. In combination with the two-dimensional 
magnetic quadrupole field, the laser radiation creates a radial restoring force towards 
the region of zero magnetic field and thus encloses a finite volume. The magnetic 
field splits the excited state into its Zeeman sub-states. In such a situation, as in the 
MOT described earlier, the transitions to the lower Zeeman sub-states (which differ 
on each side of the MOT) are closer to resonance with each inward beam, pushing 
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atoms effectively initially slow enough towards the centre and trapping them along 
the z-axis. A schematic of such a 2D MOT is shown in Figure 2.33. The component 
of velocity of the atoms in the longitudinal direction is not altered. The cooling takes 
place in the radial direction. Hence, upon interaction with the laser radiation, the 
atoms travel on a skewed trajectory into the centre of the 2D MOT. It is assumed that 
the pressure inside the cell is low and that the mean free path of the atoms is larger 
than the cell dimension. In that case, atoms are not removed from the cooling region 
through collisions. In such a situation, atoms with a high velocity component in the 
z direction need to be nearly on the axis to escape through the output tube if it is long. 
Consequently, only atoms with very low speeds on the z-axis escape through the tube 
and a beam of slow atoms is formed.

The beam has no privileged direction along the z-axis. However, it is possible to 
make it unidirectional and improve the output flux by means of a so-called weak 
pushing laser beam oriented along the +z-axis, that is in the same direction as that of 
the desired atom beam. In a typical case, an atom flux at a speed of 25 m/s with a nar-
row speed spectrum (of the order of 7.5 m/s) is observed. A flux of 6 × 1010 atoms/s 
was obtained with laser power of 160 mW per cooling beam for a MOT length of 
90 mm (Schoser et al. 2002). A 2D-MOT constructed at the SYRTE laboratory in 
Paris is shown in Figure 2.34.

The trap is made of titanium, which is non-ferromagnetic and equipped with five 
windows. The windows are treated with an antireflection coating at the wavelength 
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FIGURE 2.33 Schematic of a 2D MOT consisting of a vapour cell, normally fed from a 
beam of atoms, two pairs of anti-Helmholtz coils, and two pairs of counter-propagating laser 
radiation beams with circular polarization. The collimator output tube forms a beam of slow 
atoms. (Data from Schoser, J. et al., Phys. Rev. A 66, 023410, 2002.)
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of the laser used. The pressure inside the trap is of the order of 10–9 mbar. The system 
uses a laser beam pusher of a few microwatts. The velocity of the atoms at the exit of 
that particular trap was measured to be ~9.5−10 m/s and the atomic flux was evalu-
ated to be ~4.2 × 109 atoms/s (Chapelet 2008).

2.5.5.4 Isotropic Cooling
Isotropic cooling is a technique that was suggested as a possible approach for slow-
ing down atoms in a beam. It was experimented first in two dimensions on a Na beam 
(Ketterle et al. 1992) and on 85Rb (Batelaan et al. 1994). It was realized experimen-
tally in three dimensions on Cs atoms (Aucouturier 1997; Guillemot et al. 1997). 
We will describe this last case where isotropic cooling is accomplished in a cell.

There are some advantages of cooling in isotropic light. In the conventional cool-
ing configuration, atoms undergo a radiative friction force only in the intersection 
region of the collimated laser beams travelling in three orthogonal directions. In the 
isotropic cooling scheme, the whole cell is irradiated by light coming from all direc-
tions or in other words by isotropic radiation. As a consequence, all atoms contained 
in the cell undergo a radiative friction force. The main advantages of the isotropic 
cooling relative to the classical geometry are thus: large number of cooled atoms and 
considerable simplification of the optical setup.

An isotropic laser field can be realized, for example, by storing energy of a laser 
field in a cavity with a highly reflecting internal surface, relying on the multiple 
reflections (or scattering) of the laser light inside the cavity. In the same manner as in 
the case of the so-called integral sphere used in metrology laboratories, the reflectiv-
ity or diffusivity chosen for the appropriate optical wavelength (e.g., 852 nm in the 
case of Cs) is used to build an isotropic laser field, recreating grossly the conditions 
for a 3D optical molasses as shown in Figure 2.35.

FIGURE 2.34 Photograph of the 2D MOT+ constructed at the SYRTE laboratory of Paris.
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It is important to note that in practice exact field isotropy is difficult to reach. It 
can also be added that the geometry in which the cavity is fed with six fibres is some-
what close to the standard configuration of an optical molasses. The advantages of 
isotropic cooling relative to the classical geometry reside essentially in a simplifica-
tion of the optical system and the large number of atoms trapped.

In the following elementary analysis, we consider the case of an atom that pos-
sesses two energy levels m and μ and moving at velocity vo. It interacts with a laser 
beam with an angle θ with respect to v. The atom in its motion sees the laser light 
with an altered frequency displaced by Doppler effect by the quantity k·v. The inter-
action may be illustrated as in Figure 2.36.

We have derived earlier the force exerted on the atom by a photon incident in a 
direction in opposite direction to the atom velocity v (Equation 2.137). In that case, 
in order to have resonance between the laser radiation and the atom, the frequency 
of the laser must be detuned to the red by the quantity kLv. Similarly, in the present 
case, referring to Figure 2.36, and the definition of the angle θ, the frequency of the 
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FIGURE 2.35 Setup for cooling an ensemble of atoms in a cell by means of isotropic laser 
light. Laser radiation is reflected by the highly polished surface of the enclosure and all atoms 
are submitted to the laser radiation. The case shown is realized by means of 6 optical fibres 
feeding the cavity with laser radiation. In a first experimentation, 14 optical fibres were used 
to feed the cavity. (Data from Guillemot, C. et al., 3D cooling of cesium atoms with isotropic 
light. In Proceedings of the European Forum on Time and Frequency 156, 1997.)
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FIGURE 2.36 Illustration of the concept of isotropic cooling discussed in the text. (a) The 
level structure of the atom in interaction with the incident photon. (b) Photon incident on the 
atom at angle θ measured from a direction when the propagation is opposite to the atom motion.
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laser must be detuned to the red by the quantity kLv cosθ to obtain resonance in order 
to take into account the component of velocity along the direction of propagation of 
the radiation. The force may then be written as:
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Exact resonance, for an atom speed va and laser tuning ωL1, is obtained for an inci-
dent photon direction θ1 satisfying the relation:

 ω θ ω µL L mk1 1 0+ − =va cos  (2.191)
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This is a rather interesting condition for resonance. Since radiation comes from all 
directions or all angles θ, we may question the exact effect of the presence of such 
radiation on the final state of the atom. What is concluded directly from that equation is 
that all photons coming at the angle θ1 are at exact resonance with the atom since they 
have all the same frequency detuning. Thus, they form a cone of angle θ1 in space as 
in Figure 2.37a. After a photon-emission cycle, the atom slows down and va is smaller. 
From Equation 2.192 it is observed that the atom is now in exact resonance with the 
radiation coming at a smaller angle θ since va is smaller and the radiation frequency 
remains the same. Consequently, the cone has a smaller angle θ. The process takes 
place until the angle becomes 0 and the cone closes on itself as shown in Figure 2.37b.

We realize that this process takes place for all directions of the atomic motion 
and, in principle, all directions of velocities are reduced. The process takes place 
on a sphere and is thus isotropic. From Equation 2.192, the closing of the cone takes 
place when va reaches a limiting value:

 v lima = ΩL

Lk
1

 (2.193)

If the laser detuning is such as to make ΩL1 = Γ, a detuning by one natural line width, 
we have for Cs, with radiation tuned to the D2 transition (852 nm, kL = 7.37 × 106), 
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FIGURE 2.37 Illustration of the cone formed by the atom-photon interaction for exact reso-
nance for an atom at velocity va and angle of incidence of the photon. (a) Initial situation 
before the absorption–emission cycle. (b) Closing of the cone upon cooling.
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vlim = 4.4 m/s. Cooling takes place efficiently until that speed is reached since  radiation 
at the proper angle is always present in such an isotropic situation. The system is auto 
regulating, radiation coming from all angles. Below the limiting speed, light is no 
longer exactly resonant with the Doppler shifted laser frequency and cooling takes 
place less efficiently. The cooling takes place as in a molasses with collimated light. 
In practice the number of atoms cooled is of the order of a few ×109.

The whole process of course is a type of Doppler cooling and has the same limit 
as in the case of the molasses. Because of the discreteness of the process, there is 
random walk and diffusion in the spontaneous emission that takes place. The limit is 
of the order of 150 μK. In practice, however, the temperature obtained is more than 
an order of magnitude lower. Other slowing mechanisms take place such as Sisyphus 
cooling that was mentioned earlier.

Such atom cooling in a cell appears to open possibilities regarding the implemen-
tation of a small frequency standard, since it addresses the exact goal of reducing 
Doppler effect (Guillot et al. 1999). This avenue has been studied and will be covered 
in Chapter 3 (Pottie 2004; Esnault et al. 2008; Esnault 2009).

2.5.5.5 Optical Lattice Approach
We have insisted on the difficulties created by Doppler effect in using atoms in 
motion for implementing in practice a frequency standard. Classically, Doppler 
effect shifts the resonance frequency of an atom in motion at speed v by the quantity 
kv, which, in H, for example, is 12  kHz at the ground-state hyperfine frequency 
of 1.4 GHz at room temperature. This corresponds to a fractional shift of parts in 
10–5 and is of course very large. Furthermore, the speed is spread over a Maxwell 
distribution, function of temperature, and it is even unthinkable to resolve broad-
ened spectral lines to the extent required to reach 10–17–10–18 accuracy and 10–16 
stability desired at one second. We have just shown that laser cooling is a means to 
considerably reduce the effect. However, several other approaches have been devel-
oped, which were described in QPAFS (1989) and reviewed in Chapter 1, to simply 
get rid of Doppler effect. In the microwave classical frequency standards described 
earlier, Dicke approach is used in several cases. For example, in H masers, a storage 
container that restricts the motion of atoms to a field of the same phase is used. In 
some other cases, a buffer gas is used in which the motion of the atoms is limited 
by diffusion. Absorption and emission then take place in a field of the same phase 
and consequently Doppler effect is absent. There are other approaches such as pulse 
techniques either in space or in time taking advantage of the preservation of phase 
by an atom in motion. This is the technique used in the Cs clock, in which the atoms 
form a beam that interacts with the microwave radiation for a short time at different 
regions in space. The atoms, being free, keep their phase in their motion and interfer-
ences take place which leads to fringes and a narrow resonance line. All these tech-
niques have been perfected to the point where conceptual improvements can hardly 
be imagined. We have seen that attempts at improving the H maser technology by 
reducing its temperature to the cryogenic region hardly improved its performance 
because of the presence of other effects inherent to the actual storage concept used, 
which appeared at low temperatures. We have just studied atom laser cooling in 
this chapter. We will see in Chapter 3 how that technique, reducing atomic velocity 
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and temperature considerably, has led to orders of magnitude improvement of the 
classical Cs beam clock through the use of the atomic fountain concept. Similarly, 
laser cooling in small electromagnetic traps has led to improvements in microwave 
frequency standards using ions such as Yb+ and Sr+.

It is realized, however, that in all those implementations the atomic resonance 
phenomenon used and observed takes place at microwave frequencies. A simple 
reasoning leads to the conclusion that if a higher frequency were used, the frac-
tional frequency stability and accuracy would be increased at the condition that the 
perturbations that cause the instabilities and inaccuracies remain at the same level 
than those observed at microwaves. Consequently, if atomic transitions at frequen-
cies of the order of 500 THz in the optical range could be used, a substantial gain 
would result. Several types of lasers emit radiation at those frequencies. However, 
their emission line width is very large due to Doppler effect just emphasized and 
their frequency is essentially determined by the FP cavity needed for their opera-
tion. Solid-state semiconductor lasers are also rather unstable, their frequency being 
determined by the driving current and the temperature, which alter the dimensions 
of the cavity which is formed normally from the substrate itself. In practice all those 
lasers must be stabilized somehow by locking their frequency to external cavities 
and narrow atomic resonance references. We have described earlier the stabiliza-
tion of lasers on such external cavities. The techniques described improve their 
spectral purity. In QPAFS, Volume 2 (1989), and in the present chapter, we have 
also outlined techniques for locking such lasers to atomic resonance lines, either by 
means of broad linear absorption (fully Doppler broadened) or by means of satu-
rated absorption (narrowed to their natural line width) in cells containing atomic 
vapours with quantum resonance transitions corresponding to the laser frequency. 
We have reviewed these techniques in the present chapter. However, even in the case 
of saturated absorption, those techniques have limitations, reflecting the properties of 
the atomic resonance cells, affected by various perturbations. The main problem in 
using atomic transitions at optical wavelengths is that it is not possible to construct a 
classical mechanical trap that would be small enough to fulfil Dicke criteria to inhibit 
Doppler effect that broadens the line. It appears that the only approach is to reduce 
their speed. This is what we have described above through the concept of laser cooling 
leading to the MOT. In a MOT, with an atomic cloud of the order of several millime-
tres in diameter, atoms may have a residual temperature of the order of several tens 
of microkelvins leading, for example, to a residual velocity of a few centimetres per 
second for an atom with a mass of a few hundred atomic mass units. This corresponds 
to a Doppler shift of the order of Δν = k va/2π ~ 100 kHz at a frequency in the range 
of 400–500 THz or a fractional frequency shift of the order of 10–10. This is very 
large and cannot be controlled or evaluated at the level of frequency stabilities and 
accuracies of the magnitude of those obtained in microwave standards. Consequently 
another method has to be imagined to get rid of Doppler effect at optical frequencies.

Thus, atoms must be essentially at rest or, if moving, not experience a change of 
phase of the radiation they are exposed to. Consequently a travelling wave is out of 
the question and the dimension of the storage box, such as a cavity, must have dimen-
sions less than 1/2 wavelength. Mechanical boxes of the order of 1/2 wavelength at 
optical frequencies are not practical.
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We have seen that it is possible to influence the motion of atoms by means of 
radiation fields. Forces on atoms created by static magnetic fields are very small 
and their use to store atoms would cause important frequency shifts because of the 
field amplitude required. In MOT, upon application of a magnetic field, the force 
is relatively large because it originates from the incidence of photons on the atom 
causing a transfer of momentum, at a rate which may be as large as the decay rate 
of the excited state. The effect takes place through absorption–emission cycles with 
appropriate polarization rather than by means of a direct effect of the interaction 
of the applied magnetic field to whatever magnetic moment may exist in the atom 
in question. However, we have noted that the interaction of the electric field of that 
radiation with the atom is much stronger than the interaction with the magnetic field. 
The electric field induces an electric dipole in the atom, interacts with this dipole 
and, if its frequency is the same as the difference in energy from the ground state 
to an excited state, it may excite transitions if they are allowed by symmetry of 
the wave function of the states in question. We have analyzed that phenomenon in 
detail in QPAFS (1989). However, we have found another effect that appears when 
the frequency applied is not exactly equal to the resonance frequency of the atom: 
the interaction causes a shift of the energy levels in question, a light shift which was 
used in the Sisyphus cooling process described above. This shift in the energy level 
is similar to the shift of a static electric field on the energy levels of an atom. The 
shift is proportional to the square of the electric field and for this reason the alternat-
ing electric field of the incident wave has a net effect on the position of the levels. 
We have calculated the effect of this phenomenon on the hyperfine levels of an atom 
and found that for the microwave hyperfine transition that we were interested in 
for implementing a frequency standard, its effect was actually undesirable since it 
shifted the hyperfine resonance frequency of the transition.

However, the effect can be used for the purpose of trapping if an arrangement in 
which this shift in the energy levels is made to vary in space to produce a potential. 
If that potential shows periodic minimum values, small wells or traps can be created. 
This is readily feasible by means of a standing wave. Such a wave has nodes of zero 
field and crests of high field whose positions in space do not vary. Consequently their 
phase is constant. The interaction of an atom with that field is then periodic in space 
and small potential wells are created, where atoms could be trapped if their kinetic 
energy is smaller than the well depth.

We have calculated such effect in the present chapter using a laser as a source of 
the radiation creating a standing wave. We wish to extend that analysis to the present 
purpose of trapping. The situation is made explicit in Figure 2.38 in which an atom 
with two energy levels is exposed to a standing wave radiation field.

We adapt our notation to that generally used in that field and express the displace-
ment of an energy level in second order in the electric field by the expression:

 δ α ωE
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where:
αi is the dynamic polarizability of state i
EL is the electric field amplitude of the laser radiation at the site of the atom
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The polarizability of the atom is proportional to the oscillator strength or the electric 
dipole matrix element dmμ. The displacement can also be expressed in terms of the 
Rabi frequency ωRμm defined earlier in Equation 2.57.

 ω µµ λ µRm
L L
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m e
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r e  (2.195)

On the other hand, the standing wave represented in Figure 2.39 may be written as:
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FIGURE 2.38 (a) Schematic representation of the two energy levels used in the present 
analysis showing the laser frequency ωL largely detuned from the atom resonance frequency 
ωmμ. (b) Representation of the standing wave (electric field only).
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FIGURE 2.39 Illustration of a 1D laser lattice. The graph is essentially a representation 
of Equation 2.197. Only one half of the breadth of the lattice is shown in order to make well 
shapes explicit. w is the laser beam waist. The vibration states in the wells are not shown. 
Although only one atom is shown in a given well it is possible that a well contains several 
atoms. For low electric fields (low laser power) the wells depth is shallow and the atoms may 
tunnel from one well to the next.
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where:
w(z) is the beam waist at position z

The atom frequency shift in the presence of such a spatial field distribution may be 
interpreted as a potential:
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where Uo is given by:

 U EL Lo = − ( )α ω 2  (2.198)

For the purpose of illustration, for a far detuned laser frequency, the polarizability 
can be written as:
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leading to the potential
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and a similar expression for Um. The calculation we did earlier regarding the force 
exerted on an atom by a laser radiation beam led to a dissipative and a reactive 
force. As was made explicit, the dissipative force is used in atomic beam cooling 
and molasses. On the other hand, we noted that the reactive force obtained could be 
derived from a potential given by Equation 2.134. Making the same kind of approxi-
mation as we did above, that potential for large detuning:

 ω ω νL m− >> Γ  (2.201)

leads to the same potential as the one obtained above.
We take note that the radiation used for the trapping may be detuned to the red 

or to the violet relative to the resonance frequency. The potential well changes sign 
from one case to the other and the force exerted on the atoms being the gradient of 
the potential also changes sign. The atoms are thus forced towards either a minimum 
or a maximum of the field depending on the sign of the polarizability.

It is thus concluded that, with a standing wave, a periodic structure can be created 
containing potential wells, which, in principle, can trap atoms. For moderate laser 
power, the depth of these potential wells is somewhat shallow, less than 100 μK in 
temperature unit. Consequently, in order to trap an atom in such a well, its kinetic 
energy must be reduced to an equivalent temperature or in other words it must be 
cooled by one of the processes described earlier.
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The periodic structure is called an optical lattice and can be implemented in one, 
two, or three dimensions by means of counter-propagating orthogonal laser radia-
tion beams. A 1D optical lattice is illustrated in Figure 2.39. Atoms are trapped 
in such a structure in the Lamb–Dicke regime that we described earlier. They 
are trapped in quantum vibration levels identified by means of quantum numbers 
n and oscillate harmonically in such wells. That oscillation may be observed as a 
phase modulation on a narrow laser probe beam that is resonant with one transition 
and it creates sidebands on the fluorescence signal detected, an effect predicted in 
Dicke atom storing technique. Depending on the depth of the well controlled by 
laser power and their energy, atoms may tunnel from one microtrap to the next. 
The structure is sometimes compared to a solid-state crystal lattice. However, con-
siderable differences exist (Cohen-Tannoudji and Guéry-Odelin 2011). Firstly, the 
optical lattice is very flexible since changing wavelength changes cell spacing. 
Thus, the lattice dimension can be altered easily, which cannot be done in a crys-
tal. Secondly, the depth of the wells is very shallow compared to that of a crystal 
since it is not created by atomic interaction but by laser radiation. Finally, the fact 
that the wells are rather more distant in an optical lattice (100–1,000 nm) than in 
a crystal (~0.1 nm) leads to very little interaction between the individual atoms in 
an optical lattice.

In the use of this approach to create an optical frequency standard, laser radia-
tion is used to interrogate the atoms by excitation of a specific very narrow transi-
tion between a ground state and a metastable state as illustrated in Figure 2.40. It 
is thus necessary that the pair of levels involved not be displaced by the trapping 
radiation. On the other hand, in the above discussion, the presence of the wells was 
interpreted as a spatial variation of the light shift created by intense trapping radia-
tion at a long wavelength in a standing wave. These two requirements seem to be 
contradictory. The problem was addressed by a careful study of the light shift itself 
as a function of frequency or the dependence of the polarizability on frequency, 
which must take into account all the levels connected by the off resonance radia-
tion causing the trapping (Katori 2001). It was found theoretically that wavelengths 

Clock frequency:
narrow transition

Trap laser
frequency

Metastable state

Ground state

Other states 

Po

So

FIGURE 2.40 Illustration of the various frequencies and energy levels of a typical atom 
used in the implementation of an optical frequency standard based on laser cooling and opti-
cal trapping.
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existed for which the two levels involved in the clock interrogation transition were 
shifted by exactly the same amount by the trapping radiation. These were called 
magic wavelengths (Ovsiannikov et  al. 2007; Derevianko and Katori 2010; Mejri 
2012). The prediction and calculation were verified experimentally leading to the 
possibility that an accuracy determination in the parts in 1017 range could be realized 
in a clock implementation.

Optical standards based on that property, using Yb, Sr, and Hg were developed.
We will study those standards in Chapter 4, outline their construction, address 

the magic wavelength question in more details, and review their state of the art 
characteristics.

APPENDIX 2.A: LASER COOLING—ENERGY CONSIDERATIONS

In QPAFS, Volume 2 (1989), we have evaluated the change of energy of an atom 
absorbing a photon by means of relativistic energy considerations (Wineland and 
Itano 1979). Let us examine that approach briefly and show that it leads to similar 
conclusions as those obtained in the present chapter. The atom is excited from the 
ground state g to the excited state m by the laser radiation of propagation vector kL. 
It is assumed for the moment that the atom travels at speed vμ in the ground state 
and vm in the excited state. The angular frequency of absorption (ωabs) and emission 
(ωemit) of a photon by the atom including Doppler effect as well as recoil effect can 
be written (QPAFS 1989, Volume 1) as:
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where the second term on the right-hand side of these equations is the first-order 
Doppler effect and the third term is the second-order Doppler effect (time dilation). 
The last term is the recoil effect affecting the atom dynamics upon emission or 
absorption of a photon. Upon absorption, momentum is conserved. Since the photon 
disappears its momentum, kL, is transferred to the atom. The atom recoils and gains 
speed kL M in the direction of propagation of the incident photon. On the other 
hand, the emission direction is random and upon averaging over several absorption-
emission cycles, the term kemit ⋅vm in Equation 2.A.2 averages to zero. Consequently, 
the average energy change over several cycles experienced by the atom is the nega-
tive of the energy change by the photon, which is ∆E photon emit abs( ) = −( ) ω ω , or 
neglecting time dilation effect:

 ∆E
k
M

( )atom = +



kL ⋅⋅ vµ

2 2
 (2.A.3)

For kL and vμ in opposite directions, there is a net reduction in energy 2 2kL M of the 
atom and of its velocity caused by the recoil. This recoil energy is very small and it 
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takes many steps to have a visible affect. There is net cooling until that recoil energy 
becomes larger than the residual Doppler effect. On the other hand, the emission pro-
cess is random and the atom experiences a random walk. The limiting energy of this 
random walk is at least the recoil energy and it appears that the atom velocity cannot 
be reduced to a value lower than that caused by the recoil effect. Consequently, these 
simple energy considerations lead to the same general conclusions as those reached 
by the more elaborate calculations made in the main text.
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3 Microwave Frequency 
Standards Using 
New Physics

In this chapter, we will describe the impact that the recent developments in atomic 
physics, which were described in Chapter 2, have had on the development of micro-
wave atomic frequency standards. Some of those developments were based on earlier 
theoretical knowledge but started only in the 1980s because of the unavailability 
of appropriate technology. Developments in the field of lasers, particularly those 
lasers using solid-state technology, have provided new tools for addressing some 
of the limitations encountered in the approaches used up to that time in the devel-
opment of classical atomic frequency standards. In particular, three new different 
approaches were studied for implementing Cs beam frequency standards. Firstly, an 
old idea of using laser optical pumping for state preparation was resurrected, thanks 
to advances in solid-state laser diodes operating at room temperature (Picqué 1974; 
Arditi and Picqué 1980). That approach resulted in the laboratory development of 
a very stable and accurate clock. Another approach was studied in the early 1980s 
using coherent population trapping (CPT) for both states preparation and microwave 
excitation (Hemmer et al. 1983). Unfortunately, that approach remained a laboratory 
study. Finally, a real revolution took place through the use of lasers to cool atomic 
ensembles in the form of molasses in the microkelvin range, resulting in a Cs stan-
dard with narrow Ramsey fringes with line width in the Hz range (Kasevich et al. 
1989; Clairon et al. 1996).

The advent of those same laser diodes has also made possible the realization 
of more efficient optical pumping in passive Rb standards using the double reso-
nance technique (Levi 1995; Mileti 1995) and has opened the door to the use of 
CPT for implementing small atomic frequency standards not requiring a micro-
wave cavity as in the double resonance approach (Cyr et al. 1993; Levi et al. 1997; 
Vanier et al. 1998).

Laser technology has also made possible the cooling of ions in traps, opening the 
door to the implementation of frequency standards with good frequency stability in 
the microwave range, an approach that had been proposed previously for operation 
at room temperature (Dehmelt 1967).

We will now describe these various developments based on the theoretical 
advances described in Chapter 2.
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3.1 Cs BEAM FREQUENCY STANDARD

3.1.1 Optically pumped cs Beam Frequency standard

3.1.1.1 General Description
Early work had already been done on optical pumping of a Rb beam in the 1970s by 
means of spectral lamps (Arditi and Cerez 1972). That approach was not efficient due 
to the properties of the radiation emitted by such lamps, particularly their spectral 
width. With the advent of solid-state laser diodes emitting narrow spectral lines, 
it has become possible to excite specific narrow optical transitions in alkali metal 
atoms, connecting a single hyperfine level of the ground state to either of the excited 
P1/2 or P3/2 states. In such a process, it is possible to populate a given ground-state 
hyperfine level at the expense of the others.

A block diagram of a typical implementation of such a standard is given in Figure 3.1. 
The lower energy levels S1/2 and P3/2 of the Cs atom are illustrated in Figure 3.2.

Several optical pumping schemes are possible. In one of them, atoms are excited 
from level F = 4 of the S1/2 ground state to level F′ = 3 of the P3/2 excited state. The 
lifetime of atoms in the excited state is of the order of 30 ns and they fall back to 
either hyperfine levels of the ground state with nearly equal probabilities. This pro-
cess thus tends to increase the population of level F = 3 at the expense of level F = 4. 
It can thus be used to pump atoms in that energy level. Similarly, at the exit of the 
Ramsey interaction region, the same technique can be used to analyze the composi-
tion of the beam in the various levels. In that case, a particular transition is again 

Photodetector

Intensity

Cs oven

Microwave (ν)

Bo

Ramsey cavity

Laser 852 nm

To laser locking system

State selection State detection

Photodetector

Light path
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ν

FIGURE 3.1 Simplified conceptual diagram of the Cs beam frequency standard using optical 
pumping for state selection and detection. In the case shown only one laser is used for both 
selection and detection. The inset illustrates the amplitude of the fluorescence observed at 
the detection end when the microwave frequency is swept slowly across the resonance line. 
(Data from Vanier, J., Atomic frequency standards: basic physics and impact on metrology. 
In Proceedings of the International School of Physics Enrico Fermi Course CXLVI, J. Quinn, 
S. Leschiutta, and P. Tavella, Eds., IOS Press, 2001. With kind permission of Societa Italiana 
di Fisica.)
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excited, for example, from F = 4 to F′ = 5, and the fluorescence emitted by the atoms 
upon decay to the ground state is used as a measure of the population in level F = 4. 
It is a measure of the number of atoms that have made a transition in the Ramsey 
interaction region. Several other schemes such as two laser pumping for accumulat-
ing all atoms in the same state are possible.

We will not give the details of the calculation involved in the optical pumping 
state selection. The reader is referred to QPAFS, Volume 2 (1989), for details on 
the possible schemes of pumping and their efficiency in populating one level at the 
expense of the others. It is sufficient to say that one advantage of the approach lies in 
the fact that the system is highly symmetrical and avoids magnetic inhomogeneities 
that can be present when magnetic states selectors are used. The inherent symmetry 
of the optical pumping state selection results in the absence of asymmetry in the 
amplitude of the field-dependent transitions and reduces considerably the effect of 
Rabi pulling mentioned previously. The Rabi pedestal frequency shift is essentially 
eliminated. On the other hand, in the case of magnetic selection, for example, with 
Stern–Gerlach-type dipole magnets, an offset geometry is required resulting in a 
beam velocity distribution different from the normal Maxwell distribution. As men-
tioned in Chapter 1, the distribution must be deduced from experimental data to 
evaluate certain frequency shifts. In the case of optical pumping, the velocity dis-
tribution is known and the averaging required in the calculation of the second-order 
Doppler frequency shift, for example, can be done analytically. Furthermore, in the 
case of optical pumping, it is possible, by means of several laser diodes for pumping 
and detection, and proper optical geometry, to transfer almost all the atoms to one 
of the mF levels of the ground state (Avila et al. 1987). A somewhat better signal-
to-noise ratio (S/N) is then possible at the detection, leading to improved frequency 
stability (Makdissi et al. 1997). Its limitation by the frequency noise of the laser used 
for state selection has also been evaluated (Dimarcq et al. 1993).
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FIGURE 3.2 Illustration of the lower states of interest in optical pumping of a Cs beam. 
(Data from Tanner, C.E. and Wieman, C., Phys. Rev. A, 38, 1616, 1988.)
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The device can be implemented as a laboratory primary standard (de Clercq et al. 
1989) or a small field application device (Cérez et al. 1991). For the purpose of com-
parison with the kind of fringes observed with magnetic state selection illustrated 
earlier, Figure 3.3 shows the resonance pattern obtained in a short optically pumped 
experimental setup (Cérez et al. 1991). Only two fringes on each side of the central 
fringe are clearly visible since in that case the velocity distribution is broad.

We will now outline the practical characteristics of a device based on that opti-
cal pumping approach in reference to those standards using magnetic state selection 
described earlier.

3.1.1.2 Frequency Shifts and Accuracy
As mentioned above, the structure of the optically pumped Cs beam standard is sym-
metrical and in principle its frequency should not be affected by as many spurious 
effects as in the case of magnetic state selection due to the symmetry introduced in 
the optical pumping process. However, several of those shifts are still present and 
a new one, the light shift, is introduced. We will examine those and review some 
results obtained recently relative to the question of phase shift evaluation.

3.1.1.2.1 Light Shift
In early development stages of the standards, it was realized that in the case of the 
optical pumping approach, light from fluorescence emitted in the pumping region as 
well as light scattered by the various internal surfaces could cause, through diffu-
sion to the microwave cavity, a frequency shift known as a light shift as described 
earlier (Barrat and Cohen-Tannoudji 1961). The effect of these light shifts on the fre-
quency of the central Ramsey fringe have been calculated in some detail in QPAFS, 
Volume 2 (1989). We will recall the actual calculation made and expand the analysis 
to the case where square wave frequency modulation is used to detect the central 
Ramsey fringe and lock an external oscillator to that fringe.

Ramsey fringe

Background

Rabi pedestal

Frequencyνhf

FIGURE 3.3 Ramsey pattern obtained in a short optically pumped caesium beam tube. The 
line width of the central fringe is ~500 Hz. (Reproduced with permission from Cérez, P. et al., 
IEEE Trans. Instrum. Meas., 40, 137, 1991. Copyright 1991 IEEE.)
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The light shift originates from the interaction of the light used for optical  pumping 
and detection with the atoms traversing the Ramsey cavity, including both the inter-
action regions of the two arms and the drift section. This light originates from two 
sources. Firstly, it may arrive at the Ramsey cavity by diffusion from the surround-
ing surfaces which may reflect laser radiation. The exact characteristics of that scat-
tered light are not well-known. There is not much to do about it except to attempt to 
reduce reflection and diffusion as much as possible. Calculation shows that to avoid 
fractional frequency shifts larger than 10–14 the reflected light diffusing to the cavity 
should be less than 10–6 W/m2.

On the other hand, fluorescence originating from the pumping and detecting 
regions may penetrate inside the interaction regions and even diffuse through the 
arms into the drift region. Such fluorescence causes light shifts that may be impor-
tant and need to be evaluated carefully. An approximate evaluation based on the cal-
culation done earlier (Equations 2.43 and 2.44) and using general results developed 
in QPAFS (1989) gives the light shift as:

 ∆ω
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This equation gives the shift of level m of the ground state, expressed in frequency 
units Δωm, caused by radiation of intensity I f(ωe) that originates from the pumping 
and detection regions as fluorescence. Since two levels, m and m′, of the ground state 
are involved in the frequency standard clock transition, a similar expression applies 
to the other level and the actual light shift is the difference between the shifts of 
these two levels, (Δωm – Δωm′). The spectrum of the fluorescence radiation, f(ωe), is a 
function of the velocity distribution of the atoms in their excited state. In the case of 
optical pumping in a beam, the velocity distribution reflects the velocity of the atoms 
in the atoms source and may be approximated by a Maxwellian shape weighted 
by 1/v or 1/v2, depending on the type of transition excited and the intensity of the 
laser radiation. This specification reflects the time the atoms in the beam stay in the 
pumping and detecting laser light beam. The term within large brackets on the right-
hand side of Equation 3.1 is a measure of the intensity of the light–atom interaction, 
through the lifetime (1/G) of the excited state and is a measure of the spread of that 
interaction through the velocity distribution of the absorbing atoms p(v). The fluo-
rescence light interaction thus consists of a double integral over the spectrum of the 
moving fluorescence atoms and over the moving absorbing atoms in the interaction 
regions of the Ramsey cavity. The intensity of this fluorescence light is proportional 
to the number of fluorescence photons emitted per second. This is a function of the 
pumping and detecting laser intensity and, in the case of cycling transitions, of the 
saturation of the transition excited in the process, S/(1 + S), where S is the saturation 
parameter. This can be verified experimentally and the question of saturation that 
may affect linearity between the lasers, intensity and the light shift observed can be 
taken care of directly. We recall that the velocity v of the atoms may be expressed as 
l/τ where l is the interaction length and τ is the resulting time of interaction due to 
speed v. We may finally write the light shift as:
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 ∆L LI g= × ( , )τ ω  (3.2)

where g(τ,ω) includes the double integrals of Equation 3.1 taking care of both the 
spectrum of the fluorescence light and the speed distribution of the absorbing atoms. 
On the other hand, IL includes all the constants involved in the light–atom interaction 
given above.

The effect of this light shift ΔL can be finally evaluated by integrating it into 
the Ramsey fringe shape as was done for the second-order Doppler effect cal-
culated in Chapter 1. Doing a similar calculation as was done in that case, we 
obtain:
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Using Equation 3.2, this can be written as:

 f b I F bL m L L m( , ) ( , )ω ω=  (3.4)

where FL(ωm,b) contains all the terms included in the numerator and denominator of 
Equation 3.3 and the expression for ΔL given by Equation 3.2.

3.1.1.2.2 Phase Shift
We note that a similar expression exists for the frequency shift introduced by the 
phase shift f that may exist between the arms of the Ramsey cavity (Equation 1.19). 
We have:
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which can also be written as:

 f Fm mφ φ( , ) ( , )ω ωφb b=  (3.6)

where Ff(ωm,b) contains similarly all the functions in the numerator and denomina-
tor of Equation 3.5.

3.1.1.2.3 Doppler Shift
We recall that the second-order Doppler shift is still present and is given by Equation 1.18, 
repeated here for convenience:
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and must also be evaluated carefully before any conclusion can be drawn on the 
frequency shifts caused by cavity phase shift and light shift.

3.1.1.3 Experimental Determination of Those Shifts
The experimental problem that is raised by the presence of these shifts is their 
 independent evaluation. It is readily seen that they are functions of the same velocity 
distribution, f(τ), and of the same parameters such as the modulation depth ωm and 
the Rabi frequency b. In principle, the individual shifts have to be evaluated indepen-
dently. It is also realized that the evaluation of a given shift, say the phase shift, for 
a given choice of parameters will be invalid for another choice since the other shifts, 
Doppler and light shift, will also be altered. This interdependence has been a major 
difficulty in the correct evaluation of those shifts.

One approach consists usually in the careful evaluation first of the Doppler shift. 
This can be done quite exactly by first determining the interaction time distribu-
tion (velocity distribution) by means of techniques described earlier. An approach 
using the cosine transform of the Ramsey fringe pattern usually provides sufficient 
accuracy. With this knowledge, the Doppler shift can then be calculated for various 
values of b and ωm. This frequency shift is of the order of 5 × 10–14 and is normally 
evaluated with an accuracy of 1 × 10–15.

This Doppler shift being identified and evaluated, it is then possible to evaluate 
the two others, phase shift and light shift. The phase shift is generally evaluated by 
means of beam reversal. The difference between the two frequencies as measured for 
example for an east–west (EW) direction and for a west–east (WE) direction is then 
used as a means, by simple averaging, for determining the actual correction to be 
applied to the servo-locked frequency. However, as mentioned above, this technique 
relies on the exact retrace of the beam in the two directions. Although the proposed 
ring cavity considerably reduces the phase gradient within the cavity, there remains 
a small effect which limits the accuracy below the expected value.

One approach for addressing that question has been the use of a so-called parameter 
approach. For example, the frequency shift as measured experimentally can be plotted 
directly against the function Ff(ωm,b) evaluated for various values of ωm and b. The value 
of this function is calculated by numerical analysis. As made explicit by Equation 3.6, the 
slope of the straight line obtained is the phase shift f. It is noted that care must be taken in 
the measurements that corrections are applied for the frequency shift caused by Doppler 
effect varying with modulation depth ωm and Rabi frequency b.

On the other hand, it is readily observed that the light shift, through Equation 3.4 
appears to act very much like a phase shift. In fact, a plot of FL(ωm,b) against Ff(ωm,b) 
calculated for various values of ωm and b, gives very closely a straight line and it can 
be concluded that the light shift acts effectively like a phase shift (Makdissi et al. 
2000). It is concluded that the light shift, if important, may cause a rather important 
error and uncertainty in the evaluation of the phase shift between the arms of the 
Ramsey cavity. In a particular device studied, the light shift could be assimilated to a 
phase shift of 8 mrad, a value that leads to a frequency error of 2.6 × 10–14 in evaluat-
ing the frequency shift caused by the phase shift (Makdissi et al. 2000).

It may be mentioned that the technique just described is rather laborious, requir-
ing days and weeks for evaluation of the many parameters involved by means of 
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in-line computers. Furthermore, the approach applies particularly well when the 
 velocity distribution is rather broad, which is the case when state selection is done by 
means of optical pumping. This appears to be the main reason why it was not applied 
to the case of state selection by means of dipole magnets, particularly in the case of 
the hexapole–quadrupole tandem magnets, which lead to a rather narrow velocity 
distribution (A. Bauch 2012, pers. comm.).

On the other hand, some other laboratories have used successfully a more 
straightforward approach at evaluating those various shifts. It was found that in their 
particular design, the fluorescent light shift as calculated was negligible. The cavity 
phase shift could thus be determined by beam reversal, the retrace of the beam being 
entirely satisfactory through the use of ring cavities (Shirley et al. 2001). Other labo-
ratories have also come to the conclusion that in their design, the light shift was very 
small and did not affect the overall accuracy to a large extent (see, e.g., Hagimoto 
et al. 1999; Jun et al. 2001; Hasegawa et al. 2004).

3.1.1.4 Frequency Stability
The short-term frequency stability of the optically pumped standard depends on the 
same parameters as in the case of the standard using state selection and is given by 
Equation 1.20. Consequently, it is a function of the line Q and the S/N. The line Q is 
a function of the distance between the arms of the Ramsey cavity. There is thus no 
improvement to be expected on that parameter over the magnetic selector approach. 
However, an improvement may be expected from the S/N. A larger signal is expected 
in optical pumping since a greater inversion of population can be established in the 
optically pumped standard relative to the magnetic state selection. Furthermore, 
more atoms contribute to the signal since the technique makes use of the whole 
velocity spectrum and the atomic beam has generally a larger cross section. Finally, 
optical detection is rather efficient and detection may be limited primarily by detec-
tor noise. In practice, in a particularly well-designed system, a frequency stability of 
3.5 × 10–13 τ–1/2 has been realized (Makdissi and de Clercq 2001).

The long-term frequency stability of the optically pumped Cs beam frequency 
standards depends on the stability of the various frequency shifts and offsets enu-
merated above. Consequently, the frequency of a unit is dependent to a certain extent 
on its environment. Temperature, humidity, atmospheric pressure, and magnetic 
field, depending on construction, play a role to various degrees in determining long-
term frequency stability. Temperature fluctuations appear to have the most important 
effect. In general, best results are obtained in a temperature controlled environment. 
Fortunately most of those frequency biases are small and consequently their fluctua-
tion with time is small.

Other fluctuations of unknown origins generally limit the frequency stability in 
the long term. When the averaging time τ is increased, the frequency stability as 
given by Equation 1.20 improves and reaches a plateau called the flicker floor. The 
level of this flicker floor is a function of unknown parameters. Better quality in con-
struction and design lowers this flicker floor to nearly undetectable levels.

Results of selected implementations using optical pumping state selection are 
reported in Table 3.1 and compared to the results obtained with some of the best per-
forming laboratory Cs beam standards using magnetic state selectors. As is readily 
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TABLE 3.1
Comparison of Optical Pumping to Magnetic State Selection in Implementing a Cs Beam Primary Frequency Standard

PTB Cs1 
(Germany)

PTB Cs2 
(Germany)

PTB Cs3 
(Germany)

SYRTE JPO 
(France)

NIST NIST-7 
(the United 

States)

NIICT 
CRL-01 
(Japan)

NRLM 
NRLM-4 

(Japan) (NMIJ)

Distance between 
Ramsey cavities (m)

0.8 0.8 0.77 (vertical 
construction)

1.03 1.53 1.53 0.96

Microwave-magnetic 
field direction/beam

= = = ┴ = = ┴

State selector-analyzers Hexapole + 
quadrupole

Hexapole + 
quadrupole

hexapole Optical pumping:
selection: 
F = 4-F′ = 4

detection: 
F = 4-F′ = 5

Optical pumping:
selection: 
F = 4-F′ = 3

detection: 
F = 4-F′ = 5

Optical 
pumping:

selection: 
F = 4-F′ = 3

detection: 
F = 4-F′ = 5

Optical 
pumping:

selection: 
F = 4-F′ = 4

detection: 
F = 4-F′ = 5

Mean atom velocity (m/s) 93 93 72 215 230 250

Line width (Hz) 59 60 44 100 77 62 100

sy(τ) (τ–1/2) 5 × 10–12 4 × 10–12 9 × 10–12 3.5 × 10–13 1 × 10–12 3 × 10–12 8 × 10–13

Accuracy 7 × 10–15 12 × 10–15 1.4 × 10–14 6.4 × 10–15 5 × 10–15 6.8 × 10–15 6.7 × 10–15

Reference Bauch et al. 1998, 
2003

Bauch et al. 
2003

Bauch et al. 
1996

Makdissi and de 
Clercq 2001

Shirley et al. 
2001

Hasegawa 
et al. 2004

Hagimoto et al. 
2008
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concluded from that table, a better accuracy and stability is obtained with optically 
pumped Cs beam frequency standards than with the best Cs beam frequency stan-
dards using state selector magnets in operation at the time of comparison. However, 
as will be seen below, laser cooling has led to the realization of the so-called atomic 
fountain with an order of magnitude accuracy better than that characterizing all 
these standards.

3.1.1.5 Field Application
The development of a Cs standard using state selection by means of optical pumping led 
to the implementation of laboratory primary standards with great stability and accuracy 
comparable to that of standards using magnetic dipole state selection (see Table 1.1). 
On the other hand, use of the approach has also been studied towards the implementa-
tion of small standard for field application, particularly in space for satellite navigation 
system. A compact breadboard unit has been developed based on knowledge acquired 
at SYRTE, Paris, described above in the development of a large scale primary stan-
dard. The size of the unit proposed is in the range of the units presently planned for the 
navigation system (passive H maser and passive Rb standard). Results confirmed the 
feasibility of the project: a line Q of 1.2 × 107 was obtained and a frequency stability of 
2.3 × 10–12 τ –1/2 was observed (Ruffieux et al. 2009).

3.1.2 cpt apprOach in a Beam

3.1.2.1 General Description
In the classical approach of implementing a Cs beam frequency standard, the state 
selection and microwave interaction are effectuated in separate regions of space. As 
illustrated in Figures 1.2 and 3.1, this approach requires either a dipole magnet or 
optical pumping done in one region and microwave interaction in another. This last 
operation is done at the first arm A of the Ramsey cavity. In fact, at the first arm A of 
the cavity, the operation essentially places the atoms in a coherent superposition of 
the states F = 3, mF = 0 and F = 4, mF = 0. This requires that Cs atoms be first placed 
in a single state, say F = 3, mF = 0. When dipole magnets are used, this is accom-
plished simply by means of deflecting atoms that are in that state and use appropriate 
collimation. In the case of optical state selection, atoms are optically pumped in that 
state. Those atoms are then excited for a given interaction time τ = l/v by microwave 
radiation at the hyperfine frequency in the first arm of the cavity. Here l is the length 
of the either arm of the Ramsey cavity and v the speed of the atoms. If the power of 
the microwave radiation is adjusted such as to produce a p/2 pulse during time τ, the 
atoms find themselves in a pure superposition state at the exit of the first arm of the 
Ramsey cavity. They are in a coherent state. They drift to the second arm B where 
they are submitted again to microwave that acts again as a p/2 pulse. If everything 
is well-adjusted, a full transition corresponding to a p pulse takes place. This is 
detected by means of a selector dipole magnet followed by a counter of atoms or by 
means of optical detection (fluorescence).

These operations done in succession are somewhat complex and require construc-
tion and assembly of components such as magnets and a special microwave double-
arm cavity. These components, as we have seen, are somewhat delicate and require 
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high precision in their dimensions particularly with regard to phase shifts between 
the two cavity arms. One is tempted to ask if it were not possible to simplify the 
design of such a device by regrouping operations. Optical detection provides some 
simplification through the use of atom counting by means of optical excitation and 
fluorescence at the exit of the second arm of the Ramsey cavity, rather than state 
selection and atom ionization and counting. However, the gain is rather modest.

We have described in Chapter 2 a phenomenon called CPT that does exactly 
the two operations that we just described. This is done by applying, to an ensemble 
of atoms, two optical coherent radiation fields whose frequency corresponds to the 
transition from the atom ground S state to the excited P state. If the difference in 
frequency of the two laser radiation fields is that of the hyperfine transition of the Cs 
atom, coherence is created in the ground state at the hyperfine frequency. There is no 
need for state selection. If the field is applied for an appropriate time τ = l/v, where l 
is now the width of the laser beam, the atoms are found in a coherent superposition 
state as if they had been prepared first in a single state and then submitted to a p/2 
pulse. This is exactly the operation we are effectuating in the classical approaches 
described previously.

3.1.2.2 Analysis
The first reports on the use of CPT for implementing a frequency standard describe 
a laboratory system in which a beam of alkali atoms is excited by means of CPT 
at two zones separated by a distance L, simulating the Ramsey two-zone approach 
with a microwave cavity as in the classical Cs beam device (Thomas et al. 1982; 
Hemmer et al. 1983, 1985, 1986; Shahriar and Hemmer 1990; Shahriar et al. 1997). 
The arrangement is shown in Figure 3.4.

In the arrangement shown, two co-linear laser radiation fields at frequencies 
ω1 and ω2 are used. The light beam incorporating these two fields is made to cross 
the thermal alkali-metal atomic beam at right angle. The interaction lasting for a 
time τ, which is a function of the size of the beam waist of the combined laser beams 

Laser 1

A C B

Microwave
generator

Laser 2

T, (L)

Laser
lock

Signal:
Ramsey
fringes

Alkali
atoms
oven

P

Mixer

Synchronous
detector

Modulator

Lock box

Bo

Atomic
beam

ω1, ω2

τA, (l) τB, (l)

FIGURE 3.4 Cs beam atomic frequency standard implemented using coherent population 
trapping excitation. (With kind permission from Springer Science+Business Media: Appl. Phys. 
B, Atomic clocks based on coherent population trapping: a review. 81, 2005, 421, Vanier, J.)
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and the speed of the atoms, places the atoms in a superposition state through the CPT 
phenomenon. The atoms emerge from the zone of interaction in a coherent state as if 
they had been put in a single state and then submitted to a microwave p/2 pulse at the 
hyperfine frequency. At their exit from the excitation zone, the atoms evolve freely in 
region C in that superposition state. Zone A essentially combines the state selection 
of the first dipole magnet and the first branch of the Ramsey cavity used in the clas-
sical Cs beam standard approach. The main advantage that results over the classical 
technique described earlier is the absence of a microwave interaction structure and 
of a selector magnet. No state preparation is required and no microwave excitation is 
required. The whole system gains in simplicity over the classical approach and over 
the optical pumping approach described above.

We have provided a somewhat general analysis of CPT in Chapter 2. The set of 
Equations 2.63 through 2.72 describing the interaction of the optical radiation fields 
with the atomic system applies, except that in the present circumstances there is no 
microwave field applied, and there is no buffer gas present. Consequently, the Rabi 
frequency b is set equal to 0. The relaxation rates in the ground state, g1 and g2, are 
also both zero since in principle, except for weak spin-exchange interactions, no 
relaxation takes place in the ground state of atoms in a beam. Atoms are free, no buf-
fer gas is present and the decay rate from the excited state takes place by spontaneous 
emission at the rate G. In order to obtain easily tractable expressions, we assume that 
the optical Rabi frequencies ωR1 and ωR2 are equal. We set them equal to ωR.

In the analysis, we use an operator formalism somewhat different from that used by 
Hemmer et al. (Hemmer et al. 1989). First, we apply the adiabatic approximation to the 
evolution of the excited state. In that case it is assumed that the excited state response is 
so rapid that it follows the evolution of the ground state and is essentially in stationary 
equilibrium at all times. The set of Equations 2.66 through 2.71 is then reduced to three 
equations containing only ground-state matrix elements and atomic parameters. We 
thus obtain for the evolution of the density matrix elements in a given zone.

 

δ ξ

ξ
δ ξ

ξ
δµµ µµ µ µµ′ ′ ′= −

+
−

+
+r r iΓ Γ Ω

1 3
1
2 1 3

 (3.8)

 


δ ξδ ξδ ρ ρ δµµ µµ µµ µ µ µ µµ′ ′ ′ ′ ′= − + − −i i rΓ Γ Ω1
2

o( )  (3.9)

 
d
dt

i( ) ( )ρ ρ ξ ρ ρ ξδ δµµ µ µ µµ µ µ µµ− = − − −′ ′ ′ ′ ′Γ Γ2 o  (3.10)

The fluorescence power in zone B is given by:

 
P N dtfl mm= ∫ω ρΓ ( )integral over zone B  (3.11)

with the population of the excited state given by:

 
ρ ξ

ξ
δµµmm

r=
+

+ ′
1 3

1 2( )  (3.12)
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We have introduced several terms whose definitions are:
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 Ωµ µ µω ω ω ω ω= − = −′12 12 1 2  (3.15)

Reference is made to Figure 2.16 for the identification of the various frequencies 
involved. The set of Equations 3.8 through 3.10 can be written in matrix form as:
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where we represent the state of the ensemble by a vector u:

 u r i= − ′ ′{ , , }δ δ ρ ρµµ µ µ  (3.17)

and the CPT interaction in a zone as the application of an operator represented by the 
above matrix to the atom state vector. The characteristics of the atoms in the beam, 
such as levels population difference and coherence created by the interaction can be 
studied further down the beam path by means of a probe laser beam and detection 
of the resulting fluorescence as illustrated in Figure 3.4. The case of several succes-
sive zones of CPT application can thus be treated by a repeated application of the 
matrix operator. We note that the atomic beam is thermal and the velocities of the 
atoms within the beam are spread over an altered Maxwell–Boltzmann distribution 
(QPAFS 1989):

 
f τ

τ
τ
τ

τ τ( ) = 







−( )2
5

2

o

o e o  (3.18)

which in the evaluation of a fluorescence signal leads to a requirement of averaging 
over the times of interaction.
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The effect of CPT in the two zones is obtained by solving Equation 3.16 and may 
be represented by a pseudo-rotating operator MA(ωR, Wm, do, t) affecting the state 
vector given by Equation 3.17. The state vector in zone B is obtained directly by 
transformation of the original state vector uo by means of the relation:

 u M M T M uB B R B C A R A= ( , , , ) ( , , , ) ( , , , )ω δ τ ω δ τµ µ µΩ Ω Ωo o o0 0  (3.19)

where:
Mi are the rotating matrices corresponding to each zone
τA, T, and τB are the time spent by the atoms in each zone, respectively

In zone A and B, M is obtained from Equation 3.16 by means of Laplace transform 
and has the form:
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In the operation, however, a term appears that is not coupled to the components of 
uo. It is not included in M tR( , , , )ω δµΩ o  and is thus introduced as a vector us added 
as a source term:
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This vector must be added to the state vector resulting from the transformation of uo 
by means of M tR( , , , )ω δµΩ o . At the exit of zone A, the state vector is thus:

 u M u uA A s= +⋅ o  (3.22)

In zone C where the atoms evolve freely, the operator has the form:
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In zones A and B, we have assumed that the intensity of the laser radiation is very 
large and that the CPT resonance line is broadened to the extent that the small detun-
ing Wm is negligible. We also recall that we have assumed that the system evolves 
in the rotating frame attached to the difference in frequency between the two laser 
radiation fields. In that frame, the ground-state off-diagonal matrix elements present 
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in zone C appear to rotate at Wm. We call fA the phase of the coherence at the exit of 
the first zone, defined through the relation:

 δ δµµ µµ
φ

′ ′= ei A  (3.24)

After performing the operation of Equation 3.22, we obtain dmm′ and the phase is 
given by:
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On the other hand, the fluorescence integrated over zone B is:
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In those equations, N is the total number of atoms in interaction with the laser beam 
in zone B and (rm′m′  -  rmm)o is the population difference of states m′ and m at the 
entrance of zone A. It is noted that the expression given by Hemmer et al. (1989) for 
the phase shift is different from ours by a factor of 2 in the argument of the sin term. 
The appropriate expression obtained from Equation 3.26, using Hemmer's et  al.'s 
notation is:
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where the various terms are connected to those used in the present article by the 
relations:

 
Γ Ω Γ Ω Γξ ξ

ξ
ξ=

+
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( )
f δδo D= 2 2Ω

An analysis by Shahriar et al. (1997) made later is compatible with this conclusion.
The phase shift is caused by the ac Stark effect taking place in zone A (light shift) 

and causes a frequency shift as in the classical Ramsey separated zone approach, 
although the physical origin of this phase shift is quite different. The times τA, τB, 
and T are functions of the atomic velocities. Consequently, the actual shape of the 
Ramsey fringe is obtained through integration over all interaction times in the 
beam, whose spread is given by an altered Maxwell–Boltzmann distribution given 
by Equation 3.18. This expression is normalized to unity upon integration over τ. For 
a ratio (L/l) equal to 100, numerical integration with G = 3 × 107 s−1 gives a fringe 
shape as shown in Figure 3.5.
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The effect of the phase shift on the central fringe is to displace its centre by the 
amount:

 
∆ ( ) = 






ω φ φ

A
A

T
 (3.28)

This phase shift is referenced to the phase imbedded in the laser radiation and sup-
ported in the second zone. Its behaviour as a function of detuning do is shown in 
Figure 3.6 for several values of ωR and a value of (rm′m′-rmm) equal to 0.2. It has been 
averaged over atomic velocities using the same distribution as that used in the case 
of the fringe calculation, with G = 3 × 107 s−1 and a ratio of L/l = 100.

As is clearly seen in this graph, the dependence of the phase on tuning is much 
reduced around the value do = 50. The reduction varies with Rabi frequency or laser 
intensity. This behaviour appears essentially as an optical saturation effect, although 
the excited state m never gets much populated even for ωR = 0.25 G.

With the intent of making more transparent the physics involved in this two-zone 
CPT setup, we have limited the above analysis to the case of equal intensities for 
the laser radiation fields at ω1 and ω2. The problem of unequal intensities is more 
complex. However, it is shown that the general behaviour regarding phase shift is not 
much dependent on this asymmetry (Hemmer et al. 1989).

3.1.2.3 Experimental Results
Laboratory setups using such an approach have been implemented with alkali atoms 
Na and Cs (Thomas et al. 1982; Hemmer et al. 1993). In the case of Na, a dye laser 
was used as the source of the two radiation fields, while for Cs, diode lasers were 
used. The results confirm the observation of Ramsey fringes in the fluorescence of 
the second zone with a shape in agreement with that shown above.
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FIGURE 3.5 Ramsey fringe calculated for the CPT two zones approach in an alkali metal 
atomic beam. The abscissa zero is chosen in computer calculation as to make exact resonance 
at 200.
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3.1.2.3.1 Frequency Stability
In Na, with a distance L = 15 cm between the interaction zones, a fringe line width 
at half maximum of 2.2 kHz was obtained experimentally. On the other hand, an 
S/N of 4500 for 1  s averaging time was also measured. The expected frequency 
stability for such a setup in the limit of shot noise was calculated to be 5 × 10–10 

τ–1/2. The measured frequency stability confirmed this evaluation (Thomas et  al. 
1982; Hemmer et al. 1986). In the case of Cs, a signal-to-noise ratio of 1800 was 
observed for an averaging time of 1  s. The authors projected that the measured 
fringe width (1 KHz) and this S/N translated into a frequency stability of 6 × 10–11 

τ–1/2 (Hemmer et al. 1993).

3.1.2.3.2 Frequency Shifts
3.1.2.3.2.1 The ac Stark Phase Shift The phase shift was measured for dif-
ferent values of the optical Rabi frequency and various values of the ground-state 
population difference at the entrance of first zone (Hemmer et  al. 1989). Their 
results are in general agreement with the model developed and summarized above, 
the phase shift introduced by the first interaction zone following the trend shown in 
Figure 3.6. It is found that for certain adjustments of the parameters, such as large 
pumping rates, the slope of the phase shift as a function of detuning do changes 
sign. The authors explain this behaviour by means of differences between the 
decay rates from the excited state to various levels of the ground state. It should 
be mentioned, however, that the actual variation of fA with do is a very sensitive 
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FIGURE 3.6 Phase shift affecting the Ramsey fringe in the case of a two zone CPT 
approach in an atomic beam (theory). The phase shift is averaged over velocities in zone A as 
for the Ramsey fringes. The parameters used for this graph are, G = 3 × 107 s–1, τA = 10–5 s. 
(a): ωR = 0.1 G, (b): ωR = 0.15 G, (c): ωR = 0.2 G, (d): ωR = 0.25 G. The optical resonance condi-
tion corresponds to do = 50 on the axis chosen.
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function of the Rabi frequency wR and shows a complicated behaviour regarding 
the sign of the slope at large values of the Rabi frequency as shown in Figure 3.6. 
The authors have also evaluated that the minimum slope observed in their setup 
(Na beam) lead to a frequency shift of the order of 2 × 10–11 for a laser detuning 
of 0.01 G, corresponding to a detuning of the order of 300 kHz. Recent theoretical 
work has considered the multiplicity of levels entering into interaction with the 
laser radiation (Kim and Cho 2000).

3.1.2.3.2.2 Other Frequency Shifts There are several other frequency shifts 
present in the approach proposed. In particular, a frequency shift may be present if 
a phase shift is introduced physically through a difference in path lengths between 
the two radiation beams before entering the interaction regions. Such a phase shift 
was commented upon (Mungall 1983). It has also been observed experimentally 
(Hemmer et al. 1983). Other important frequency shifts may be caused by misalign-
ment of ω1 and ω2 radiation beams, phase shifts due to laser polarization, atomic 
beam versus laser beam misalignment, and overlapping of Ramsey fringes. The 
importance of these shifts has been evaluated and although they are not negligible, it 
is believed that they would not cause a major impediment in the practical realization 
of an operational frequency standard with useful properties (Hemmer et al. 1986).

3.1.3 classical cs Beam standard using Beam cOOling

We have raised the importance of an appropriate determination of the atomic veloc-
ity spectrum in the atomic beam several times for the evaluation of various fre-
quency biases. The spread of this spectrum has also some effect on the width of the 
Ramsey fringes and reduces the number of observed fringes. Furthermore, selection 
of lower velocities reduces the importance of shifts such as the second-order Doppler 
effect. The matter was addressed in developments made at Physikalisch Technische 
Bundesanstalt (PTB), Germany, by using combinations of multipole magnets that 
resulted in a Cs beam with a mean atomic velocity of 72 m/s and a full width at half 
maximum of speed distribution of 12 m/s (Table 3.1) (see Bauch et al. 1996). This 
beam property improves the general physical characteristics of that particular Cs 
frequency standard.

A question comes to mind immediately. Is it not possible to still do better sim-
ply by selecting slower atoms in the beam? The main problem in this approach is 
that the spectrum of velocities contain less atoms at lower speed for a given oven 
temperature. Just raising oven temperature to increase beam flux has a limit due 
to background raising pressure and the actual scattering in the beams of slow 
atoms by the faster ones. However, we have seen in Chapter 2 that it is possible 
to reduce the speed of an atomic beam using laser radiation pressure. Actually 
the atoms can even be stopped in their motion (Phillips and Metcalf 1982; Ertmer 
et al. 1985).

That approach was studied experimentally for slowing down a Cs atomic beam 
and implementing directly an atomic clock (Lee et al. 2001, 2004). The technique 
was actually used in connection to the approach where the state selector magnets 
were replaced by laser optical pumping, an approach that was examined above. 
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Figure  3.7 illustrates the results obtained for the velocity distribution when such 
 cooling is accomplished. The mean velocity of the atoms in the beam was 30 m/s 
with a spread of 0.9 m/s. This is a rather slow atomic beam with a compressed veloc-
ity spectrum. For all practical purposes the beam looks monokinetic. To make it 
more explicit, Figure 3.7 includes also the velocity spectrum of the same beam at 
room temperature without cooling. It is obvious that such a slow beam cannot be 
used with a long Ramsey cavity, since atoms fall in the earth’s gravitational field as 
mentioned earlier. In a 1 m long Ramsey cavity, the atoms would fall by 5 mm before 
they reach the second arm of the cavity. In the particular case cited, the Ramsey 
cavity used was reduced to a length of 21 cm and the width of the observed central 
fringe was 62 Hz. This is actually four times narrower than the width of the line 
observed for a room temperature thermal beam and a 37-cm-long cavity. It is about 
the same width as that obtained in clocks with a 1.5 m-long cavity using a beam 
emerging from an oven at 100°C. There is thus some gain in the approach com-
pared to the conventional approach using dipole state selector magnets and a thermal 
beam. However, when this is compared to the results obtained with a thermal beam 
and selection of slow atoms by means of a combined hexapole-quadrupole state 
selector, the gain is marginal (see Chapter 1, Table 1.3). Furthermore, the complexity 
and size of the cooling section of the beam makes the system rather large and in view 
of other developments that will be described below it appears that the approach has 
not raised further interest.
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FIGURE 3.7 Velocity distribution obtained by means of cooling of a beam of Cs atoms. The 
cooled beam has a very narrow distribution of 0.9 m/s around a mean speed of 30 m/s. The 
beam was used in a classical standard with a 21 cm long Ramsey cavity providing a central 
Ramsey fringe 62 Hz wide. (Courtesy of S.H. Lee; Data from Lee, H.S. et al., J. Korean Phys. 
Soc., 45, 256, 2004; Lee, H.S. et al., IEEE Trans. Instrum. Meas., 50, 531, 2001.)
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3.2 ATOMIC FOUNTAIN APPROACH

3.2.1 in search OF a sOlutiOn

Following the line of thought of the previous paragraphs as well as earlier  discussions 
on the question of the influence of atomic beam velocity spectrum on the accuracy 
of Cs beam standards, it appears that a totally new approach is required to fully 
take advantage of the properties of cooled atoms. We have seen that the atoms can 
be used in a cell and cooled by means of isotropic cooling. In principle, such an 
approach should open the door to various solutions to the problems introduced by 
atomic motion. We will look at that technique later in the case of atomic frequency 
standards implementation in a cell. For the moment we wonder if laser-cooled atoms, 
such as those in a molasses, could not be used to implement an atomic beam fre-
quency standard. In satellites in orbit around the earth, where gravity is reduced to 
the microlevel, a beam of slow atoms, as described in the previous paragraphs, could 
be used since it would not be deflected by external forces. We will see later that 
such a frequency standard called PHARAO (PHARAO stands for Projet d’Horloge 
A  Refroidissement d’Atomes en Orbite or Project of a clock in orbit using cold 
atoms) has been constructed specifically for the purpose of being part of an ensem-
ble of clocks in orbit around the earth. At the surface of the earth, it appears that 
the only solution is to use the beam vertically. We have seen in Chapter 1 that such 
an approach was proposed at PTB with relatively slow atoms (Bauch et al. 1996). 
However, it was found that the gain relative to the horizontal approach was not sub-
stantial because the beam speed was still relatively large (70 m/s) and because of 
other constraints in the particular setup used that made this gain marginal relative to 
the standard horizontal approach. However, with laser-cooled atomic beams to the 
level of m/s, the gain should be large. Such a vertical approach was suggested in the 
1950s by Zacharias (see Forman 1985). The system proposed was a vertical appa-
ratus, in which Cs atoms in a thermal beam, flying upwards from an oven, would 
be slowed by gravity. The slower atoms would attain a certain height and fall back 
down into a detector alongside the oven. Unfortunately, the system, called Fallotron, 
failed. Slow atoms in the Maxwell-Boltzmann distribution within the beam were not 
present, being scattered out of the beam by fast atoms in the vicinity of the oven.

However, in view of the analysis made earlier and the experimental results 
reported in the 1980s on laser cooling, Zacharias’ concept appeared to be feasible. 
The main idea is to laser-cool to a very low temperature (~mK) an ensemble of atoms 
in a molasses as described in Chapter 2. The ensemble of atoms cooled in such a 
molasses forms a small ball (~cm in diameter) that can be sent upwards by appro-
priate adjustment of the frequency of the cooling laser beams, a technique to be 
described below. The atoms within the ball, having a very small velocity (~1 cm/s), 
do not diffuse much in space during their travel upwards and downwards. The ball 
expands of course but only to a few centimetres and the density at detection is still 
large. The launching speed being set at the level of ~m/s, the ball being deceler-
ated by gravity reaches a height of the order of one metre or so and falls back under 
gravity. If a microwave cavity is placed on the path of the ball, the atoms pass twice 
through that cavity, once on their way up and again on their way down. If the cavity 
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is fed with microwave at the hyperfine frequency, atoms therefore experience two 
coherent microwave pulses. The time interval between the two pulses can be of the 
order of 1  s, that is to say about two orders of magnitude longer than with usual 
thermal beam atomic frequency standards. Those successive events are identical to 
those experienced by atoms in a standard room temperature atomic beam frequency 
standard but in a pulse mode, rather than in a continuous mode. The ball cooling and 
launching can be repeated at a rate compatible with the time of travel up and down 
of the ball, and with appropriate averaging a totally integrated frequency standard 
similar to that using a thermal beam can be implemented. The system is known as 
an atomic fountain. The first atomic fountains have been realized with Na atoms at 
Stanford University, USA (Kasevich et al. 1989), and with Cs atoms in Paris within 
a collaboration between Laboratoire Primaire du Temps et des Fréquences (LPTF) 
and Laboratoire Kastler-Brossel (LKB) (Clairon et al. 1991). The first Cs fountain 
capable of acting as a primary standard, Cs-FO1, was constructed in 1995 at LPTF 
(Clairon et al. 1995). Following those early successes, similar fountains were assem-
bled in several laboratories in various countries such as: Brazil, Canada, China, 
Germany, India, Japan, Russia, United Kingdom, and United States.

3.2.2 general descriptiOn OF the cs FOuntain

A schematic diagram of a Cs fountain clock is shown in Figure 3.8. We will first 
give a general description of the various physical parts or components forming the 
fountain. Excellent reviews have been written on the subject (see, e.g., Wynands and 
Weyers 2005; Bize et al. 2009). In Section 3.2.3, we will describe in more details 
their exact functions with emphasis on the temporal sequence of those functions.

Zone A: Formation and launching of a small cloud of cold atoms looking like 
a small ball a few millimetres in diameter. This zone is the region where an 
ensemble of atoms that exists as a vapour is exposed to laser radiation com-
ing from six orthogonal directions. They are cooled as a molasses and in 
some designs are trapped in a magneto-optical-trap (MOT). They are also 
launched upwards at a slow velocity.

Zone B: Preparation of the atoms. In this zone, the atoms are prepared in a pure 
state while they travel upwards in the vertical direction. The region consists 
of a cavity exposing the atoms in the cloud to a microwave radiation field that 
forces transitions at the hyperfine frequency, acting as state selector. It also 
contains a laser radiation beam, called a pusher, completing the state selection.

Zone C: Interrogation of the atoms. This is the region containing the micro-
wave interrogation cavity for exciting the clock transition. The resonant cav-
ity (mode TE011) is made of oxygen-free high conductivity copper (OFHC). 
The loaded Q is of the order of 10,000.

Zone D: Free motion zone. The atomic cloud is moving up freely while exposed 
to the earth’s gravitational field. The atoms reach a height h and fall back 
traversing the interrogating cavity again, thus simulating the function of the 
double arm Ramsey cavity in the classical approach.
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Zone E: Detection zone—This is the region where the atoms are detected by 
means of fluorescence created by a probe laser beam and analyzed in order 
to determine their state. In some design, that region may be situated above 
the cooling region.

The space surrounding the cavity and the region of free travel of the atoms is shielded 
from environmental magnetic field fluctuations by means of several layers of mag-
netic shields (cylinders and caps, three to five layers). With an internal solenoid and 
some compensation coils, the vertical magnetic induction is around 10–7 T, homoge-
neous to better than a few percent over the entire volume of the area of microwave 
interaction.

Atomic fountains require a very good vacuum to prevent loss of cold atoms by 
collision with residual thermal atoms (Rb, Cs, H, N, and rare gases). The rate of 
thermal atoms-cold atoms collisions is about one per second at a residual pressure of 
10–6 Pa. The vacuum level obtained is some 10–8 Pa after several months of pumping 
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FIGURE 3.8 Schematic diagram of a caesium fountain frequency standard.
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which ensures very little loss of cold atoms. The pumping is generally done by ion 
pumps and getter pumps.

The system is operated in a temporal sequence, small clouds of atoms being sent 
up individually at a rate of the order of one per second or so. We now describe the 
details of the functions of the various zones and the time sequence of the various 
operations.

3.2.3 FunctiOning OF the cs FOuntain

3.2.3.1 Formation of the Cooled Atomic Cloud: Zone A
Zone A is the region where a cold cloud of atoms is created in a MOT as described 
in Chapter 2. That region is exposed to three pairs of orthogonal laser beams. In 
the configuration shown in Figure  3.9, which is that used in the first operational 
fountain FO1 implemented at SYRTE, Paris, France, the first two pairs propagate 
horizontally and one pair vertically. That configuration is somewhat easy to imple-
ment. However, the vertical beams traverse the interrogating microwave cavity and 
their cross section or beam waist is limited by the size of the holes made in that cav-
ity. In turn, the size of those holes is limited by restrictions dictated by cavity per-
formance particularly relative to Q and microwave radiation leakage. Furthermore, 
special care must be taken in the manipulating of the time sequence of the lasers 
to avoid the presence of radiation in the cavity while the atoms interact with the 
microwave field since a light shift would be introduced in the frequency of the clock 
transition. Another arrangement, called the (1,1,1) configuration was used in later 

�ree pairs of 
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laser radiation beams  
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FIGURE 3.9 Configuration of the laser beams used to avoid the presence of a radiation 
beam along the trajectory of the cooled atomic cloud on the vertical axis. The laser beams 
are oriented perpendicular to the faces of an imaginary cube with one diagonal of the cube 
oriented in a direction along the vertical axis of the fountain.
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developments. It consists in orienting the pairs of laser beams perpendicular to the 
faces of a cube whose orientation is such as to have one diagonal oriented along 
the desired vertical atomic cloud direction. In such a case there is no direct laser 
radiation traversing the interrogating microwave cavity or propagating along the 
vertical axis of the moving cold atomic cloud. This is illustrated in Figure 3.9. Two 
coils carrying current in opposite directions are part of that zone and complete the 
MOT. Those coils, forming an anti-Helmholtz configuration, produce a magnetic 
field gradient of ~10 G/cm in the centre of the capture area. The counter propagating 
lasers used to form the MOT are polarized in a s– to s+ configuration. The radiation 
fields consist of counterpropagating laser beams, which can be created by means 
of reflectors or still by means of beam splitters including coupling to optical fibres. 
These fields create the molasses cooling arrangement described in Chapter 2. The 
waist of the laser beams at the site of formation of the cooled cloud is of the order 
of 10–20 mm. The cloud is formed out of the Cs vapour pressure already existing in 
region A. The lasers are detuned from resonance by –3 G (to the red) and the capture 
velocity limit is about 30 m/s. In a typical setup, a MOT captures between 108 and 
109 atoms in 1 s. The result is a small cloud with a total number of atoms of the order 
of 108 to 109 atoms having speeds of the order of ∆v 2vrec≅  or ~7 mm/s. In a MOT, 
the cloud has a Gaussian velocity distribution and may have a diameter of the order 
of a few millimetres. It is possible to create a cloud with a higher density of atoms by 
feeding the space where the MOT is created by means of a beam of atoms already 
slowed down in a 2D MOT as described in Chapter 2.

The cold cloud of atoms is launched by means of the moving molasses technique. 
In the setup shown in Figure 3.8, this is done by detuning the vertical laser beams rela-
tive to each other. If the upward-directed beam is detuned by +dn and the downward-
directed one by –dn from the set cooling frequency nc, the resulting interference pattern 
moves vertically at a velocity cdn/nc. We may visualize the effect in the reference frame 
of the atomic cloud itself, forming the molasses, which is essentially locked to the inter-
ference pattern and moves with it. When this detuning is done, the magnetic field gradi-
ent forming the MOT is turned off and the molasses as a whole acquires speed in the 
vertical direction, thus its name moving molasses. The atomic cloud, under the form of 
a small ball, thus acquires speed vertically in a short time (~1–2 ms) as it follows the 
interference pattern and finds itself launched vertically at a speed given by:

 
v launch( ) = c

c

δν
ν

 (3.29)

In a typical case, the launching is done at a speed of the order of 4 m/s by appropriate 
detuning. The same technique for launching the atoms can be applied in the case of 
the arrangement shown in Figure 3.9 where the laser beams are oriented in a (1,1,1) 
arrangement. The detuning dn is then applied to all pairs of laser beams and from 
geometrical considerations on the orientation of the laser beams relative to the verti-
cal axis, it is shown that the ball is launched at a speed equal to:

 
v( )launch = 3c

c

δν
ν  (3.30)



215Microwave Frequency Standards Using New Physics

The cooling process itself may be examined by means of Figure 3.10 representing the 
lower manifolds of levels of interest of 133Cs. The actual transition used for cooling 
atoms in the MOT is the cycling transition S P1 2 3 24 5, ,F F= ↔ ′ =  as illustrated. 
In principle, atoms are trapped in an absorption-fluorescence cycle involving these 
two states since transitions from state P3 2 5, ′ =F  to other states than S1 2 4, F =  are 
forbidden. The cooling process should thus be very efficient. However, laser radia-
tion is applied for a relatively long time (0.1–0.5  s) and off resonance excitation 
may take place to state P3 2 4, ′ =F . In that case, decay may then take place to state 
S1 2 3, F =  by means of spontaneous emission. When that occurs the atoms involved 
are lost for cooling. It is possible to reintegrate those atoms into the cooling cycle 
by means of radiation at the frequency of the transition S P1 2 3 23 4, ,F F= ↔ ′ =  
and optically pump the atoms out of state S1 2 3, F =  as shown in the figure. Those 
atoms fall back by spontaneous emission to both levels F = 4 and F = 3 of the S1/2 
ground state but since they are pumped out of state S1 2 3, F =  they finally end up 
in level F = 4 and are thus cooled again. This optical pumping is done in practice by 
superposing to the cooling laser beams one or two pumping beams at the appropriate 
frequency corresponding to the S P1 2 3 23 4, ,F F= ↔ ′ =  transition.

A typical time sequence of the various operations is illustrated in Figure 3.11. For 
the purpose of illustration of the functioning, we will assume that the fountain is oper-
ated with a pair of laser beams propagating vertically, the two other pairs propagating 
in a horizontal plane. The particular sequence illustrated should be considered as one 
of several possible sequences with different periods of cooling and laser detuning and 
intensity. In practice, several other sequences, lapse times and tunings may be cho-
sen. In the sequence shown, the laser beams, vertical and horizontal, are detuned to 
the red from the unperturbed transition frequency by 3 natural line widths (–3G) dur-
ing the early period of cooling. This is called the capture period, identified as (1) in 
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FIGURE 3.10 Lower manifold of energy levels of Cs133 used in the analysis of the cooling 
and interrogation in the Cs fountain.
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Figure 3.11. It may last for a time between 0.1 and 1 s. The temperature of the atoms 
is reduced by both Doppler and Sisyphus cooling and may reach a few microkelvins. 
Near the end of that period, the magnetic field, creating a gradient for the operation of 
the MOT, is turned off. All the laser beams are then detuned by –2G, while the vertical 
upward- and downward-propagating laser beams are detuned by a small amount +dn 
and –dn, respectively. This is shown as period 2 in Figure 3.11. During those early 
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periods, repumping radiation between states S1 2 3, F =  and P3 2 4, ′ =F  is added to 
one or several of the horizontal beams. As explained previously, due to the detuning of 
the vertical lasers, the atoms find themselves in a reference frame moving at the same 
velocity as the moving standing wave mode of the two interfering radiation fields. 
During the launching phase the horizontal and vertical beams tend to warm up the 
atoms. To re-cool the atoms in their moving frame, the lasers frequency detuning is 
increased linearly to ~–12 G and the intensity of the radiation beams is slowly reduced 
down a ramp. This is shown as period 3 in Figure 3.11. In the whole process, sub-Doppler 
cooling takes place through Sisyphus cooling as described in Chapter 2. Finally, the 
beams are blocked by mechanical shutters with a fall-time of about 1 ms. The final 
temperature of the cloud being sent up vertically is a few microkelvins corresponding 
to an atomic velocity of the order of 1 cm/s or so. This is small compared to the vertical 
speed of the cloud at the exit of the MOT, which is about 4 m/s. At that velocity, the 
cloud of atoms reaches a height of about 1 m before falling back under gravity.

It should be mentioned that the cooling of atoms in an MOT is not absolutely 
required. The system also functions with a cloud created by means of a molasses 
alone. In such a case, a laser radiation polarization lin ⊥ lin configuration is used. 
The size of the cloud is larger to start with since it is not confined in space by the 
magnetic trap. It is created in the intersection volume of the cooling lasers and is 
thus of the order of 1 cm. The density of atoms in the cloud is then smaller than that 
existing in the case of a cloud created by means of an MOT. These properties have 
advantages in practice regarding frequency shifts, a question to be addressed later. 
Furthermore, the magnetic field needed to create the MOT, being relatively large, 
may cause other problems since it may be felt at the site of the detection cavity.

3.2.3.2 Preparation of the Atoms: Zone B
At the exit of the molasses, the atoms find themselves distributed equally among 
all Zeeman sublevels of the F = 4 level of the ground state. This ensemble of atoms 
could be used as such. However, atoms in field dependent sublevels do not contrib-
ute to the clock signal and may cause undesirable added noise in the detection. The 
cooling region is thus followed by a state preparation zone called B in Figure 3.8 
and period 4 in Figure 3.11. This region is exposed to a weak magnetic field of the 
order a few mG that removes the degeneracy of the ground-state Zeeman sublevels. 
On their way up, the atoms first pass through a microwave cavity tuned at the hyper-
fine frequency nhf = 9.2 GHz. The cavity is excited at that frequency by an external 
generator at a level such that during the time of the cloud passage, the radiation is 
perceived by the atoms as a p pulse for the transition to F m= =3 0, F . Consequently 
atoms originally in state F m= =4 0, F  exit that cavity in state F m= =3 0, F  with 
other atoms distributed in all Zeeman sublevels F m= ≠4 0, F . The cloud is then 
submitted to a radiation beam travelling at right angle to its trajectory and tuned 
at the  frequency corresponding to the transition at the S P1 2 3 24 5, ,F F= ↔ ′ = . 
The atoms left in levels F m= ≠4 0, F  are pushed out of the beam by transfer of 
momentum. In the case that cooling is done by vertical beams, this action can be 
done by means of those beams tuned properly. At the exit of that preparation zone, 
essentially all atoms in the cloud are in state F m= =3 0, F .
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3.2.3.3 Interrogation Region: Zone C
Essentially all Cs atoms are thus in state F m= =3 0, F  and are launched up at a velocity 
around 4 to 5 m/s. In the frame of reference moving at that speed, their temperature is 
of the order of 1 mK. On their way up, they pass through the interrogation cavity, which 
is tuned to the hyperfine frequency in the TE011 mode. This is zone C in Figure 3.8. 
Energy is fed to the cavity at a frequency of 9.2 GHz, close to the hyperfine frequency, 
and the atoms are put in a superposition of the two ground states F m= =3 0, F  and 
F m= =4 0, F . If the microwave power and the launching speed are set appropriately, 
the atoms find themselves at the exit of the cavity in a state as if they had been submitted 
to a p/2 pulse. The cloud pursues its flight up the system, is slowed down under gravity 
and reaches a height L of the order of 1/2 m where it reverses its path. This is represented 
as zone D in Figure 3.8. At the height h the atoms fall back as in a fountain and pass 
again in the same cavity at the same speed as in their way up. This action corresponds 
to period 5 of the sequence illustrated in Figure 3.11. The atoms thus achieve a Ramsey 
interaction as in the case of the classical horizontal beam approach. However, the inter-
action takes place in the same cavity. If a longitudinal phase gradient exists in the cavity 
due, for example, to losses in the copper walls, its effect on the frequency of the standard 
is cancelled due to the reversal of the speed of the atoms in traversing the cavity. Thus, 
in principle, there should be no so-called end-to-end frequency shift caused by a cavity 
phase gradients. This statement is valid at the condition that the atoms retrace the same 
path in the cavity on their way up and down in their free flight.

3.2.3.4 Free Motion: Zone D
In this region the atoms are left free to move under gravity. They reach a maximum 
height and fall back.

3.2.3.5 Detection Region: Zone E
After the interrogation zone, the atoms fall in the detection area. The atoms exit from the 
cavity in a coherent superposition of the two states F m= =3 0, F  and F m= =4 0, F  the 
nature of which depends on the frequency tuning of the radiation applied to the cavity. 
The number of atoms in each of the two states may be determined in the following way 
(Chapelet 2008). The atoms cloud is excited by multiple laser beams in the form of thin 
layers travelling at right angle to the falling atomic cloud. The first beam, in the form of 
a standing wave excites the transition F F= ↔ ′ =4 5  and the atoms traversing that 
beam emit fluorescence as a pulse of light reflecting the shape of the atomic cloud. This 
pulse is called the time-of-flight detection pulse. The number of atoms NF = 4 in level F = 4 
is calculated from the area of this time-of-flight signal. Following that operation, the fall-
ing atomic cloud passes through a region where it is submitted to a laser travelling wave 
at the same frequency and again as a layer. The atoms in level F = 4 are pushed out of 
the falling cloud. The atoms are then submitted to a standing wave radiation field tuned 
at the frequency of the transition F = 3  to F = 4  and are pumped into level F = 4 . 
The cloud then falls in a region where they are submitted to the same radiation field as at 
their entrance in the detection region. The fluorescence pulse that results represents the 
number of atoms that have been pumped in that level and thus determines the number of 
atoms NF = 3 in level F = 3 in the cloud at the entrance of the detection region. The prob-
ability of transitions caused by the interrogating cavity is then obtained as:
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It is then possible to analyze this probability as a function of various parameters, in 
particular, the frequency applied to the interrogating microwave cavity. The Ramsey 
fringes of the pattern obtained are very narrow, reflecting the time the atoms have spent 
in free zone D or the time sequence of the microwave pulses they have experienced 
on their way up and down to and from height h, which may be of the order of 0.5 m.

Figure 3.12 shows the Ramsey fringes observed with fountain FO2 designed 
and assembled at SYRTE, Paris, France. The insert of the figure makes explicit 
the experimental results appearing as points representing the transition probability 
deduced from fluorescence levels at the detector for a given frequency applied to the 
interrogating cavity. An excellent signal-to-noise ratio of approximately 5000/point 
is obtained.

3.2.4 physical cOnstructiOn OF the cs FOuntain

In the following paragraphs we will describe a typical implementation of a fountain. 
We will use as example the Cs fountain developed at SYRTE, Paris, France.

3.2.4.1 Vacuum Chamber
A fountain is essentially composed of two parts: the cold atom manipulation zone 
and the interrogation zone. They are enclosed in a high-quality vacuum chamber. 
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FIGURE 3.12 Ramsey fringes observed in SYRTE’s FO2 fountain. The insert shows the 
central fringe, which has a width of 0.94 Hz corresponding to a period of free flight above the 
cavity of about 500 ms. (Courtesy of SYRTE Paris, France.)
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The interrogation region is enclosed in a tube that provides a high temperature 
 stability and homogeneity. In the particular fountain constructed at SYRTE, Paris, 
France, its diameter is 150 mm and its length is 700 mm. The top of this cylindrical 
tube is closed by a glass window with a diameter of 40 mm.

The atom manipulation zone is made of stainless steel. It consists of two parts: 
capture, Zone A of Figure 3.8, and detection Zone E of the same figure. The two 
zones are separated by 15 cm. The first part contains the glass windows for passing 
the cooling laser beams and observing the cold atom cloud. The second one contains 
the glass windows for the detection system. All glass windows have an antireflection 
coating and are soldered on the vacuum flanges. A vacuum tube connects the capture 
zone with the Cs source.

3.2.4.2 Microwave Cavity
One of the most critical parts of a fountain clock is the microwave interrogation cavity 
made of OFHC copper through which the atoms pass twice, once on their way up and 
again on their way down, providing a Ramsey type of interaction. That microwave cav-
ity is cylindrical and operates in the TE011 mode. It has axial symmetry and a relatively 
high Q. That fundamental TE011 mode allows one to open relatively large holes in the 
end caps of the cavity, with only a slight perturbation of the electromagnetic field within. 
The fundamental mode of a TE011 structure has a small transverse phase gradient 
and very small magnetic field transverse components that could excite undesirable 

FIGURE 3.13 The dual Rb and Cs resonant cavities. (Courtesy of SYRTE, Paris, France.)
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Δm = ±1 transitions. Figure 3.13 is an illustration of a double cavity fabricated at 
SYRTE, which is used in a fountain operating with both atomic species Rb and Cs.

3.2.4.3 Magnetic Field
A solenoid made of copper wire wound around an aluminium tube is used to pro-
duce the required static magnetic field. Three cylindrical magnetic shields made of 
m-metal (thickness 2 mm) are placed around the solenoid. Each of them is closed 
by two end caps. In some designs, several compensation coils are placed on the 
end-caps of the magnetic shield to ensure the continuity and the smoothness of the 
magnetic field changes in those transition regions in order to avoid rapid field varia-
tions that might induce Majorana transitions. The coils are also used to improve the 
C-field homogeneity.

3.2.4.4 Temperature Control
A typical working temperature of the fountain may be 29°C. In the first implementa-
tion, a heating wire made of ARCAP (nonmagnetic and high resistivity) was wound 
in double spiral coils on an aluminium tube placed between the first and second mag-
netic shields. The temperature was regulated and maintained within ±0.5°C. As the 
metal cavity resonance frequency has a temperature sensitivity of 150 kHz/°C, it is 
possible to use it as a sensor element, and a measurement of its resonance frequency 
allows the control of temperature in the interrogation region with a resolution of 
10–3 °C. However, in a room well-controlled in temperature (within 0.5°), it is pos-
sible to operate the fountain without temperature control with satisfactory results. 
The approach has an added advantage of reducing temperature gradients within the 
structure (A. Clairon 2014, pers. comm.)

3.2.4.5 Capture and Selection Zone
In atomic fountains, gravity is used to accomplish a Ramsey interrogation type of 
interaction, the atoms passing twice through the same cavity. In this way, the fre-
quency shift due to a difference between the phases of the microwave field in the two 
cavities used in the standard room temperature beam approach is greatly reduced. 
As the parasitic light from the detection and the cooling region can penetrate the 
interaction region and produce a frequency shift of the atomic resonance frequency 
as in the optically pumped beam standard, the laser beams used for manipulation of 
atoms are blocked by mechanical shutters during the flight of the atoms.

3.2.4.6 Detection Zone
The detection zone is situated approximately 15 cm below the capture centre. Three 
laser beams and two low-noise photodiodes are used in the detection process. Two 
ion pumps of 25 l/s each are used to produce a vacuum of 10–7 Pa.

3.2.4.7 Supporting Systems
3.2.4.7.1 Microwave
The microwave signal feeding the cavity for probing the atomic transition is either syn-
thesized from a low-noise BVA quartz-crystal oscillator or from a cryogenic-sapphire 
oscillator (CSO, α Al2O3) (Vian et al. 2005), the latter exhibiting an extraordinary 



222 The Quantum Physics of Atomic Frequency Standards

high frequency stability of 5.4 × 10–16 τ–1/2 for τ between 1 to 4 s and 2 - 4 × 10−16 up to 
800 s, before a slow drift sets in (Bize et al. 2004). In a typical operation, the voltage-
controlled oscillator (VCO), or the CSO, is phase-locked weakly to an H maser which 
serves as a frequency reference for the fountain clock. The 9.2 GHz microwave signal 
for the interrogation is generated by means of proper multiplication and mixing of 
the VCO or the CSO frequency with the frequency of a synthesizer, usually of com-
mercial origin.

3.2.4.7.2 Laser Beams
The radiation beams required for cooling, pushing, and detecting originate from 
solid-state diode lasers. These lasers are generally stabilized by means of techniques 
described earlier in Chapter 2, such as saturated absorption. The various laser fre-
quencies and detuning required in the operation of the fountain are obtained by 
means of accousto-optic-modulators (AOM). The various components are mounted 
on an optical table and the lasers radiation is fed to optical fibres by means of cou-
plers. The optical fibres are connected to the body of the fountains by means of 
special couplers and collimators that form beams with a waist of the order of 1 to 
2 cm (Chapelet 2008).

3.2.4.8 Advantages and Disadvantages of a Pulsed Fountain
At this stage, we will mention some of the main advantages and disadvantages of the 
fountain in pulse operation. We will come back in more details later on some of them.

3.2.4.8.1 Frequency Stability
Advantages of the pulsed fountain regarding short-term frequency stability reside 
mainly in the good S/N obtained and the narrowness of the central Ramsey fringe 
due to the long time of interrogation as shown in Figure 3.12. Consequently the line 
Q is very large, of the order of 1010. The number of atoms detected is of the order 
of 107 and the S/N may be of the order of 5000. The resulting short-term stability 
may be as high as 10–14 τ–1/2, which is an improvement of the order of 20 to 30 over 
the room temperature optically pumped standard realized at SYRTE as reported in 
Table 3.1. On the other hand, a main disadvantage of the pulsed operation resides in 
the sensitivity of the short-term stability to phase noise of the microwave signal act-
ing on the transition probability during only part of the cycle (Dick 1987).

3.2.4.8.2 Frequency Accuracy
In relation to frequency accuracy, the fountain has several advantages due to the 
narrowness of the resonance line observed and the temperature of the atoms in the 
cloud. The frequency of the fountain is relatively insensitive to cavity pulling and 
the second-order Doppler shift is reduced to 10–17 with an uncertainty of 10–18. In 
pulsed operation, there is no light during the interrogation phase and the light shift 
can be completely eliminated. As the atoms pass twice the same microwave cavity 
with opposite velocity, the end-to-end phase shift effect no longer exists in a fountain 
clock. The only remaining effect is caused by the spatial variation of the phase of 
the oscillatory field in the cavity. Another advantage of the atomic fountain resides 
in the fact that it is possible to map the magnetic field as a function of height by 
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 launching the cooled cloud at different initial velocities. With this knowledge, it is 
possible to determine the second-order Zeeman frequency shift of the clock transi-
tion to an uncertainty better than 10−16. This shift is of the order of 10−13. It should 
also be mentioned that it is possible to vary the cycle time and the interaction time 
making possible various tests to improve frequency accuracy. One disadvantage of 
the low temperature (1 mK) involved in the atomic cloud of the fountain resides in the 
fact that the collision frequency shift becomes important. Calculation by Tiesinga 
et al. (1992) and his co-workers estimate this shift at 10−22/(atom/cm3) for Cs. For the 
transportable fountain clock at SYRTE, the shift is <3.4 × 10−15, and its uncertainty 
is <5.8 × 10−16 (Ghezali et al. 1996; Abgrall 2003).

It should finally be mentioned that the fountain is a rather complex device and that 
its operation requires an optical table for lasers operation and stabilization and that 
its construction is rather large since the path of the atoms in their way up and down 
is of the order of 1 m.

3.2.5 Frequency staBility OF the cs FOuntain

As made evident in Chapter 1, frequency stability and accuracy are the two most impor-
tant properties of primary atomic frequency standards. We will examine the question 
of accuracy below with all known phenomena and perturbations that can affect it. 
In this section, we wish to examine the limit of frequency stability of such a fountain. 
The question was examined in detail in Volume 2 of QPAFS (1989) in connection to 
room temperature Cs beam standards. In particular, the question of transferring to 
a reference oscillator, such as a quartz oscillator, the inherent frequency stability of 
a resonance signal was examined in detail and the reader is referred to that book on 
that matter. In the case of the fountain the problem is different since we are now in the 
presence of a pulsed system, the resonance signal being obtained from a small ball of 
atoms in free motion with a repetition period of the order of one second. This subject 
was addressed in several articles (Audoin et al. 1998; Greenhall 1998; Santarelli et al. 
1998, 1999) and we will outline the main characteristics of the resulting frequency 
stability when an external oscillator is locked to the fountain resonance line.

Frequency stability is limited by the presence of random fluctuations in the detec-
tion of the atomic resonance line and on the time behaviour of various biases that 
affect the frequency of the resonance. We will examine later the origin of those 
biases and their stability with time. For the moment we wish to concentrate on the 
random fluctuations on the number of photons arriving at the detector, or noise, as 
seen by the detection system. In the case of the fountain, frequency locking of a 
reference oscillator generating the interrogating radiation is done in the following 
way. In the first part of the locking cycle, a small cloud or ball of cooled atoms is 
prepared, sent up the instrument, passed twice in the microwave cavity on its way up 
and down, and is analyzed relative to atoms distribution in the two states F = 3 and 
F = 4 in the detector region. A continuous microwave interrogation signal is fed to 
the interrogation cavity. The frequency of that interrogation signal, ωosc, may be dis-
placed from the atomic resonance frequency ωM (maximum of the central fringe) by 
a small value Δω. Furthermore, its frequency is square wave modulated at a low rate 
with an amplitude ωm. This modulation is set equal to about half the line width of 
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the central Ramsey fringe. With the interrogation frequency set on the low frequency 
side of the fringe, at (ωosc + Δω – ωm), the number of atoms in level F = 3 and F = 4 is 
measured at the detector as described previously. The normalized number of atoms 
having made a transition is then determined by means of Equation 3.31. It is recalled 
that the number of atoms is determined by means of fluorescence photons counting. 
In the second part of the locking cycle, a second ball is prepared, sent up in free 
flight and the same process is effectuated with the microwave frequency set to the 
high frequency side of the central Ramsey fringe, that is ωosc + Δω + ωm. Again the 
normalized number of atoms having made a transition is measured at the detector. 
The difference in the two results indicates the agreement of the chosen ωosc with the 
maximum of the Ramsey fringe. The process is repeated and the results can be aver-
aged over several cycles. The signal obtained is processed digitally and an error signal 
is constructed as a function of the interrogation frequency, ωosc. This error signal is 
then used to lock the frequency ωosc of the generator to the maximum of the central 
Ramsey fringe making the detuning Δω virtually zero. This is all done digitally by 
means of a processor that determines the sequence of all settings and operations.

Unfortunately, those measurements are affected by noise in the detection of atoms. 
It is important to identify properly the origin of that noise, which degrades the signal 
observed and affects the frequency stability as measured. Various contributions have 
been identified and expressions for those contributions have been presented by vari-
ous authors. We provide in Appendix 3.A, for some of those contributions, an analysis 
describing important steps in the derivation of those expressions. The main noise com-
ponents contributing to the instability of the fountain are discussed in the following 
sections.

3.2.5.1 Photon Shot Noise
In detecting a large number of fluorescence photons for identifying the resonance 
line, random fluctuations appear as shot noise in the number counted. This type 
of noise was studied in detail in QPAFS (1989) for various devices, in particular 
optically pumped Rb and Hg+ standards. In fact, the frequency locking technique 
described in the case of Hg+ trap is very similar to that of the fountain approach aside 
from the fact that the resonance line in the case of the ion trap was obtained through 
a continuous Rabi interrogation type rather than double pulse Ramsey interrogation 
technique. Shot noise is proportional to the number of photons Nat nd counted, where 
Nat is the number of atoms in the ball and nd is the number of fluorescence photons 
nph emitted per atom multiplied by the efficiency of collection of the photons ec at the 
detector and the efficiency ed of the detector itself. 

We define:

 n nd ph c d= ε ε  (3.32)

The analysis done in Appendix 3.A gives the following expression for the frequency 
stability of the fountain as degraded by shot noise:
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3.2.5.2 Quantum Projection Noise
The frequency of the microwave interrogation signal is set off the maximum of the 
central fringe by about one half the linewidth. In that situation, the atoms find them-
selves in a superposition state of the two ground-state hyperfine levels. The probabil-
ity of an atom being in either state is the same and the measurement process sends 
the atom in either state. In one interpretation, this process is said to collapse the wave 
function representing the state of the atom, or in another interpretation it may be said 
that the measurement projects the wavefunction on either of the state vectors form-
ing the superposition state. In quantum mechanics, this process is undetermined 
and mathematically is represented by a probability. This leads to randomness in the 
emission process and noise in the detection. It is often called projection noise. It is 
proportional to the number of particles Nat in the ball. The contribution of this type 
of noise as calculated in Appendix 3.A is given by:
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These results are similar to those originally derived by Wineland (Wineland and 
Itano 1981) in the context of an ion trap. In their case, the cloud of atoms was submit-
ted to a Ramsey type of microwave interrogation similar to the one used in the case 
of the fountain. However, that cloud of ions was static and only the preparation was 
done in a discontinuous way.

It is noted that in the case that the number of photons nph emitted by each atoms 
in the ball is very large, nd becomes large and the fountain frequency stability is 
controlled mainly by quantum projection noise.

3.2.5.3 Electronic Noise
Noise may also be internally generated in the detection components as well as in the 
amplifying electronics. Generally this noise is made negligible in a well-designed 
system by means of a proper choice of components.

3.2.5.4 Reference Oscillator Noise: Dicke Effect
Finally since the fountain operates in a pulse mode, the reference oscillator fluctua-
tions may not be corrected or filtered by the servo system which in such a case has 
variable loop gain. As mentioned by Dick (Dick 1987), this effect has a very differ-
ent character from those effects due to local oscillator fluctuations treated by Vanier 
et al. which are due to finite loop gain (Vanier et al. 1979). In the present case, in a 
pulse mode, high-frequency phase fluctuations of the interrogation oscillator may be 
down converted in the servo system and may appear as white frequency noise. This 
type of noise is important in the case of the fountain. When a quartz crystal oscil-
lator is used as the reference oscillator in the synthesizer chain with an important 
1/f noise contribution, the frequency stability of the fountain may be limited by this 
effect. It has been found that the use of a CSO as reference oscillator with low short-
term noise improves the measured frequency stability considerably.

Characterization of the fountain is often done from a measurement of the S/N 
of the fringe observed. It is often desired to conclude on the expected frequency 
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stability of such a fountain. An expression can be written for the frequency stability 
in terms of that S/N as obtained in the measurements:
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In practice, when measured at the maximum of the fringe (frequency ωM), the S/N may 
be of the order of 1000. However, at the frequency ω ω± m, at half the height of the fringe, 
the slope of the line shape acts as a discriminator of phase noise of the interrogating sig-
nal and the S/N is degraded to something like ~600. The calculated frequency stability 
is σ τ τy( ) .= × − −1 4 10 13 1 2 in agreement with experimental data (Szymaniec et al. 2005). 
The expression leads to an obvious way of increasing frequency stability. The line Q can 
be increased by increasing the launching velocity, which increases the launching height. 
However, there are limits to that avenue. There is dispersion of the cloud when launched 
at a higher height reducing the number of atoms detected and the difficulty of generat-
ing clouds with high density. This last limit has been resolved to some extent by feeding 
with slow atoms, using a 2D MOT beam, or other similar means, the space where the 
MOT is formed. On the other hand, the effect of noise generated by the detection system 
is resolved by means of design and choice of low noise electronics.

The effect of the reference oscillator noise, unfortunately, is difficult to control. Most 
groups use very high quality synthesizers and quartz oscillators for generating the inter-
rogating signal. However, real improvements can be achieved by using a CSO (Luiten 
et al. 1994), or still high quality sources such as optically stabilized microwave sources 
(Millo et al. 2009; Weyers et al. 2009) with low phase noise, although adding some 
complexity to the approach. Using the CSO approach, a fractional frequency instability 
of 1 6 10 14 1 2. × − −τ  was realized at SYRTE, Paris, France, using that approach combined 
with a specially designed synthesizer characterized by low phase noise (Bize et  al. 
2004). The stability was limited by quantum projection noise (Santarelli et al. 1999).

Another strategy for reducing the influence of the Dicke effect is to accelerate the 
loading and preparation of the cold atomic cloud making possible the reduction of the 
fraction of the fountain time cycle where no atoms are in or above the microwave cavity. 
Loading times of the MOT (or molasses) can be greatly shortened when the atoms are 
collected from a slow atomic beam. For the same loading time, a molasses loaded from 
a slow beam captures more than 10 times as many atoms as a molasses loaded from the 
background vapour. Low speed atoms can be fed in the molasses region by means of 
a chirp-slowed atomic beam (Vian et al. 2005) or by means of a 2D MOT (Chapelet 
2008) as mentioned above.

Finally, the ideal approach would be to operate the fountain in a continuous mode 
(Berthoud et al. 1998). This approach has been studied but is rather difficult to imple-
ment. It will be described below and recent results will be outlined.

3.2.6 ruBidium and dual species FOuntain clOck

In implementing frequency standards, it is important to compare the behaviour of 
different atomic species under the same conditions or to use one as a reference for 
the other in order to identify possible fundamental biases or simply to verify the 
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advantages of one species relative to the other. For example, comparison of H used in 
a maser and Cs used in a beam device showed the superiority of Cs regarding accu-
racy while H in a maser was better regarding frequency stability. In the case of the 
fountain, Rb is a natural other candidate because the atomic physics regarding that 
atom is very similar to that of Cs and because laser cooling and manipulation of Rb 
are just as conveniently possible as with Cs. Furthermore, in practice, the set-up and 
the operation of a Rb fountain clock are basically the same as those of a Cs fountain 
clock (Bize 2001).

One of the most obvious things to do is a determination of a Rb fountain output 
frequency with respect to that of a Cs fountain and the relative frequency stability of 
the two devices. Those measurements would first establish the quality of each stan-
dard as an actual time standard as well as their relative quality as a primary standard. 
Furthermore, various experiments could be done to determine some fundamental 
properties of the ratio of their hyperfine frequencies with time addressing the ques-
tion of stability of fundamental constants.

The lower manifolds of levels of interest of the 87Rb atom are shown in Figure 3.14, 
which can be compared to those of Cs shown in Figure 3.11. As can be seen, this level 
structure is slightly different from that of the Cs atom but it is readily observed that 
what has been described above for the Cs fountain, construction and functioning, can 
be transposed directly to the case of the implementation of a Rb fountain. A fountain 
was realized at SYRTE, Paris, incorporating all the components required to operate 
both a Cs and an Rb fountain in the same unit. A diagram of such a double fountain 
is given in Figure 3.15. It can operate either alternatively with 133Cs and 87Rb or with 
both atoms simultaneously. The environment, magnetic field and temperature, being 
the same a comparison of the two standards is relatively easy to address, the results 
having high credibility. The precise and repeated measurements of nCs/nRb have led 
to the adoption of the hyperfine frequency nRb = 6,834,682,610.904312 Hz for 87Rb in 
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FIGURE 3.14 Lower energy manifolds of the 87Rb atom.
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term of the SI definition of the second and as a secondary representation of the second 
with a relative uncertainty of 1.3 × 10−15 (CCTF 2004; Guena et al. 2014).

Figure 3.16 shows the actual dual Rb-Cs fountain designed and constructed at 
SYRTE, Paris, France. As in the single species Cs fountain, laser beams required 
for cooling the two species cross at right angle in the centre of the preparation 
zone, where the cold atomic cloud of each species is produced. The laser radia-
tion fields are fed to the system by means of optical fibres. Laser frequencies and 
intensities required by the time sequence illustrated in Figure 3.11 are controlled 
on two optical tables by means of AOM and mechanical shutters. Microwave 
interrogation for each species takes place in a double cavity as the one shown in 
Figure 3.13.

Rb and Cs interrogation
cavities

Rb and Cs  selection
cavities

Capture and laser
cooling zone

Detection
zone

Pusher

FIGURE 3.15 Conceptual diagram of the double, Cs and Rb, fountain implemented at 
SYRTE, Paris, France. The detection zone is similar to that implemented for single species 
fountain. The cooling laser radiation beams are created by means expanding collimators situ-
ated at the entrance of the vacuum envelope and fed by means of optical fibres. The whole 
arrangement regarding vacuum, magnetic field and shielding is similar to that of the single 
fountain described earlier.
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The two atomic species of Rb and Cs are captured in the same region by dual 
optical molasses operating in a lin lin⊥  configuration. For simultaneous operation, 
dichroic collimators are used (Chapelet 2008). Two separated optical benches are 
used to generate laser beams at 780 and 852 nm respectively for Rb and Cs. The opti-
cal molasses are created at the same region of space. Both species are launched at 
the same instant with a slightly different velocity, which is chosen to avoid collisions 
between the two atomic clouds during the entire ballistic flight.

3.2.7 Frequency shiFts and Biases present in the FOuntain

We have examined in detail in Chapter 1 the sources of frequency shifts in the clas-
sical room temperature Cs beam standard. Most of these shifts are still present in 
the fountain but some are reduced considerably. However, since the frequency of 
the fountain is very stable, some of the shifts that were not visible in room tempera-
ture Cs beam standards are now easily detected. Furthermore, since the accuracy 
of the fountain is much greater than that of those standards, some of the smaller 
frequency shifts have to be taken into account in the evaluation of its possible accu-
racy. We will now examine in detail the physics of those frequency shifts, determine 

FIGURE 3.16 Photograph of the dual, Rb-Cs, fountain. (Courtesy of SYRTE, Paris, France.)
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their value and discuss their effect on the overall performance of the fountain as a 
primary standard.

3.2.7.1 Second-Order Zeeman Shift
In the fountain, since the interaction times in the cavities are long, the width of 
the Rabi resonances is narrow and the system can operate with a smaller Zeeman 
splitting of the ground-state levels than in conventional classical Cs standards. The 
magnetic field applied is then set usually in the range of 10–7 T (~1 mG). The shift 
Δnoo of the frequency nc of the clock transition F m F mF F= = → = =4 0 3 0, ,  in 
the presence of a small field is given by:
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Bo is the magnetic induction in Tesla and nHFS is the hyperfine splitting in zero field. 
When the constants are introduced in the equation, the shift is actually given by 
Equation 1.21 of Chapter 1. A field of 10–7 T gives a fractional shift of about 5 × 10–14. 
This shift is very small compared to the shift that results for the field applied in the 
classical approach, which as shown in Table 1.1 of Chapter 1 is 104 times larger. 
Nevertheless, in order to reach frequency accuracy better than 10–16, this magnetic 
field has to be determined accurately.

The value of the magnetic field in the region of the free trajectory above the cav-
ity can be determined by several means. This may be done by exciting a hyperfine 
transition that is field dependent, such as F m F m= = → = =4 1 3 1, ,F F . Ramsey 
fringes are observed above a Rabi pedestal and the position of the central fringe of 
this field dependent transition can be used to determine the average field seen by the 
atoms. Neglecting second order terms, the frequency shift of the ΔmF = 0 transition 
for the transition given above is given by:
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Thus, if the field is homogeneous, a measurement of the frequency shift of the field-
dependent transition provides a value of the magnetic field through the path followed 
by the cloud. In practice, the shift of the field independent line noo is evaluated by 
combining Equations 3.36 and 3.38 to obtain:

 

∆ ∆ν
ν

ν
ν

oo o

HFS

o

HFS

( ) ( )B B= 





8 11

2

 (3.39)

However, the field may not be homogeneous. The shift of the field dependent 
resonance is linear with the field and the position of the resultant fringe reflects 
the time average of that field or ∆ν11 . From Equation 3.36, the shift of the field 
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independent transition Δnoo should be the time average of the square of the field 
and Equation 3.39 is not quite appropriate. This is the whole question about the 
actual difference between Bo

2  and Bo
2
, which causes an uncertainty:
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This problem can be resolved by making a map of the field in the trajectory followed 
by the atomic cloud. It is thus important to know the actual value of the field at every 
point in the cloud and to do the appropriate averaging. In the classical thermal beam 
approach, the atoms travel horizontally at constant velocity. The average over time 
can be replaced by an average over space. However, in the case of the fountain, the 
atoms are launched vertically and the speed of the atomic cloud varies from a launch 
velocity of the order of 4 m/s to a value equal to zero at the top of the trajectory. The 
effect of the magnetic field on the clock transition is thus written as:
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Consequently, the time average takes place over length sections of various sizes 
due to the change in speed of the atoms. A map of the field can be done using 
the field dependent transition by adjusting the launch velocity of the cloud and 
thus varying the height that is reached by the cloud. For example, a given atomic 
cloud, n, may be launched to a given height and ∆ν11 n

 can be measured for that 
height or launch n. A subsequent cloud, n + 1, may be launched at a larger speed to 
a height larger by a small amount and the frequency ∆ν11 1n+

 measured again for 
that launch (n + 1). The difference in frequency provides an indication of the varia-
tion of the field along the path and, interpreting the time averaging as a function of 
the changing velocity with height, a map of the field deduced from the frequencies 
measured may be made.

Another method that could be used is the so-called time domain Zeeman spec-
troscopy. In that case the launching velocity is kept constant and the power is 
adjusted in the interrogating cavity to excite the atoms as if they were submitted 
to a p pulse. In the approach described previously in the standard operation of the 
fountain, the atoms are first prepared in state F = 3, mF = 0 and enter the inter-
rogating cavity in that state. A p pulse sends them into state F = 4, mF = 0. An rf 
field at the Zeeman frequency corresponding to transitions ∆mF = ±1 is applied for 
a short time, say 10 ms, over the whole region of the free flight of the cloud. In the 
process, atoms are excited to levels F m= ≠4 0, F  at a given time corresponding to 
the height they have reached at the time of application of the rf pulse. In travers-
ing the microwave cavity on their way down, the atoms in the cloud are submitted 
again to a microwave field of the same intensity and frequency as in their way up 
and are thus submitted to a p pulse again. The atoms that have not been excited 
by the Zeeman field are still in state F m= =4 0, F  and are excited back to level 
F m= =3 0, F . The measurement can be completed at the detector by exciting atoms 
in the cloud at the cycling transition frequency F = 4 to F ′ = 5 and measuring the 
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fluorescence. The intensity of the fluorescence is an indication of the number of 
atoms that have been excited to mF ≠ 0 levels. The measurement can be done as a 
function of the delay between the cloud arrival and the time the Zeeman pulse was 
applied. A measurement of the applied Zeeman frequency for which the effect on 
the fluorescence is a maximum gives a direct indication of the value of the mag-
netic field at the height of the atomic cloud when it was excited. Consequently a 
map of the magnetic field in the region above the interrogating cavity can be done 
as a function of time delay providing an absolute value of the magnetic field at the 
number of points desired.

Another somewhat related technique consists in operating the fountain normally 
and excite Zeeman transitions within state F = 4 between levels mF = 0 and mF = ±1 
like is done, for example, in the determination of the field in the H maser described 
earlier. An rf pulse, say of duration of 100 ms, exciting such transitions is applied 
at the time the atoms reach their maximum height (Meekhof et al. 2001; Levi et al. 
2004, 2009). When the frequency of the applied rf pulse is resonant with those tran-
sitions, the 0-0 Ramsey resonance is affected, the coherence of the atoms in their 
transit time above the interrogation cavity being destroyed. The effect on the ampli-
tude of the central field independent Ramsey fringe is then measured as a function of 
the rf frequency applied. This is done for various launching velocities and the time 
of application of the rf pulse is correlated to the launching velocity in such a way as 
to be applied at the atoms apogee in their free flight. A detailed map of the magnetic 
field in the region above the interrogating cavity is thus obtained and Equation 3.40 
can be used to obtain the magnetic field shift of the clock transition. The method is 
rather efficient but care should be taken on the interpretation of the data since the 
atomic cloud has a spread in space and an integration of the field over space and time 
duration of the pulse is present.

It is recalled that the transverse shielding factor of cylindrical magnetic shields 
is generally larger than their longitudinal factor. Consequently, a vertical construc-
tion, which orients the shield cylinders nearly parallel to the earth’s field, is less 
efficient than a horizontal construction used in the case the thermal beam approach 
described in Chapter 1. However, it is found that field inhomogeneities in a well-
designed fountain do not cause major problems. This is accomplished by using 
sufficient shielding layers (>3), end caps and possibly correction coils near those 
caps to compensate for end effects of the solenoid. In practice, although inhomo-
geneities and magnetic field are present, they are found to be small. For exam-
ple, in a particular system constructed at the National Physical Laboratory (NPL), 
UK, it is found that for a field of say 176 nT, the variance of the field may be as 
low as 0.35 nT and the resulting bias introduced by the field inhomogeneity is less 
than 10–18 (Szymaniec et al. 2005). Similar results were obtained by other groups. 
Fluctuations of the magnetic field with time (which may be caused by thermoelec-
tric currents in the region of the cavity) may be more important causing shifts of the 
order of 5 × 10–17, but this is still small.

3.2.7.2 Black Body Radiation Shift
We have shown earlier that electric fields have the properties of altering the internal 
energy levels structure of atoms, either lifting degeneracy or shifting those levels. It 
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is the well-known Stark effect. Both dc and ac electric fields have an effect. In the 
fountain, atoms are also submitted to environmental radiation called Black Body 
radiation (BBR). It causes an ac Stark effect and shifts the ground-state hyperfine 
levels of alkali atoms. It is one of the largest biases and a significant source of uncer-
tainty in either Rb or Cs atomic fountains. We now outline our present knowledge on 
the subject and its effect on the accuracy of the fountain.

3.2.7.2.1 Static Stark Effect
The calculation of such an effect on the hyperfine levels of H and alkali atoms was 
summarized in Volumes 1 and 2 of QPAFS (1989). An applied static electric field Eo 
shifts those energy levels. The effect may be interpreted as an interaction that cre-
ates an admixture of the excited states, in particular P states, into the ground S state. 
This causes a different shift for each of the hyperfine levels creating a shift of the 
hyperfine frequency by the amount:
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st= k E2  (3.42)

where:
kst is the static Stark effect coefficient

That coefficient is a function of the polarizability of the atoms. It is generally calcu-
lated in a perturbation approach intermixing upper states with the hyperfine ground 
state. The accuracy of the theoretical determination of the effect of a static electric 
field on the hyperfine frequency depends on the extent of that summation over excited 
states. For example, Anderson (1961) limits the choice to those excited states that 
yield a proper value when used in the calculation of the polarization αe. Such a cal-
culation yielded a fractional hyperfine frequency shift for Cs equal to –3.5 × 10–20 E2 
while a fractional shift of –2.44 × 10–20 E2 was measured (Mowat 1972). The coef-
ficient given above is often expressed in absolute frequency units. In the case of Cs, 
Mowat’s measurement gives Δnhf = –2.25 × 10–10 E2 (Hz). A somewhat more elaborate 
analysis using a different approach consisting of perturbed wave functions and dif-
ferential equations (Lee et al. 1975) gave a value of kst equal to 2.23 × 10–10, while 
still more elaborate perturbation calculations extending to higher continuum states 
gave kst equal to 2.26 (2) × 10–10 (Angstmann et al. 2006), and 2.271 (8) × 10–10 (Beloy 
et al. 2006). Calculations made by Micalizio et al. (2004) giving a smaller value for 
kst were recognized as having a limited accuracy since they were not extending to 
continuum states.

3.2.7.2.2 ac Stark Effect and BBR
An important consideration is that an oscillating electric field, whose frequency is low 
relative to the frequency of the transitions from the ground state to the excited states of 
the atom, causes a similar effect. It is then assumed that this ac Stark shift is proportional 
to the average value of the square of the oscillating electric field, E t2( ) . Consequently, 
BBR being electromagnetic radiation in thermal equilibrium with a Black Body at tem-
perature T and being always present in the region of the fountain where the atoms evolve is 



234 The Quantum Physics of Atomic Frequency Standards

expected to cause such an effect. That radiation has a spectrum of energy per unit volume 
in interval n and n + dn given by:
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where:
h is Planck’s constant
k is Boltzmann constant

The radiation satisfies the criterion that most of the energy is concentrated at low 
frequencies. In fact, at room temperature, the energy spectrum is maximum around 
30 THz (10 mm), much lower than the frequency corresponding to transitions from 
levels that cause an admixture of the excited states into the ground state, which in Cs 
are above 350 THz (850 nm). In such a case, one can assume that the BBR frequency 
shift of the hyperfine frequency is given by the mean square value of the BBR elec-
tric field. Equation 3.42 is then written as:
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where E t2( )  is the mean square value of the BBR electric field and kBBR is the Stark 
coefficient that is calculated as in the case of a static electric field. The problem is 
thus reduced to an evaluation of kBBR. A first approximate evaluation can be done by 
calculating directly the mean square value of the BBR electric field and using kBBR as 
the measured dc value. The total energy per unit volume is obtained from Equation 
3.43 and is equal to the energy in the electric and magnetic fields of that radiation. 
Using the property that the stored magnetic and electric energies are equal and inte-
grating Equation 3.43 over all frequencies, we obtain the root mean square value of 
the electric field as (QPAFS 1989, Vol. 2):
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It should be mentioned that in the analysis it is found that the contribution of the 
magnetic component of the BBR radiation does not cause a shift that is important 
in the context of the accuracy reached with room temperature beam frequency stan-
dards and even fountains. The shift calculated is of the order of a few in 10–17.

We could use the coefficient calculated by Anderson for kst to calculate kBBR. 
However, a better approximation consists in using the coefficient measured experi-
mentally by Mowat as reported above for the shift of the hyperfine frequency caused 
by a dc electric field. The result is:
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This is a rather large shift and for a desired accuracy of 10–16, the question of  accuracy 
of our knowledge of coefficient kBBR must be addressed. Fortunately, more exact calcula-
tions than the empirical one just outlined using an experimental result have been done. 
In particular, it was found that the frequency distribution of the BBR introduced a small 
correction factor e to the shift (Itano et al. 1982). The shift can actually be written as:

 

∆ν
ν

β εhf

hf BBR

= 





 + 




















T T
300

1
300

4 2

 (3.47)

where
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As mentioned above, accurate theoretical calculations have been done for several 
ions and alkali atoms. We reproduce the results obtained by Angstmann et al. (2006) 
and Beloy et al. (2006) in Table 3.2 for Rb and Cs.

As is readily seen, the factor e introduces a small correction a little larger than 1% 
or one part in 10–16, which is at the limit of the accuracy desired. However, the main 
term b causes a frequency shift to the order of parts in 10–14 and is rather important. 
This shift has to be known to better than 1% in order for the standard to reach an 
accuracy goal of 10–16. Furthermore the shift depends on temperature to the fourth 
power and an error in T of 1 K represents a change in frequency of 2.26 × 10–16. It 
should also be realized that temperature gradients as well as exposure to outside 
radiation traversing holes in the fountain structure could also play a role in the final 
accuracy reached.

In principle, the above analysis could be used to determine the bias caused by 
BBR simply by measuring accurately the temperature around the region of the atomic 
cloud free flight. The result would be used in the determination of the accuracy 
of a fountain in implementing the definition of the second in terms of the defined 
hyperfine frequency of Cs, 9,192,631,770 Hz now established as a definition at 0 K 
(BIPM. 2006). Thus, in principle, for a standard operating at a room temperature 
of 300 K, a  correction of ~1.73 (1) × 10–14 would need to be applied to the measured 

TABLE 3.2
Values of the Parameters Characterizing the Hyperfine 
Frequency Shift Caused by BBR for Rb and Csa

Atom
kst × νhf

(10–10)
β

(10–14) ε Reference
87Rb -1.24 (1) -1.26 (1) 0.011 Angstmann et al. (2006)
133Cs -2.26 (2) -1.70 (2) 0.013 Angstmann et al. (2006)
133Cs -2.271 (8) -1.710 (8) Beloy et al. (2006)

a The numbers in parentheses are the claimed accuracy in the calculation.
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frequency. The  contribution of BBR to the inaccuracy of the standard would be 
~1 × 10–16. However, that approach relies essentially on theoretical calculations and in 
order to be able to use the above analysis to determine the actual accuracy of a par-
ticular fountain, it is important to verify somehow if the above result is in agreement 
with experimental data.

A high accuracy measurement of the coefficient kst was made early in LNE-
SYRTE FO1 Cs fountain. These measurements where made by applying electric 
fields ranging from 50 to 150 kV/m with metallic plates in the region of free flight 
of the atoms (Simon et  al. 1998). Those fields are significantly higher than those 
corresponding to the BBR field at 300 K, which is 831.9 V/m rms as shown above. 
Deviations from a purely quadratic dependence on the electric field were also investi-
gated. The test did not show any such deviations. Other measurements (Zhang 2004; 
Rosenbusch et al. 2007) at field strengths ranging from 1.5 to 25 kV/m, confirmed 
those early measurements. The experimental value for the static Stark coefficient 
was determined finally as: kst = –2.282(4) × 10–10, in agreement with the theoreti-
cal value reported in Table 3.2. It is worth mentioning also a measurement of kst 
by means of CPT resonances in closed cells containing a buffer gas (Godone et al. 
2005). The experimental result was kst = 2.06(6) × 10–10, a value significantly differ-
ent from the value reported above on Cs beam standards.

Those measurements were made directly by applying a dc field to the ensemble 
of atoms. The form of Equation 3.47, however, leads naturally to a verification of 
the theory by varying the temperature of the environment in which the ensemble 
of atoms is embedded. Neglecting for the moment the effect of e (T6 dependence) 
the slope of the variation of the hyperfine frequency against temperature at the 4th 
power gives directly the value of b. One such experiment was done by means of a 
classical Cs beam frequency standard operating at room temperature (Bauch and 
Schröder 1997). The unit was equipped with cylinders enveloping the Cs beam and 
their temperature was varied. The result obtained is: b = 1.66 (20) × 10–14. The sta-
bility of the standard operating at room temperature did not allow a better accuracy 
but, nevertheless, the result is in agreement with the theoretical result of Table 3.2. 
Another determination was also done with a fountain using a similar approach and 
varying the temperature of the environment surrounding the atoms in their free tra-
jectory by means of a graphite tube surrounding the region of free flight of the atoms 
(Rosenbusch et al. 2007). The range of measurements extended from room tempera-
ture to 440 K. The result fitted well a T4 dependence and ko was found equal to 2.23 
(9) × 10–10 or a fractional 1.68 (7) × 10–14, a value in agreement with the theoretical 
value within experimental error. However, in a similar experiment, Levi et al. (2004) 
found b = –1.43 (9) × 10–14, a value significantly smaller, which raised questions.

In view of those experimental results, it appears that the BBR shift is a large fre-
quency shift, but its value, as will be confirmed below appears to be known with an 
uncertainty comparable to other shifts present in the fountain. However, Equation 3.47 
suggests that if a fountain could be operated at very low temperatures (cryogenic), this 
shift could effectively be made very small and be evaluated with a negligible uncer-
tainty. In such a case, due to the 4th power dependence of the shift on temperature, 
this shift in a fountain with the Ramsey cavity and free flight region operated at 77 K 
would be reduced by a factor of 230, relative to a room temperature unit. This would 
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make the uncertainty negligible on the determination of the shift. Such a fountain was 
developed at the National Institute of Standards and Technology (NIST), USA, and the 
Istituto Nazionale di Ricerca Metrologica (INRIM), Italy (Levi et al. 2009; Heavner 
et al. 2011). In those fountains, the source and detection regions are maintained at 
room temperature. The magnetically shielded interrogation region is enclosed in a 
liquid nitrogen Dewar vessel and operates around 80 K. The microwave cavities are 
tuned to be resonant at the cryogenic operating temperature. The total BBR shift at 
that temperature can be evaluated by means of Equation 3.46 and is found to be of the 
order 10–16 with uncertainty in the 10–18 range. All other biases outlined in this section 
are present in such a fountain and can be evaluated in the same standard approach as 
in a room temperature unit.

Three fountains were used in precise measurements of their relative frequen-
cies: NIST-F1 was operated at 317.35(10) K, NIST-F2 at 81.0 K at NIST, USA, and 
IT-CSF2 at 89.4(10) K in INRIM Italy (Jefferts et al. 2014). In NIST, an H maser was 
used in the comparison of the two fountains. The comparison of the two cryogenic 
units, at NIST, USA, and INRIM, Italy, was done by means of two-way time transfer. 
It should be mentioned that extreme care was taken in the temperature determination 
of the various regions of the interrogation section. In particular, the effect of penetra-
tion of external radiation through windows was evaluated as well as emissivity of 
various regions. Each unit was the object of precise determination of accuracy and 
were reported in Levi et al. (2014) and Heavner et al. (2014). Some of the results are 
reproduced in Table 3.3. Measurements extended over several years. It appears that 
the question of the BBR shift was resolved to a level of accuracy that answered the 
question raised above. The value of b was evaluated as b = –1.719 (16) × 10–14 in 
agreement with the calculated value of Beloy et al. (2006) and the measurement of 
Rosenbusch et al. (2007).

3.2.7.3 Collision Shift
In the fountain, a small cloud containing 107 to 109 laser-cooled atoms is used. The 
diameter of the cloud may be a few millimetres in the case of a MOT or 1 cm in the case 
of a molasses. The temperature inside that cloud is of the order of several mK, which 
results in an average speed of the order of a few centimetres per second. The original 
density within that cloud is thus 107 to 108 atoms/cm3. That cloud may be visualized 
as an ensemble of atoms in the same sense as the ensemble of atoms contained in a 
cell studied earlier in the case of a passive standard such as the optically pumped Rb 
standard. In such an approach, the ensemble of alkali atoms, Cs and Rb, are seen as a 
vapour in a vacuum environment, moving at random and colliding with each other at 
a rate that is a function of their relative speed (temperature), their density and the cross 
section appropriate for the phenomenon considered. If the vacuum is not good enough, 
residual gases are present and the alkali atoms may collide with those parasitic atoms 
with the consequence that relaxation and frequency shifts may result as in the case when 
the alkali vapour is in a buffer gas. Usually the residual pressure in the system is so low 
that this effect does not contribute to the inaccuracy of the clock within the accuracy 
presently reached and the effect of residual gases is neglected. However, although the 
density of atoms within the cooled cloud is low, the collision rate, due to the high accu-
racy reached in the fountain, may be large enough to create visible effects either on the 
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coherence created by the Ramsey interrogation scheme or on the  hyperfine frequency 
itself. It may be mentioned that the analysis is complicated by the fact that the atom den-
sity changes continuously during the path of the atoms, due to expansion of the atomic 
cloud in its free flight. In fact, the density in the cloud decreases by more than a factor 
10 during its flight between its successive passage in the cavity and consequently the 
interaction is much more important in the first part of the flight.

This is a similar situation as the one we have studied in detail in QPAFS, Volume 1 
(1989), which we have applied in the analysis of the functioning of various frequency 
standards such as the H maser, the Rb passive standard based on the double resonance 
technique or CPT approach, as well as the Rb maser. The phenomenon was introduced 
in the context of so-called spin-exchange interaction and we have studied the phenom-
enon both in the classical and in the quantum mechanical approach. The general idea 
is as follows. At high temperature, two alkali atoms approaching each other may find 
themselves in either a repelling or an attracting state depending on the symmetry prop-
erty of the combined wavefunction including orbital and spin coordinates. They form a 
triplet or a singlet state, which are usually represented by Lennard–Jones potentials or 
so-called 6–12 potentials. The collision leads to the creation of a phase shift in the wave 
function, whose size depends on the form and amplitude of the potential energy of these 
two states. The phenomenon is interpreted as spin-exchange since, when a collision 
leads to a phase shift of p, the wave function is altered in such a way as if the unpaired 
electron of each atom had been exchanged. In the analysis made in that context, the 
atomic ensemble was assumed to be at room temperature corresponding to an energy 
kT of about 4 × 10–21 J. In the present case, however, the temperature of the atoms in the 
laser-cooled cloud is in the mK range and the energy is of the order of 10–29 J. The sepa-
ration of the hyperfine levels in the ground state corresponds to an energy of 6 × 10–24 J. 
This consideration leads to the conclusion that the energy of the colliding atoms is not 
sufficient to cause large phase shifts that would cause transitions between the hyperfine 
levels. In that case, a collision introduces only a small phase shift in the wavefunction of 
the atoms in the hyperfine ground-state energy levels. Calculation then shows that those 
phase shifts, being random, introduce a broadening of the hyperfine resonance and a 
small average frequency shift without affecting the populations. Identifying the two 
hyperfine states as a and b, the effect on the density matrix may be written as (Cohen-
Tannoudji et al. 1988) (see also Equations 1.42 and 1.43 of Chapter 1):
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for the populations and for the coherence:
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We recall that n is the atomic density and vr is the relative velocity of the atoms. 
Broadening is caused by the first term of Equation 3.50 and is proportional to the 
cross section s. This term is essentially a coherence relaxation term. The second 
term is imaginary and introduces a frequency shift. It is proportional to the cross 
section l. Early measurements on a Cs fountain showed that the frequency shifts 
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were larger than expected (Gibble and Chu 1993; Ghezali et al. 1996). In view of 
their  importance in connection to primary standard applications, interest was raised 
on exact values of those cross sections and there was a fair amount of work done 
on their actual evaluation (Kokkelmans et al. 1997). In particular, the interest was 
raised in connection to the evaluation of the effect for different isotopes since the 
size of the effect was rather sensitive to the interaction potential determining the so-
called scattering length (see Appendix 3.B). For example, the frequency shift Δn/n 
for Cs was predicted to be of the order of 20 × 10–13 in standard operation while for 
87Rb its value was predicted to be 15 times smaller. The choice of Cs as the basis 
of the definition of the second was then questioned and work was initiated on the 
construction of a fountain using 87Rb in SYRTE, Paris, as described earlier (Sortais 
2001; Bize et al. 2009).

Traditional methods used to evaluate that frequency shift consist, as indicated 
by Equation 3.50, of measuring the hyperfine frequency as a function of the cloud 
density n, which can be altered experimentally in some particular way and then 
extrapolated to zero density. The density is usually measured by means of the fluo-
rescence emitted in the detection zone. The problem with that technique, which has 
been used by many laboratories, is that an alteration of the density of the fountain 
cloud is usually accompanied by a change of the velocity of the atoms in the cloud 
and its distribution. This inevitably leads to an inaccurate extrapolation to zero den-
sity, especially in the case that the collision shift depends critically on the collision 
energy. Various experiments have shown that in practice the experiment is not clean 
and that it is difficult with that method, to determine the collision shift to better than 
5%–10%. Since, as mentioned above, the shift expected in Cs for example is of the 
order of 17 × 10–13, the resulting accuracy would be of the order of 10–13 or slightly 
better. This is far from the 10–16 accuracy hoped for.

SYRTE developed a new technique allowing the preparation of a pair of two suc-
cessive samples or balls with relative densities very close to 2 (Pereira et al. 2003). 
The technique could then be used with pairs of samples of different densities, for 
verifying the reproducibility of the results. This accurate density ratio of 2 was 
achieved in the following way. First the atoms in the cloud were set in a superposi-
tion of the two states F m= =3 0, F  and F m= =4 0, F  in the selection cavity shown 
in Figure 3.8. This was achieved by means of an appropriate microwave intensity 
and the use of a pushing laser radiation beam tuned to the transition connected to 
the F m= =4 0, F . We have shown earlier that it was possible to select only atoms in 
state F m= =3 0, F  by this scheme. However, in the simple technique described, the 
number of atoms is sensitive to the amplitude of the field in the selection cavity. Since 
this field is a function of position within the cavity, the state superposition obtained 
by simple passage within the cavity is not perfect. It is possible, however, to obtain 
a quasi perfect superposition of states by means of adiabatic fast passage using a 
pulse (called Blackman pulse) which has a special temporal shape and a frequency 
sweep that is turned off exactly at half resonance (Leo et al. 2000; Marion 2005). 
The advantage of this method is that it allows the preparation of successive atomic 
samples at high and low densities in a strict ratio equal to 2. The value of this ratio is 
largely insensitive to the amplitude of the microwave field present in the cavity. The 
only critical parameter in that method of preparation is that the microwave frequency 
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sweep must be interrupted exactly at half resonance. The uncertainty obtained on the 
evaluation of the collision displacement is then between some 10–16 and 10–17 depend-
ing on the original atomic density used.

Other laboratories, NPL and PTB have proposed operation of the fountain in the 
conditions where the displacement of frequency vanishes (Szymaniec et al. 2007). 
This method uses the fact that the displacement of frequency for Cs depends on the 
collision energy in the atomic cloud and the population of the two hyperfine levels. 
This method is very sensitive to parameters of the fountain (geometry of the cloud of 
cold atoms, launching height, ratio of population . . .) and a priori is used with a MOT 
as an initial source of cold atoms.

In order to decrease the collision shift without reducing the number of detected 
atoms, two fountain configurations have been proposed. The first is called the jug-
gling fountain (Legere and Gibble 1998). Like in a human juggler exercise with balls, 
several atomic clouds are launched in succession with a time separation smaller than 
the flight time of an individual cloud. Each cloud is less dense than in the standard 
fountain and, consequently, the internal atoms collision rate is reduced as desired. 
The multi-ball scheme requires a precise control of the launch times, velocities and 
densities of the individual balls (Fertig et al. 2001). Another scheme has been pro-
posed by Levi et al. (Levi et al. 2001). In this configuration, the balls are launched in 
such a way as to never meet in the free flight zone above the cavity where collisions 
would lead to a frequency shift. However, they all come together in the detection 
zone—where cold collisions no longer matter—to produce a strong signal. A techni-
cal difficulty is that a fast mechanical shutter must be constructed inside the vacuum 
system in order to protect the balls that have already been launched from the stray 
light produced while cooling and launching the next balls (Jefferts et al. 2003).

3.2.7.4 Cavity Phase Shift
Another phenomenon that affects the accuracy of the fountain is the cavity phase 
shift. Since the atoms pass in the same cavity in opposite directions, in principle the 
frequency shift introduced by the cavity end-to-end phase shift is absent. However, 
a distributed cavity phase shift (DCP) or a gradient of phase is present in the cavity. 
Depending on their trajectories, the atoms may not experience on their way down 
the same phase as in their way up: this corresponds, as we have seen earlier in room 
temperature Cs beam standards, to a residual first-order Doppler shift, which arises 
mainly from the inhomogeneities of phase in the interrogation cavity. It is realized 
that this effect makes the fountain sensitive to tilt and power. Although DCP shifts 
have been considered for many decades, the effect has remained a major obstacle 
to the improvement of the accuracy of the room temperature Cs beam standard. 
We have addressed in some detail the question in Chapter 1. In fact, agreement 
between measurements and theory has been marginal (De Marchi et  al. 1988). 
On the other hand, progress on this subject in the case of the fountain has also been 
marginal because the phase of the field in the cavity cannot be mapped accurately. 
Furthermore, the calculations are difficult since the holes in the cavities, required 
for the passage of the atomic cloud, produce deformation of the field lines. It should 
be noted that, although the effect is visible in fountains because of their high accu-
racy, it is rather small and its measurement, in the presence of other perturbations, 
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is rather delicate. On the other hand, an accurate calculation of the actual phase 
 distribution in the cavity and its corresponding frequency shift is a challenging 
numerical problem. Nevertheless, recent calculations and experiments have been 
done in order to elucidate the problem as well as possible (Li and Gibble 2004, 
2010, 2011; Guéna et al. 2011; Weyers et al. 2012).

Fountains clocks, in general, use cylindrical TE011. Those are centimetre-size 
cavities with a microwave feed at the cavity mid-plane and holes in the end caps to 
let the atomic ball pass through as shown in Figure 3.17.

In the calculation, the field within the cavity is essentially treated as a sum of 
two components, one large standing wave and a small travelling component that is 
created by the cavity losses. That last component introduces localized phase shifts 
that are seen by the atoms in their path. In the analysis, the small field component is 
expanded in a series of which three terms are kept: one term represents power fed 
and being lost in the end caps of the cavity causing longitudinal phase gradients; a 
second term produces a transverse gradient made explicit in Figure 3.17. This term is 
very sensitive to a tilt of the cavity relative to the direction of the atom travel and is 
the term most studied. It is especially important in the initial passage of the atomic 
ball in its travel up, since the ball is small, well-localized and samples a small por-
tion of the cavity field. The last component considered is that connected to the phase 
variation when energy is fed from two opposite directions as shown in the figure 
when the dotted feed is introduced opposite to the initial feed.

A rather complete investigation of the question was done at SYRTE in order 
to elucidate the experimental aspect of the problem (Bize et al. 2009; Guéna et al. 
2011). For example frequency measurements were done with one feed as a function 
of the tilt angle between the atomic ball path and the cavity. Other measurements 

ϕup

ϕdownMicrowave feed

FIGURE 3.17 Illustration of the way a cavity phase shift is introduced in the fountain due 
to the fact that the atoms do not replicate the same path on their way up and down and a 
gradient of phase exist within the cavity depending on the direction of the microwave feed. 
The figure shows the approach in which a second feed (dotted) can be introduced from an 
opposite direction.
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were done with two feeds and relative power fed to these feeds. It is found that the 
shift can be evaluated with an accuracy somewhat better than 1 × 10–16. It remains 
thus an important component of the total accuracy budget of the clock.

3.2.7.5 Cavity Pulling
The microwave cavity used for implementing a fountain must be tuned exactly to the 
atomic resonance frequency otherwise a frequency shift is observed in the detection 
of the clock transition. The apparent frequency of the atomic transition depends on 
the frequency offset between that of the cavity and the atomic resonance frequency. 
We have outlined this effect in Chapters 1 and 2, called generally cavity pulling for 
the case of various frequency standards as the room temperature Cs beam and the 
H maser. The question was addressed in detail in QPAFS, Volume 2 (1989). There 
are various ways by which a cavity detuning can affect the frequency of the detected 
resonance. A bias is introduced by the simple fact that if the cavity is detuned from 
the hyperfine frequency, the central Ramsey fringe appears distorted when observed 
by a scan of the applied frequency. This is due to the fact that the amplitude of the 
microwave field, as seen by the atoms, changes with the frequency applied, since for 
a detuned cavity the hyperfine resonance is situated on one side of the cavity mode 
resonance with a steep slope. The maximum of the Ramsey fringe is thus seen as dis-
placed relative to the position it would have if the interrogating field amplitude were 
constant with frequency. On the other hand, if the detection of the Ramsey fringe is 
done by means of square wave frequency modulation of the applied microwave with 
a depth dω, the amplitude of the microwave at the two frequencies ω δω±  will be dif-
ferent and the centre of the resonance as detected with a synchronous detector will 
appear displaced. These two effects were mentioned earlier in the case of the room 
temperature Cs beam standard. In the case of the fountain, these effects are very small 
because of the narrowness of the central Ramsey fringe relative to the width of the cav-
ity resonance. Proper tuning of the cavity makes them negligible in comparison to the 
shift caused by the coupling of the magnetization to the cavity mode analyzed above.

In practice, cavity pulling exists when the magnetization created by the atomic 
ensemble becomes important and perturbs substantially the interrogation field intro-
duced in the cavity. In QPAFS (1989), two cases were differentiated: when the detec-
tion of the resonance is done either by means of the microwave radiation and when 
it is detected by means of the population of the levels. The effect is sensitive to the 
atomic gain of the device considered, which is a function of the magnetization cre-
ated in the cavity by the atomic ensemble at the hyperfine frequency. For example, in 
the case of the H maser, the hyperfine resonance is detected by means of microwave 
radiation. The magnetization is large, self-sustained, and the cavity pulling is simply 
proportional to the cavity detuning from hyperfine resonance multiplied by the ratio 
of the cavity Q to the atomic line Q, which is written as:

 
∆ ∆ν νmaser cav= Q

Q
c

at

 (3.51)

This ratio Q Qc at is of the order of 10–5 and the sensitivity of the maser frequency at 
1.4 GHz is of the order of 7 × 10–12/kHz of cavity detuning. This is very large, and 
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considerable efforts have been spent in attempts to stabilize the cavity frequency 
either passively or actively through external feedback. In the case of the passive stan-
dard like the passive room temperature Cs beam standard, the relative population of 
the levels is detected as an indication of resonance between the applied field and the 
hyperfine resonance. In that case the gain of the device is weak and an approximate 
calculation shows that the cavity pulling is proportional to the square of the ratio 
Q Qc at. In view of the fact that in that case the cavity Q is a few hundreds and the 
line Q is of the order of 107, cavity pulling is of the order of 10–14 for a cavity detuning 
of 1 MHz, a shift that is negligible since the accuracy of those standards is at best a 
few parts in 10–14 and the cavity can be tuned to the hyperfine frequency much closer 
than 1 MHz.

In the case of the fountain, because of its inherent high accuracy reaching the 
10–16, it is important to evaluate more accurately the effect of that cavity pulling. We 
will thus review the subject, outline the physics involved and quantify the effect on 
the accuracy of the standard.

In the room temperature Cs clock described in Chapter 1, the atoms pass through 
the Ramsey cavity horizontally at constant speed and continuously. In the foun-
tain a small ball of atoms is sent vertically at initial speed v, passes through the 
microwave cavity, reaches a given height, L, falls back and passes again through 
the same microwave cavity. Its speed varies continuously along the trajectory. This 
type of trajectory has properties that alter the response of the system to pertur-
bations along the path of the atoms. In such a case, it is instructive to introduce 
several definitions and parameters that make explicit the physics involved and sim-
plify calculation. We assume as in Figure 3.8 that the cavity has a length l and that 
the atomic ball has a very small size compared to that of the cavity. It takes a time τ 
to traverse that cavity and the ball travels a time T along the path above the  cavity. 
In the cavity, the atoms are exposed to a microwave induction B(ω) = moH(ω). On 
the other hand, the cavity dimensions are such as to support a TE011 mode, at ωc, 
tuned close to the Cs or Rb hyperfine frequency, ωat, depending on the element 
chosen. The microwave magnetic field in the cavity orientation is along z and is 
assumed to vary as:

 
H r t

t
f tcz ( ) sin ( )( ) = =π

τ
 (3.52)

representing the mode shape. The field is thus a maximum at the centre of the cavity. 
The atomic ball is assumed small, traverses the cavity on its symmetry axis at speed 
v and samples that field on its trajectory. The function f(t) introduced in Equation 3.52 
is equal to Hcz as is shown above and is essentially a representation of the variation of 
the field within the cavity. We define the Rabi frequency as we did in Chapter 1 at the 
centre of the cavity as:

 
ω µ ωR

B
oB0 =



( )  (3.53)

The detuning of the field from atomic resonance, ωat, is defined as d = ω – ωat, 
which is generally very small compared to the cavity resonance width since, as said 
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previously, the atomic line width is of the order of 1 Hz and the cavity Q is about 
10,000 with a full width of ~1 MHz. It is convenient to define an effective time of 
duration of the interaction by means of:

 
τ

τ

eff = ∫ f t dt( )
0

 (3.54)

which is a measure of the effect of the field distribution given by Equation 3.52 
and thus of the Rabi frequency, ωR. It is also an instrument determining the weight 
of the microwave field shape on the probability of a transition or, in a more vis-
ible picture, the angle of rotation in space of the magnetization, by means of the 
relation:
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We may then have P(τ) = –p/2, an effective p/2 pulse in one passage in the cavity 
if the launch speed of the atomic ball and field amplitude are adjusted as to make 
τ = (p/2)2(1/ωR0).

The path of the atomic ball was outlined above and it is convenient to introduce a 
sensitivity function, g(t), that describes that path. It is defined as:
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where:
p is an integer, 0, 1, 2 … characterizing the pulse seen by the atoms

For p = 0, the ball is submitted to a p/2 pulse, the magnetization being tilted by p/2. 
g(t) is essentially an impulse response to the field and is 1 along most of the path 
except in the cavity. It is then possible to define an effective interrogation time, Teff, 
of the ball by means of the relation:

 
T g t dt

T

eff =
+

∫ ( )
0
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 (3.57)

It is then readily shown that a frequency shift (dnat) present in a given region along 
the path is weighed by that function and affects the clock frequency as (Lemonde 
et al. 1998):
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Similarly, if a shift Δf(t) affects the phase between the microwave radiation and the 
atoms magnetization in a given region along the path of the ball, a clock frequency 
shift appears as:

 
∆ ∆ν φ

τ

clock
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+
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dt
g t dt

T
( )

( )  (3.59)

The coupling between the magnetization created by the atomic ensemble within the 
cavity and the magnetic field within that cavity is given by Equation 1.60 of Chapter 1. 
It is the equation that is used to evaluate the effect of the cavity tuning on the reso-
nance frequency observed. Using expressions for the field and magnetization in com-
plex form, that equation can be transformed to (QPAFS 1989):
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where:
H(ω) is the field within the cavity
Hc is the field cavity mode
He is the field at frequency ω coupled into the cavity from an external source
m(r,ω) is the magnetization of the atomic cloud traversing the cavity

The first term on the right hand side thus represents the coupling of the external field 
to the cavity by means of a wave guide or a loop. The last term on the right hand side 
represents the coupling of the magnetization to the field created in the cavity and in 
the case of the fountain is not negligible because of the cavity high quality factor. 
The parameter, Vmode, is the so-called mode volume and is the integral over the vol-
ume of the cavity of the mode shape given by Equation 3.52. It is equal to
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For a TE011 cavity, it is equal to:
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where:
Jo(k) is the Bessel function and is equal to –0.403

For Rb with cavity resonant at 6.8 GHz of appropriate dimensions, Vmode is equal to 
14.52 cm3.

In the case when the magnetization m(r,ω) is absent, the equation describes the 
response of the field H(ω) in the cavity to an external input He(ω). Due to the com-
plex form of the left-hand member, the field within the cavity responds with given 
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amplitude and phase relative to the input. This response is a function of the cavity Q 
and has a large frequency width. On the other hand, when the magnetization is present, 
there is another input and the field within the cavity is altered both in amplitude and 
phase. Since the resonance is very narrow, the variation in amplitude is small and has 
a negligible effect on transition probability. Consequently the presence of the magneti-
zation causes essentially a phase shift between the atoms magnetization and the field. 
After its passage inside the cavity, the ball travels freely for a time T and enters the 
cavity a second time where it is submitted to the same field and in principle the same 
interaction takes place with its consequence on the phase. However, due to the type of 
frequency modulation used, in which the Ramsey fringe is probed at half maximum 
on each side of the resonance maximum, a cancellation of the phase shift takes place 
if the equivalent pulse seen by the atoms is p/2 (Sortais 2001). Furthermore, since the 
ball dimensions increases during its travel due to internal residual radial speed of the 
atoms, the density at the second cavity is much smaller, by a factor 5 to 10, and the 
second passage phase shift for an equivalent pulse different from p/2 is very small 
compared to the phase shift introduced by the first passage. It is thus sufficient to cal-
culate only the phase shift introduced by the first passage of the atoms in the cavity.

The effect can thus be calculated from Equation 3.60 by evaluating the magnetiza-
tion from a knowledge of the quantum mechanical properties of the atoms and the 
number of atoms in the ball. This can be done either in an approach using the fictitious 
spin approach (Bize et al. 2001; Sortais 2001) or still the density matrix approach used 
previously in the case of the H maser, for example. The result of the calculation pro-
vides an expression for the phase shift Δf(t). The result is then introduced in Equation 
3.59 and the frequency shift due to cavity mistuning is calculated as:
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where
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with
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The frequency shift thus appears to depend on cavity tuning as a dispersion form. 
When the cavity is tuned close to the hyperfine frequency, the slope of the fountain 
frequency dependence on cavity tuning is approximated as (Bize 2001):
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For the TE011 mode in the case of the Rb cavity, for N = 108 and Q = 10,000, K has 
a value of 3.578 × 10–3. The slope is then 5.8 × 10–17/kHz of cavity detuning. This 
calculation thus shows the relative importance of cavity tuning in the final evaluation 
of the accuracy of a given fountain. For example, in the case of Rb, a temperature 
change of ±90mK may cause a shift of cavity frequency of the order of ±10kHz with 
a clock frequency change of 5.8 × 10–16.

The calculation just outlined makes explicit the offset that is generated directly 
from the coupling of the magnetization to the cavity field, which introduces essen-
tially a phase shift of the field created in the cavity. It should be mentioned that in 
measurements, cavity pulling, and collision shift are interlaced and that in practice 
they are measured simultaneously.

3.2.7.6 Microwave Spectral Purity
If the applied microwave interrogation signal contains spectral components, these 
components may cause a frequency shift of the hyperfine frequency. This was stud-
ied in detail in QPAFS, Volume 2 (1989). The effect may be minimized by using 
an extremely pure microwave interrogation signal. It does not appear that, with the 
technology now available, this effect causes problems at the level of accuracy desired 
and presently achieved.

3.2.7.7 Microwave Leakage
A frequency shift may also result when any stray resonant microwave field is 
present outside the microwave cavity. The stray microwave radiation may be due 
to cavity leakage and microwave radiation reaching inside the fountain structure 
from the generating synthesizer via feeding circuitry or optical feedthroughs. 
This field is seen by the atoms in their free path outside the cavity. Being at 
the same frequency as that of the interrogation microwave in the cavity, strong 
interaction with the atoms takes place. It generally causes a frequency shift 
of the observed resonance. The exact clock bias is difficult to evaluate. Being 
unintended, such a residual field is by nature uncontrolled, with a potentially 
complex structure with both a large standing-wave as well as a large travel-
ling-wave component. Such an extraneous field is difficult to exclude at the 
required level by means of purely electric means and leads to a frequency shift 
which generally has a complicated variation with the fountain parameters, espe-
cially the microwave power (Jefferts et al. 2005; Weyers and Wynands 2006). 
Furthermore, the frequency shift is generally difficult to disentangle from other 
systematic errors such as the distributed cavity phase shift. Attempts at evalu-
ating the effect have consisted of changing the power fed to the interrogating 
microwave cavity. For example, the power can be altered in such a way that the 
atoms at the exit of the cavity are seen as having experienced a (3/2)p pulse 
rather that a p/2 pulse. In principle, the atoms exit the cavity in a similar super-
position state in both cases. However, the power is raised by a factor 9 and the 



248 The Quantum Physics of Atomic Frequency Standards

effect, if it originates from cavity leakage, should be increased accordingly. 
Without leakage the measured frequency should, in  principle, remain the same. 
Unfortunately, the distributed cavity phase shift may also introduce a power-
dependent shift. Furthermore, the law by which the frequency is altered by the 
leakage is not well-known and the extrapolation to zero leakage may lead to 
errors because of the lack of knowledge of the actual physical behaviour of such 
leakage. For these reasons, a technique was developed in which the microwave 
feeding the cavity is turned on only when the cloud of atoms is traversing the 
cavity. To ensure total absence of microwave power when the cloud is travelling 
in its free path, the microwave is generated from a synthesized 8992 MHz by 
adding, by means of appropriate mixing, radiation at a frequency of 200 MHz. 
This radiation is turned on and off in correlation with the cloud motion and 
microwave is expected to be absent while the cloud is out of the cavity. The only 
remaining uncertainty is the generation of phase transients caused by switching. 
It was possible to test the technique with such a switched system and compare 
clock frequency with the case when the microwave was applied in a continu-
ous mode (Santarelli et al. 2009). It was concluded that the microwave leakage 
effect was reduced to a level less than 10–16 (Bize et al. 2009).

3.2.7.8 Relativistic Effects
The second order Doppler effect, caused by relativistic time dilation is also pres-
ent in the fountain. It is given by Equation 1.10 of Chapter 1, repeated here for 
convenience:
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The advantage of the fountain over traditional beam standards is that the atoms in 
the cloud of the fountain standard are at a temperature of the order of one microkel-
vin and thus move very slowly ~cm/s. On the other hand, the maximum speed of 
atoms during the interaction is about 3.5 m/s and varies continuously during the 
period of free flight. In principle, the effect needs to be integrated over the full 
trajectory of the cloud. Fortunately, the resulting second order Doppler shift is of 
the order of 10–17 or less and thus completely negligible in relation to other effects 
present in the clock.

On the other hand, the gravitational effect mentioned in Chapter 1 becomes rather 
important, in view of the accuracy reached by the fountain clock. It is given by 
Equation 1.17, also repeated here for convenience:
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where:
g is the earth’s constant of gravitation (9.8 m/s2)
h is the altitude of the clock above the geoid
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The fractional frequency changes by about 10–16 m–1 of elevation above the surface 
of the earth. It is called the red shift. In the fountain, at first sight, the altitude of 
the clock is somewhat ambiguous since the positions of the atoms in interaction 
with the Ramsey cavity is changing during their free flight. The shift must thus 
be integrated over the path of the atoms between their passages inside the cavity. 
The evaluation of the shift is sufficiently precise as to not affect the accuracy of 
the clock.

However, the gravitational shift must be taken into account in comparing individ-
ual clocks at distant locations since they may be located at different altitudes relative 
to the geoid. Since altitude is generally known to better than one metre, the accuracy 
in evaluating that shift is better than 10–16.

3.2.7.9 Other Shifts
3.2.7.9.1 Light Shift
Stray light from the laser used to cool and detect the atoms may enter the structure 
and interact with the atoms in the cloud either in their free flight or inside the cavity 
while interaction with the microwave radiation takes place. When the atoms are in 
interaction with the microwave field or still in free flight above the cavity, that stray 
light may cause a frequency shift, a so-called light shift, as in the case of the opti-
cally pumped Cs standard described earlier. This problem is generally avoided by 
turning off all radiation when the atoms are in free flight or in interaction with the 
microwave in the cavity. This is done normally by means of mechanical shutters in 
order to avoid perturbation of the lasers in their continuous operation while locked 
by means of servo systems to either an optical cavity or an absorption line. In gen-
eral, when such precautions are taken, light shifts do not affect the clock frequency 
within the accuracy presently achieved.

3.2.7.9.2 Recoil Effect
Atoms interacting with an electromagnetic standing wave inside the interrogation 
cavity are subjected to multiple photon processes: absorbing photons from one 
travelling wave component of the field and emitting them into another. From our 
analysis done in Chapter 2, absorption of a photon leads to a momentum exchange 
and a corresponding change in kinetic energy. Thus, in principle, interaction of the 
atoms with the standing-wave field in the microwave cavity on the upward passage 
slightly modifies the atomic motion. This effect was initially called microwave recoil 
(Kol’chenko et al. 1969). It is also called microwave lensing (Weyers 2012). It leads 
to a shift of the clock frequency given by:
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For Cs, the fractional shift due to the photon at the hyperfine frequency is ~1.5 × 10–16. 
A numerical simulation for Cs fountains using a MOT has been carried out by Wolf 
et al. (2001). In normal operating conditions, this effect was evaluated to be of the 
order of 0.5 × 10–16 for an interrogation corresponding to a p/2 pulse.
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3.2.7.9.3 Ramsey, Majorana and Rabi Transitions
Depending on the actual structure and shape of the magnetic field, various transi-
tions may take place in the atomic cloud of the fountain. We have introduced the 
subject in Chapter 1. Those transitions may have different origins and in view of the 
accuracy reached with the fountain they need to be addressed carefully. We recall 
their nature:

•	 Ramsey transitions: If the static magnetic field is not parallel to the micro-
wave field in the cavity, transition like ΔF = ±1, ΔmF = ±1 can be induced. 
This situation may be created, for example, when the atoms do not travel 
exactly on the symmetry axis of the microwave cavity. The field lines are 
curved at the end plate of the cavity and an angle exists between the dc field 
and those field lines. This situation may cause transitions of the ∆m = ±1 
type mixing states and causing a frequency shift of the transition F = 4, 
mF = 0 to F = 3, mF = 0.

•	 Majorana transitions: When the magnetic field changes rapidly or changes 
sign, the atoms in their free path see a varying field. This may cause transi-
tions of the atoms such as ΔF = 0, ΔmF = ±1 of the states F = 3 or F = 4 
again causing a mixing of state with a resulting frequency shift.

•	 Rabi transitions: We have shown in Chapter 1 that when the dc magnetic 
field is weak and the Rabi pedestal is large due to the relatively high 
speed of the atoms, the field dependent ΔF = 1, ΔmF = 0 Rabi pedestal 
may be excited. Its wings, exhibiting a slope with frequency, may overlap 
with the desired field independent pedestal distorting the central Ramsey 
fringe. 

It is generally concluded that these three biases have negligible effect on the accu-
racy of the fountain.

3.2.7.9.4 Background Gas Collisions
The background pressure of the vacuum system is below 10−9 Torr. The shift due 
to collisions with the residual thermal atoms (helium, hydrogen, etc.) is less than 
10−16 as evaluated from published data (QPAFS 1989). Furthermore, collisions with 
background gas atoms are strong and the cold atoms that have suffered a collision 
are most probably ejected from the cloud before reaching the detector and thus do 
not contribute to the signal.

3.2.7.10 Conclusion on Frequency Shifts and Accuracy
Comparison of the characteristics of selected fountains are given in Table  3.3. 
It should be mentioned that the table should not be used to compare quality of actual 
fountains since evaluation of frequency shifts and uncertainties may be done differ-
ently from labs to labs. Table 3.3 essentially provides a summary of the results of 
measurements done with the goal of identifying the most important shifts and the 
accuracy with which they can be determined. It is readily seen from the table that the 
evaluation of these frequency shifts is estimated to lead to a maximum uncertainty 
of a few × 10−16.
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3.2.8  an alternative cOld caesium Frequency 
standard: the cOntinuOus FOuntain

In order to avoid some of the disadvantages of the pulsed Cs or Rb fountains, a 
similar device operating in a continuous mode was proposed (Berthoud et al. 1998). 
Such a continuous fountain, using Cs as the atomic species, was developed by the 
Federal Office of Metrology (METAS), Switzerland, and Observatoire de Neuchâtel 

TABLE 3.3
Accuracy Budget of a Few Selected Fountainsa

Physical effect
Syrte FO1

(10–16)

Syrte FO1
(10–16)

(Guena et al. 
2012)

PTB CsF2
(10–16)

(Weyers et al. 
2012)

NPL CsF2
(10–16)

(Li et al. 2011; 
Szymaniec 
et al. 2014)

ITC-F2*

(10–16)
(Levi et al. 

2014)

NIST-F2*

(10–16)
(Heavner 

et al. 
2014)

Typical 
correction

Uncertainty Uncertainty Uncertainty Uncertainty Uncertainty

Second-order 
Zeeman

–1274.5 0.4 0.59 0.8 0.8 0.2

Black Body 
radiation

172.6 0.6 0.76 1.1 0.12 0.05

Collisions + 
cavity 
pulling

70.5 1.4 3.0 0.4 0.3 <0.1

Distributed 
cavity phase 
shift

–1 2.7 1.33 1.1 0.2 <0.1

Rabi and 
Ramsey 
pulling

<1.0 <0.1 0.01 0.1 <0.1

Second-order 
Doppler shift

<0.1 <0.1 0.1

Background 
gas collisions

<0.3 <0.3 0.5 0.3 0.5 <0.1

Spectral 
purity and 
leakage

<1.0 <1 1.0 0.6 1.5 0.5

Microwave 
lensing

–0.7 <0.1 0.42 0.3 0.8

Gravity + 
relativistic 
Doppler 
effect

–68.7 1.0 0.06 0.5 0.1 0.3

Total 3.5 4.1 3.3 2.3 1.1

a Both NIST-F2 and ITC-F2 operate with cryogenic cavity and flight region.
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Neuchâtel/Université de Neuchâtel, Switzerland (Dudle et  al. 2000, 2001) taking 
into account that it can offer two main advantages:

•	 The density of Cs atoms in the beam would be about 50 times lower than 
that required in the cloud of atoms of a pulsed fountain. This would mean 
that the displacement of the frequency by collisions between cold atoms 
could be made much smaller than in the pulsed fountain. This effect would 
no longer limit the accuracy of the standard and would relax by a factor 
of 50 the compromise needed to be made between high frequency stabil-
ity, which requires a high atomic flux, and high accuracy inasmuch as it is 
degraded at high atomic flux (Castagna et al. 2006).

•	 The interrogation of atoms would occur in a continuous manner as in a 
thermal jet. In this way, the degradation of the stability of a pulsed inter-
rogation should disappear or at least be negligible relative to other sources 
of instability and the requirements relative to phase noise of the local oscil-
lator would be less severe (Joyet et al. 2001). A quartz oscillator could then 
be used as conventional local oscillator rather than the CSO.

A continuous fountain poses, however, a number of technical and experimental 
challenges. First of all, since preparation and detection are continuous, the zones 
dedicated to these operations need to be spatially separated in order to maintain the 
correct sequence of preparation and interrogation/detection operation. The easiest 
way to do that is to have atoms fly along a parabolic path and to separate the detec-
tion and the cooling zone by an opaque light wall in order to prevent unwanted scat-
tering of light between preparation and detection zones. A conceptual design of an 
arrangement showing that approach is shown in Figure 3.18.

The design of a continuous fountain requires two main physical components that 
differentiate it from a pulsed fountain. These are a light trap that avoids cooling and 
detection optical radiation from reaching the interrogation region and a special cav-
ity through which the beam passes going up and going down in its parabolic path. 
The position of these components is shown in Figure  3.18. A 3D diagram of the 
device is shown in Figure 3.19.

3.2.8.1 Light Trap
In continuous operation, without a special mask in the path of the beam, atoms enter-
ing the microwave interaction region would be exposed to the fluorescence emitted 
from the continuous cooling region. The same perturbation would be present in con-
nection to radiation originating from the detecting region. The atoms would experi-
ence a light-shift proportional to the fluorescence light emitted by the atoms in that 
region. Since the goal of this type of fountain is to reach a level of accuracy better 
than 10−15, it is important to avoid such shifts which are evaluated to be of the order 
of 10–12. It would be difficult to measure or extrapolate such a shift to the level of 
accuracy desired. In order to prevent that perturbation, a light trap, transparent to the 
atoms but opaque to the radiation has been designed. It is shown in Figure 3.20. A 
separating wall is also placed between the source of atoms and the detector to avoid 
interaction between the two regions.
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In the design chosen, the light trap is composed of 18 blades oriented at 45° 

(Joyet 2003). The trap is driven by an ultra-high vacuum (UHV) electrostatic motor 
(Füzesi et al. 2007) to prevent any undesirable stray magnetic fields. The rotation 
speed is adjusted such that the horizontal velocity of the blades matches the longitu-
dinal velocity of the atoms in the beam. When this condition is satisfied, the system 
is transparent to the atomic beam and the atoms pass with a minimal attenuation. 
On the contrary, the photons travelling at speed c always see a blade in their path 
and are either absorbed by the blades or deviated into an absorber after two reflec-
tions on the blades. This light trap is important in the path between the source of 
cold atoms and the cavity, since the cooling region where the atomic beam is cre-
ated and manipulated requires several lasers with relatively high  intensity. However, 
one should not neglect the detection region where laser radiation, although of lower 
intensity, is also present. Ultimately, to avoid any light shift, a light trap should also 
be placed between the detection region and the microwave interrogating cavity.

3.2.8.2 Interrogation Zone, Microwave Cavity
A continuous beam of atoms requires two separate interrogation zones to effectuate the 
coherent stimulation required for a Ramsey type of interaction. An appropriate cav-
ity with low phase variation appears to be of the ring type as described in Chapter 1. 
Such a cavity operating in the TE105 mode was used in the construction of the fountain 
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Separating wall

FIGURE 3.18 Conceptual diagram of the continuous Cs fountain making explicit the  spatial 
separation of the cooling and detecting zones.
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developed by METAS and University of Neuchâtel group (Devenoges et  al. 2013). 
With a narrow parabolic flight, the two interrogation zones, which can be 1 m apart 
in the classical U-shaped Ramsey cavity, are separated by a few centimetres only. The 
system is thus designed with the atoms passing through the ring cavity on opposite 
sides of its axis but at the same radius rp where the microwave magnetic field compo-
nent is vertical. The field components are thus parallel to the applied dc magnetic field, 
satisfying the requirement for ground state ΔmF = 0 transitions. The mode chosen, 

3D optical molasses
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Cold atomic
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Magnetic
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Rotating feedthrough

FIGURE 3.19 Detailed 3D view of the continuous Cs fountain developed at METAS. 
(Courtesy of P. Thomann and METAS.)
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FIGURE 3.20 Light trap (a) the atomic beam pass through the trap when the blades hori-
zontal velocity matches the atomic beam vertical velocity; (b) laser light is absorbed after 
reflexions on the blades. (Courtesy of P. Thomann and METAS.)
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however, shows a p phase difference between the interaction regions, which may be an 
advantage since the central Ramsey fringe is minimum at its centre. In that case, atom 
detection may be characterized by lower shot noise (Audoin et al. 1994; Vanier and 
Audoin 2005). Such a cavity is shown in Figure 3.21.

The cavity is mounted on a support that can be rotated vertically by 180°. This 
allows exchange of the two interaction zones, and evaluation of the end-to-end phase 
shift between the two parts of the cavity can be done. It may be mentioned that such 
an operation is slightly different from the one done in the room temperature beam 
approach described in Chapter 1 for evaluating the cavity end-to-end phase shift. 
In that case, the beam itself is reversed relative to the cavity and not the cavity, which 
keeps its orientation. The openings in the cavity for the atomic fountain beam fix the 
geometry of the parabolic trajectory.

3.2.8.3 Preliminary Results
Preliminary results have been obtained on such a fountain in both modes, without light 
traps and with a light trap in the path of the fountain beam between the source and the 
cavity. In the system used, the atoms are first fed in the system from a continuous slow 
beam produced by a 2D-MOT and are then cooled in the molasses to a temperature of 
the order of 70 mK. This temperature corresponds to a rms atomic speed of ~7 cm/s. 
The beam of slow atoms is created by means of the moving molasses as described 
earlier by detuning the 45° cooling lasers by about 3 MHz. The beam is sent vertically. 
The resulting vertical speed is about 4 m/s, which in the design chosen allows a free 
flight time T = ~0.5 s between the passages through the two sides of the cavity. The 
total time of flight between launch and detection is of the order of 800 ms. It is readily 
realized that during that time, due to residual transverse speeds of atoms at 70 mK, cor-
responding to several centimetres per second, the beam would spread to several centi-
metres during its free flight. For this reason, a further stage of cooling is introduced in 

Interaction
region (ring
resonator)

(a) (b)

Feeding
ports

FIGURE 3.21 (a): Longitudinal cross section through the TE105 microwave cavity and (b): 
Top view of the constructed cavity. (Courtesy of METAS; Data from Devenoges, L. et al., 
Design and realization of a low phase gradient microwave cavity for a continuous atomic 
fountain clock. In Proceedings of the Joint European Forum on Time and Frequency/IEEE 
International Frequency Control Symposium 235, 2013.)
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the path of the beam by means of transverse laser radiation fields (Di Domenico et al. 
2004, 2010). This radiation is also used to deflect slightly (1.2°) the beam direction in 
order to create the required parabolic flight. The equivalent transverse temperature is 
~3 mK corresponding to a speed of the order of a few millimetres per second. Finally, 
the atoms are optically pumped in their path by means of a laser tuned to the F = 4, 
F′ = 4 transition in order to remove residual F = 4 atoms in the beam.

With the light trap in place, transfer of atoms with an attenuation less than 15% 
and blocked light by a factor of 104 was observed (Di Domenico et al. 2011a). In 
preliminary measurements, a frequency stability of 6 × 10–14 τ–1/2 was measured for 
an averaging time 10 < τ < 4000 s (Devenoges 2012). Frequency shifts particular 
to such a fountain were evaluated. The light shift was first measured without light 
trap, by means of changing lasers intensity in the cooling region and measuring 
the fluorescence level. It was found to be of the order of –1.6 × 10–12 at the nominal 
intensity of operation of the cooling lasers. Since the light trap attenuates the light 
transmitted in the path of the atomic beam by a factor of 104, it is thus expected that 
the light shift created by radiation originating in the region of the source should 
affect the frequency by no more than 1.6 × 10–16. On the other hand, the light shift 
that could originate from fluorescence in the detector region was evaluated by means 
of the effect on the fountain frequency of a variation of the detector laser intensity by 
a factor 2 (1 mW and 0.5 mW). Elimination of the residual uncertainty associated to 
this experimental measurement and evaluated to be of the order of 10–15 requires a 
second light trap between the interrogation region and the detection region.

The interaction zones of the TE105 cavity are situated symmetrically relative to the 
feeding ports. A phase shift between the two zones may exist due to geometry. This 
phase shift may then be evaluated by rotating the cavity itself by 180°. In such an 
approach, the mounting was such as to reproduce the absolute position of the cavity 
to 0.01 mm. The frequency shift caused by this end-to-end phase shift was evaluated 
to be 1.7 × 10–15. However, spatial phase variation within the cavity can also cause a 
frequency shift. This effect was mentioned above in the case of the pulsed fountain. 
In the TE105 cavity, this phase shift was calculated by means of 3D finite-elements 
simulations. It was shown that the phase variation across the interaction regions fol-
lows a saddle pattern relative to orthogonal directions, with a peak to peak variation 
of 30 mrad, about the same size as reported in the case of the ring cavity used in room 
temperature beam standards (see Chapter 1). For a free flight time of the atoms of 
the order of 0.5 s, the fractional frequency shift associated with this DPS should then 
be less than 10–15.

The second-order Zeeman shift of the hyperfine frequency could not be evaluated 
only by changing the launch velocity, sending atom clouds at various heights, as in 
the pulse approach since the launching speed can be varied over a restricted range 
only. The static magnetic field map was evaluated by means of two complementary 
methods (Di Domenico et al. 2011b): firstly by means of a Fourier analysis of the 
field dependent Ramsey patterns recorded for launch velocities ranging from 3.7 
to 4.2 m/s; secondly by means of a time resolved Zeeman spectroscopy. In that last 
technique, the atoms during first transit through the interrogating cavity are submit-
ted to a p microwave pulse and transferred to level F = 4, mF = 0 by proper adjust-
ment of the rf power. During their free flight parabola, a short rf pulse (~12 ms) at 
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the Zeeman frequency is applied to exciting transitions at Δm = (±)1 over the whole 
ensemble of atoms in the free flight region. Atoms are thus transferred to m = (±)1 
levels during their flight, depending on the field at their location and the rf frequency 
applied. During their passage downwards through the interrogation cavity the atoms 
are then submitted to another p pulse transferring atoms to level F =  3, mF =  0. 
Finally, the fluorescence signal is observed at the detector measuring the total popu-
lation of the F  =  4 level. The measurement of the fluorescence intensity is done 
as a function of time after the Zeeman rf pulse and as a function of its frequency. 
It gives full information on the transition probability for Δm = (±)1. Time analysis, 
rf frequency and knowledge of the beam trajectory provide a complete measurement 
of the magnetic field distribution in the space travelled by the atoms. The accuracy 
of determination of the second order Zeeman shift through time-averaging of the 
magnetic field squared was determined to be of the order of 0.2 × 10–15.

These shifts, light shift, cavity phase shift, and magnetic field shift, are the main 
ones characteristic of the continuous fountain, which raised questions relative to 
the possible accuracy that would result with such an approach. The other shifts are 
similar to those encountered in a pulsed Cs fountain, but the collisional shift is much 
smaller. It is thus concluded at this stage of development that the evaluation of those 
important shifts and their control will lead to a final accuracy of the order of 10–15. 
This evaluation, coupled to other advantages mentioned above relative to reduced 
collision shift, reduced Dicke effect making possible the use of conventional local 
oscillator and relatively good short-term frequency stability, appears to open the 
door to the implementation of a very interesting approach to realize a primary stan-
dard fountain clock operating in continuous mode, according its original concept.

3.2.9 cOld atOm pharaO cs space clOck

French space agency CNES and SYRTE developed a cold atom space clock named 
PHARAO (Projet d’Horloge Atomique par Refroidissement d’Atomes en Orbite) for the 
space mission ACES (Atomic Clocks Ensemble in Space) managed by the European 
Space Agency (ESA). The project consists of the assembly and operation of highly 
stable and accurate atomic clocks in the microgravity environment of the International 
Space Station. A view of the PHARAO clock is shown in Figure 3.22.

This PHARAO clock takes advantage of two factors:

 1. A very low temperature obtained by laser cooling techniques providing a 
slow atomic beam,

 2. A micro-gravity environment provided by a satellite in Earth orbit.

The PHARAO clock uses cold Cs atoms that are launched at very low speed and 
made to traverse a Ramsey cavity made with two arms as in the standard room tem-
perature approach (Laurent et al. 2006).

As mentioned several times earlier, in an atomic clock, the duration of the coher-
ent interaction between the atoms and the electromagnetic field is a fundamental 
limit to the resolution of the frequency measurement. For practical reasons, this 
duration cannot exceed 1 s for Cs and Rb fountains. Due to the absence of gravity 
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in space, the speed of the atomic beam in the PHARAO device can be lowered 
to a value of the order of 5 cm/s or less by adjusting the moving molasses launch 
parameters. For a Ramsey cavity with 50 cm between the arms, the interaction time 
becomes 10 s giving a central fringe with a width of 0.1 Hz. This has to be compared 
to the case of a thermal beam clock of the same dimension with a line width larger 
than 500 Hz. As of 2015, the PHARAO clock has been constructed and behaves 
according to specifications.

3.3 ISOTROPIC COOLING APPROACH

In Chapter 2, we have shown that it is possible to cool an ensemble of atoms contained 
in a cell by means of isotropic laser radiation. One can imagine that a small cloud of low 
temperature atoms can be formed within a cell with essentially all the properties of a 
molasses as used in the fountain. However, in the present case, the cooled ensemble is 
easily created by means of isotropic radiation fed into a cell by means of optical fibres 
rather than six overlapping laser beams. The atomic ensemble can be used directly in the 
cell to implement a frequency standard as in the case of classical Rb frequency standard. 
Such a standard would have all the properties of the classical Rb standard, but improved 
by a lowering of Doppler effect and lowering of the collision rate between atoms since 
their speed would be considerably decreased. Furthermore, the device would be much 
smaller than the fountains described earlier. The main difficulty, however, is that intense 
laser radiation is used to cool the ensemble and consequently it is expected that 
the hyper fine frequency would be altered by that radiation if continuous interrogation at 
the microwave frequency is done in the same region of space as the cooling.

3.3.1 external cavity apprOach: charli

There are several ways to bypass the difficulty just mentioned. In a first approach, 
the system can be operated by letting the atomic cloud fall under gravity traversing a 
microwave cavity as shown in Figure 3.23.

FIGURE 3.22 PHARAO space Cs frequency standard, final assemblage showing the com-
plexity of the system implemented. (Courtesy of P. Laurent, SYRTE, Paris, France.)
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The idea essentially consists of using the system as in a reverse fountain. 
Instead of launching the cloud up in the vertical direction, it is left falling under 
gravity and traverses a microwave cavity. Unfortunately in reaching the cavity the 
cloud has acquired speed and does not stay long in the cavity microwave field. 
Interrogation is thus limited to a short period. Nevertheless, such an arrange-
ment was implemented. It was given the pseudonym CHARLI (for Configuration 
d’Horloge à Atomes Refroidis en Lumière Isotropique) (Guillemot et al. 1998). In 
the design chosen, the bulb containing the Cs vapour is made of quartz while the 
integrating sphere is made of Spectralon, a high reflectance material. The cooling 
radiation originating from a distributed Bragg reflector (DBR) laser (150 mW) is 
injected inside the integrating sphere by means of several optical fibres connected 
to the sphere at symmetrical locations in order to obtain cooling radiation as iso-
tropic as possible. Cooling is done through the cycling transition F F= → ′ =4 5 . 
As in the case of the molasses, repumping is also done by means of the transition 
F F= → ′ =3 4 . The period of Doppler cooling is of the order of a few hun-
dred microseconds followed by a sub-Doppler cooling period of the order of a few 
microseconds. State preparation by means of optical pumping by means of the 
transition F F= → ′ =3 4  is of the order of 10 ms. The temperature of the cloud 
was evaluated to be about 40 mK. While the atomic cloud falling under gravity 
traverses the cavity, the atoms are exposed to the interrogating microwave field and 
Rabi transitions are excited.
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FIGURE 3.23 Implementation of a frequency standard using isotropic cooling and an 
external cavity (CHARLI). (Data from Guillemot, C. et al. A simple configuration of clock 
using cold atoms. In Proceedings of the European Forum on Time and Frequency 55, 1998.)
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Atoms having made a transition are detected by means of a double laser 
 configuration, including a pushing action similar to the one described in the case 
of the fountain. This allows a normalization of the number of atoms which may vary 
from one cycle to another. The amplitude of the field seen by the atoms traversing the 
cavity is sinusoidal. In that case the width of the Rabi resonance is not constant and 
the line width is given by (QPAFS 1989):

 
W

c

≈ 5
τ

 (3.71)

where:
τc is the time the atoms spend in the cavity

The expression is valid for the case when the atoms are submitted to a field intensity such 
that the atoms exit the cavity as if submitted to a p pulse. In the configuration chosen 
above, the cavity was 5 cm long and the measured width was 35 Hz in general agreement 
with the predicted width. This result and several measurements on time of flight param-
eters provided a basis for further experimentation on the proposal of using isotropic cool-
ing for implementing a practical frequency standard with characteristics reflecting the 
properties of a cloud of atoms having an internal temperature of the order of 50 mK.

3.3.2  apprOach integrating reFlecting sphere 
and micrOwave cavity: hOrace

Another approach which was then used consisted of having a microwave cavity sur-
rounding the cell where isotropic cooling takes place and in interrogating the atoms 
at the early stage of their free fall (Esnault et al. 2010, 2011). In such a case, a Ramsey 
interrogation scheme in the time domain can be used with a possibility of obtaining 
a line width narrower than in the case where the atoms traverse a cavity. The system 
implemented at SYRTE, Paris, is shown in Figure 3.24. The arrangement has been 
given the pseudonym HORACE (for Horloge à Refroidissement d’Atomes en Cellule). 
In that case, a spherical cavity was used with walls polished at a level such as to pro-
vide a reflectivity of 96%. The atoms were confined to a quartz cell within that cavity. 
The cavity Q was 5000. The cooling scheme and state preparation was similar to that 
used in the previous approach (CHARLI). The cycle period was 80 ms. The tempera-
ture observed was of the order of 35 mK. Although a much lower temperature could be 
obtained by further sub-Doppler cooling, this was not needed because the expansion 
of the cloud within the cavity did not limit the performance of the clock. The Ramsey 
interrogation scheme consisted of two 5 ms pulses separated by a free evolution time 
of 25 ms. It should be mentioned that gain is obtained in the scheme simply due to 
the fact that at the end of the cycle the atoms in the cell are already cooled and, hav-
ing fallen a relatively short distance, they are used again in the subsequent cycle. 
It is found that after 5 to 10 cycles a steady state recapture regime is reached. The 
resonance signal is detected by means of a vertical probe beam superimposed on one 
cooling beam and retro reflected as shown in the figure. The number of atoms in the 
proper state, involved in the absorption, is of the order of 1.5 × 106 and results in an 
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absorption of 2.5% while absorption by background vapour is about 20%. The laser 
intensity is monitored and the result is used in reducing laser intensity fluctuations 
in the detection of the useful signal. A typical result showing the field independent 
Ramsey fringes is shown in Figure 3.25. The measured line width of the central fringe 
is 18 Hz in agreement with calculation and the contrast is 90%. The arrangement was 
used as the heart of an atomic frequency standard using as reference a CSO for the 
microwave interrogation radiation as in the fountains described earlier. The measured 
frequency stability was 2.2 × 10–13 τ–1/2. The authors claimed that a simulation showed 
that a quartz crystal oscillator with frequency fluctuations spectral density given by 
S f f f fy( ) . .= + × + ×− − − −10 3 3 10 3 3 1025 1 28 31 2 would result in a minor degradation 
with an small increase in frequency instability to 2 4 10 13 1 2. × − −τ .

3.3.3 diFFerent hOrace apprOach

It is possible to implement a frequency standard similar to the one just described, 
but using the molasses technique described earlier on which the functioning of the 
fountain is based. The idea is simply to use a small cavity with windows such as to 
allow penetration of the six beams of cooling laser radiation. The cloud of cooled 
atoms forms an ensemble of atoms similar to that obtained in the case of isotropic 
cooling. One disadvantage may be that the system requires large holes in the cavity 
to allow penetration of the beams with waists of the order of one cm. Another disad-
vantage may be that the creation of a molasses requires accurate orientation of laser 
beams while isotropic cooling is done with light injected by means of optical fibres. 
Nevertheless, a small frequency standard was implemented using a molasses in a 
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FIGURE 3.24 Configuration used in the implementation of a frequency standard based on 
isotropic cooling and the use of a time domain Ramsey interrogation scheme (HORACE). 
(Data from Esnault, F.X. et al., Phys.Rev. A, 82, 033436-1, 2010.)
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cavity and a time domain Ramsey double pulse approach (Müller 2010; Müller et al. 
2011). A central Ramsey fringe with a width of 47 Hz was obtained using a pulse 
separation of 8 ms. The system was operated as a clock and its frequency stability 
was evaluated as σ τ τy( ) = × − −5 10 13 1 2 for integration times larger than 100 s.

3.4  ROOM TEMPERATURE RB STANDARD APPROACH 
USING LASER OPTICAL PUMPING

In Chapter 1, we have reviewed the progress made during recent years in the 
improvement of optically pumped passive Rb frequency standards using the classical 
approach in which a spectral lamp is used as the source of radiation. We have shown 
that the frequency stability of such a standard was limited to the order of 10–11 at 
1 s integration time due to shot noise, limiting the observable S/N. We have shown 
in Chapter 2 that the advent of solid-state semiconductor lasers opened a new door 
in the field of optical pumping, improving efficiency, the energy being concentrated 
around desired specific transitions. This is an obvious advantage over a spectral lamp 
for which energy is spread over a relatively large spectrum of frequencies, which did 
not contribute to the useful signal.

We have developed a laser optical pumping theory in relatively general terms, 
using a three-level atom. However, the choice of an atom for the implementation 
of a frequency standard using laser optical pumping is rather limited. This is due 
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to various environmental considerations such as temperature of operation, power 
consumption and the obvious condition that a solid-state laser with the appropriate 
wavelength be readily available at reasonable cost and size for the atom considered. 
This reduces essentially the choice to the isotopes 87Rb, 85Rb, and 133Cs. The required 
wavelengths are tabulated in Table 3.4 (QPAFS 1989). The availability of lasers at 
these wavelengths and their characteristics were discussed in Chapter 2. We will 
assume that such lasers are available. In practice, 87Rb has remained the element of 
choice due to considerations such as operation at a reasonable temperature of 60 to 
70°C, and lower nuclear spin (I = 3/2) compared to Cs (I = 7/2) and 85Rb (I = 5/2), a 
property that reduces the number of energy levels in the ground state. This property is 
advantageous since more atoms find themselves in the proper hyperfine state mF = 0, 
reducing frequency perturbations which depend on density.

3.4.1 cOntrast, line width, and light shiFt

A typical implementation of a 87Rb cell frequency standard using laser optical pump-
ing is shown in Figure 3.26. As in the case of the spectral lamp approach, the micro-
wave generator used to feed the cavity and excite the hyperfine transition of 87Rb is 
locked by means of a frequency control loop to the frequency of the resonance line 
as observed at the photodetector.

In that approach, the microwave generator frequency is modulated at a low fre-
quency of the order of 100 Hz to a depth of a fraction of the hyperfine resonance line 
width. The signal at the photodetector, processed by means of synchronous detec-
tion, approximates the derivative of the resonance line and provides a frequency dis-
crimination pattern. This signal can be used to lock in frequency of the microwave 
generator to the center of the resonance line. In practice, the microwave generator 
consists of a quartz crystal oscillator synthesized numerically to the desired fre-
quency nhf. As is readily visible in Figure 3.26, the system is thus very similar to that 
using the spectral lamp approach. However, the use of a laser requires some addi-
tional control. As mentioned in Chapter 2, the frequency of those solid-state diode 
lasers is dependent on several parameters such as temperature and driving current. 
For this reason, they must be controlled in order to maintain their frequency tuned 
to the selected optical transition. In the arrangement shown in the figure, this is done 
directly by means of linear absorption in the same cell as that used for detection of 

TABLE 3.4
Alkali Metal Isotopes and Required Wavelengths 
in Vacuum for Optical Pumping

Atom
Hyperfine 
Frequency D1 Radiation D2 Radiation

87Rb 6.835 GHz 794.978 nm 780.241 nm
85Rb 3.035 GHz 794.979 nm 780.241 nm
133Cs 9.192 GHz 894.592 nm 852.347 nm
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the microwave hyperfine resonance. A different modulation frequency is used for the 
microwave locking and laser stabilization. One goal in the use of a laser for optical 
pumping is the improvement of S/N, which should improve short-term frequency sta-
bility of the system. We have provided in Chapter 1 a context in which the frequency 
stability can be predicted on the basis of measurable parameters or characteristics 
of the resonance cell. For the present purpose we will use a somewhat different for-
mulation. In a straightforward linear circuit analysis, it is shown that the frequency 
stability of the hyperfine resonance line is transferred to the quartz oscillator (Vanier 
et al. 1979) and the resulting frequency stability of the system in the time domain can 
be written as (Vanier and Bernier 1981; QPAFS 1989):

 
σ τ

ν
τ( ) = −KN

I qo bg

1 2  (3.72)

where:
N is the noise spectral density observed at the photo detector originating from all 

sources
Ibg is the current developed in the photodetector by the background radiation
τ is the averaging time
K is a factor that depends on the modulation wave form and is of the order of 0.2
q is a quality factor defined as the ratio of the contrast C of the resonance line to 
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FIGURE 3.26 Typical experimental setup used for the implementation of a frequency stan-
dard with a sealed cell and laser optical pumping. The system can be used as a spectrometer 
(switch SW opened), or a frequency standard (switch SW closed).
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The exact meaning of those various parameters is made explicit in Figure 3.27. The 
contrast can thus be written as:

 
C

I
I

s=
bg

 (3.73)

and the quality factor as:

 
q

C=
∆ν1 2

 (3.74)

In the approach using a spectral lamp, the resulting pumping radiation consists of 
both D1 and D2 components and contains several hyperfine lines. The width of these 
lines is of the order of 1 GHz and, although hyperfine filtering reduces the intensity 
of the lines corresponding to the transitions S1/2, F = 2 to P1/2 and P3/2, the radiation 
reaching the detector is intense and causes so-called shot noise whose spectral den-
sity is given by:

 N eI2 2= bg  (3.75)

where:
e is the charge of the electron

In such a case, s(τ) becomes proportional to the square root of Ibg. In standard opera-
tion, Ibg is large and this type of noise is generally predominant, well above thermal 
noise at the detector. Furthermore, the contrast of the hyperfine resonance line is small 
(a few tenths of a percent) due to the presence of optical lines that do not contribute to 
optical pumping or to the signal, and also due to the background radiation originating 
from the noble gas used to initiate and maintain the lamp plasma excitation. Assuming 
a hyperfine line width of the order of 250–500 Hz, the quality factor, as defined by 
Equation 3.74 is calculated to be ~10–5. In practice, using a spectral lamp, the back-
ground light intensity may correspond to a current of ~100 mA, and the shot noise lim-
ited frequency stability is calculated to be approximately 0.5 to 1 × 10–11. Instruments 

Light transmitted

νhf

Δν1/2
IbgIs

ν

FIGURE 3.27 Representation of the various parameters used in the analysis of short-term 
frequency stability.
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using either the integrated or the separated filter approach have a frequency stability in 
general agreement with this calculation, smaller units showing frequency instabilities 
above 10–11 τ–1/2.

The above considerations show that in the case of shot noise, frequency stabil-
ity is controlled by three parameters: line width, contrast, and background current. 
Consequently, a reduction in background radiation should result in better frequency 
stability in the shot noise limit. This consideration and possible simplification in 
design and construction have created an interest in the use of solid-state diode lasers 
instead of spectral lamps for implementing that type of clock. This is due to the 
fact that the laser spectrum is very narrow, <100 MHz, resulting in a more efficient 
optical pumping, leading to less background radiation and higher contrast of the 
hyperfine resonance line. In practice, as will be described below, a contrast larger 
than 10% is observed with laser optical pumping, due essentially to a reduction of the 
background current by about two orders of magnitude.

The analysis we developed in Chapter 2 can be applied directly to the case of 
87Rb, optically pumped with a laser tuned to the S1/2 – P1/2 transition (D1 radiation) 
as shown in Figure 3.28. As in the classical approach using a spectral lamp, a buffer 
gas is used for preventing relaxation of Rb atoms on the wall of the cell. This buf-
fer gas is generally a mixture of a noble gas with N2 as a constituent. The purpose 
of the mixture is to reduce considerably the dependence of the 87Rb resonance fre-
quency on temperature as will be explained below. On the other hand, N2 is used 
specifically for quenching fluorescence radiation through collisions with Rb atoms 
in the excited state (Happer 1972). This process prevents optical pumping that would 
take place by means of scattered radiation, which would act as an added relaxation 
mechanism. The N–Rb atom collisions cause mixing of the P1/2 – P3/2 states as well 
as decay of the Rb atoms from those states, resulting in a broadening of the optical 
resonance line at 794 nm. On the other hand, noble gas–Rb collisions introduce a 
certain degree of dephasing within the optical transition, which also causes opti-
cal broadening. In the analysis, it would seem natural to separate the two effects, 
excited state decay and dephasing. However, due to the complexity of the processes 
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FIGURE 3.28 Ground state S1/2 and first excited state P1/2 energy manifolds of 87Rb.
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involved and the uncertainty on their relative importance in line broadening, we will 
assume that the resulting combined effect is a broadening of the excited state and 
we will simply associate this effect to a decay of the excited state. The broadening 
due to buffer gas collisions, as measured from absorption spectra, is about 20 MHz/
Torr, added to the Doppler broadening, which is 530 MHz at a normal temperature 
of operation (~60°C). At a buffer gas pressure of 20 Torr, the optical line width is 
thus of the order of 930 MHz. For all practical purposes it is Lorentzian. This point 
was examined by Vanier (2005); in this work, the absorption spectrum under various 
light polarization conditions was examined. It should be noted that the spontaneous 
emission rate broadening is of the order of 5 MHz and is very small compared to 
the effect of buffer gas collisions. Consequently, we characterize the excited state 
decay rate by the parameter Γ*

. We evaluate its size from the observed line width 
to be about 2–5 × 109 s–1 at the pressures considered in the present analysis. The 
selection rules of this decay are not known. Consequently, it is assumed that the 
decay takes place at all Zeeman sublevels of the ground state with equal probability. 
With the buffer gas broadening considered, the splitting of the excited state is barely 
resolved. In practice, the laser is normally tuned to the transition S1/2, F = 1 to P1/2, 
F = 1. Consequently, in view of those characteristics, that is to say equal decay rate 
to all levels of the ground state and partially resolved hyperfine structure of the 
excited state, we can use a simple three-level model as was done in Chapter 2. The 
overlapping transition S1/2, F = 1 to P1/2, F = 2, does not affect much the analysis in 
the three-level model aside from altering slightly the calculated pumping rate and 
causing an added light shift. The alteration of the pumping rate can be taken care of 
by adjusting the calculated pumping rate while the light shift can be taken care of in 
a perturbation approach.

It should be mentioned that the use of unpolarized radiation prevents any popula-
tion trapping in end Zeeman levels as is introduced in the case of optical pumping 
with circular polarization (Vanier et al. 2003a). On the other hand, the use of linear 
polarization could have an effect on the final distribution of population among the 
ground-state Zeeman levels. However, in view of the remarks made above in connec-
tion to random decay from the excited state, it is assumed that the radiation is unpo-
larized and that all Zeeman levels within one hyperfine level are equally populated.

Consequently, Δn1/2 can be calculated at the exit of the cell by proper evalua-
tion of the pumping rates and saturation factor. Following the discussion above on 
frequency stability, it appears that an important parameter is the quality factor q, 
proportional to the contrast. We thus extend the above analysis by making a numeri-
cal evaluation of the contrast that appears possible within the hypothesis made. This 
numerical calculation is done for several values of the absorption coefficient α as 
well as for several microwave field intensities in the cavity as a function of light 
intensity or pumping rate at the entrance of the cell. The length of the cell is assumed 
to be 2 cm. In the calculation, the contrast is obtained from Equation 3.73 in terms 
of the Rabi frequency ω1mm:
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The frequency difference imposed, ωM – ωm′m = 100,000, on the denominator guar-
antees that for the background radiation, the Rabi frequency is evaluated well outside 
microwave resonance.

Typical results are shown in Figures 3.29 and 3.30 for the contrast and the line 
width under various conditions representative of typical experimental situations. 
In  those figures, the microwave Rabi frequency is fixed at a value of 1.41 × 103/s. 
Similar calculations were done for a fixed absorption coefficient α = 2 × 1011/m/s 
but as a function of the microwave Rabi frequency with the pumping rate Gp as a 
parameter. The results are shown in Figures 3.31 and 3.32. Various conclusions can be 
drawn immediately from those figures. First, due to low spurious background radia-
tion, the contrast can be large and reach a value of the order of 10 to 20% at high Rb 
densities (large α). This is more than an order of magnitude larger than with a lamp. 
As expected, the line width increases with light intensity, although non-linearly at 
low values of Gp. This is due to the non-linear nature of optical absorption at high Rb 
densities. The homogeneous model would give a line width that increases linearly 
with light intensity at all values of Gp. On the other hand, it is found that the contrast 
increases with microwave power applied, but tends to a limit. This saturation behav-
iour is due to the fact that above a certain value of the microwave intensity, the popu-
lation of the two ground-state energy levels is equalized and the absorption coefficient 
becomes constant above a certain value of the Rabi frequency b. On the other hand, 
it is observed that the microwave excitation broadens the line considerably as made 
explicit in Figure 3.32 and, although the contrast may become large, there is obviously 
no increase of the quality factor q as defined by Equation 3.75 above. The line width 
increases linearly with the microwave field at high values of the Rabi frequency.
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The other phenomenon that affects the operation of the frequency standard is 
the light shift given by Equations 2.43 and 2.44 of Chapter 2. This shift is large 
and affects the characteristics of the laser pumped frequency standard in an impor-
tant manner. It displaces the position of the ground-state energy levels relative to 
each other, and consequently changes the transition frequency in an important way 
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FIGURE 3.30 (Theory) Line width calculated as a function of pumping rate for various val-
ues of the absorption coefficient. The microwave Rabi frequency is assumed to be 1.41 × 103 s–1.
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(Barrat and Cohen-Tannoudji 1961; Mathur et al. 1968; Vanier 1969). The  analysis 
made above, however, is approximate in the sense that it considers only three energy 
levels. The complete calculation of this shift for a practical situation would be rather 
complex. First, the P state of the 87Rb atom is formed of several hyperfine energy 
levels. On one hand, the P3/2 state consists of 4 levels separated by 266, 153, and 
70 MHz, respectively. The average wavelength for the transition to the ground state 
is 780  nm  (D2). On the other hand, the P1/2 state consists of two hyperfine levels 
separated by 812 MHz and this transition has an average wavelength of 795 nm (D1). 
Lasers are available for both wavelengths. The transition probability from the ground 
levels to each of these excited hyperfine levels varies according to rules connected 
to angular momentum matrix algebra (Clebsch–Gordan coefficients) and the absorp-
tion line is broadened by buffer gas collisions. Furthermore, the presence of Doppler 
broadening forces an averaging over velocities by means of a Maxwell distribution. 
Finally, radial intensity inhomogeneities of the laser beam, to be discussed below, 
alter the pumping rates across the beam and consequently alter the shift itself. The 
shift is also altered within the cell, the radiation being submitted to absorption along 
the propagation path.

Measurement results to be examined below are generally reported for very 
diverse experimental conditions regarding Rb density (temperature), buffer gas pres-
sure, type of lasers, spectral width, and beam diameter. In view of all these consid-
erations it is very difficult to develop an analysis that would cover experimental data 
at large. Furthermore, the purpose of the present text is to review the subject in the 
context of application to the implementation of a frequency standard. Consequently, 
the goal is not to verify in detail the exactness of the theory developed by means of 
comparison to experimental data, but to identify parameters controlling contrast line 
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width and light shift and review proposed practical approaches leading to improved 
frequency stability. The analysis developed above should then be considered as a 
guide in the search for improvements, rather than a full explanation of experimental 
observations.

We have evaluated approximately the light shift for a specific simple situation. 
We have used the three-level model for a given buffer gas pressure that broadens the 
optical absorption line to ~1 GHz, including Doppler effect. This corresponds to a 
gas, such as nitrogen, at a pressure of about 3 kPa (25 Torr). In view of the impor-
tant homogeneous broadening that takes place, it is expected that optical pumping 
is effective for all velocities. At that pressure, the shape of the optical absorption 
becomes approximately Lorentzian masking the Gaussian shape produced by 
Doppler broadening (530 MHz at 60°C). Consequently, we adjust the value of Γ*

 in 
Equations 2.43 and 2.44 that give the width of the absorption line that is observed in 
practice (~1 GHz). This value is 6.28 × 109 s–1. The calculation is thus made without 
averaging over velocities assuming then that all velocities are pumped due to the 
buffer gas homogeneous broadening. This approach would be less exact at low buf-
fer gas pressures, since the line shape is a so-called Voigt profile originating from 
the convolution of a Lorentz with a Gaussian line. However, it appears to be a valid 
approximation in view of the many other effects that take place in the cell due to 
such causes as inhomogeneous pumping across the laser beam coupled to micro-
wave saturation effects. In this context, it does not appear that a more exact approach 
is justified. This approach has also been used in the past to calculate the effect of 
optical pumping on the shape of absorption lines leading to very satisfying results 
(Vanier 2005).

The line broadening is thus assumed homogeneous and the calculation is made 
for three values of the pumping rate, Gp = 2, 3, and 4 × 103 s–1, corresponding to val-
ues in Figure 3.30 that produce visible resonance line broadening. Values of the opti-
cal Rabi frequency, ω1mm, are calculated from these by means of Equations 2.41 or 
2.42 and provide absolute values of the light shift. The results of that calculation are 
shown in Figure 3.33. As can be observed readily, the light shift in a laser pumped 
frequency standard is expected to be very important, being in the range of parts in 
109 to 108. In a practical standard, the laser frequency and intensity, thus, need to 
be well-stabilized in order to achieve frequency stability in the 10–13, as realized in 
existing standards using spectral lamps as pumping sources.

The theoretical results just presented regarding pumping rates, contrast, line 
width, and light shift are similar to those obtained by Camparo and Frueholz (1985) 
and by Mileti (Mileti 1995; Mileti and Thomann 1995) in a different mathematical 
context where the laser was essentially treated as a narrow optical pumping spectral 
source without coherence. In those calculations the pumping rates are introduced 
in a phenomenological way in the rate equations and the light shift is introduced 
as a perturbation. In the present case, however, the optical coherence introduced in 
the system by the laser is carried all through the analysis. This coherence leads to 
a very useful approach for calculating the absorption coefficient, the residual light 
intensity and the double resonance signal amplitude at the exit of the cell, through 
the solution of a first order differential equation obtained from Maxwell’s equations. 
Furthermore, the present analysis leads directly and in a natural way to expressions 
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for the line width, the light shifts, and the pumping rates and connects those results 
to the analysis concerning frequency stability. The results obtained in the present 
analysis for the light shift are also similar to those obtained by Mathur et al. using an 
operator formalism (Mathur et al. 1968). In the present calculation of the light shift, 
the hyperfine splitting of the excited state is completely neglected. This approach 
may be valid at high buffer gas pressures in which case the optical absorption lines 
are broadened and the excited state hyperfine splitting is not observable. In that 
case, the centre of the optical line appears as an average of the individual hyperfine 
absorption lines. At low pressure, the effect of the individual transitions can be taken 
care of by a perturbation approach in which the individual effects are added. In 
practice, however, the effect of the excited state hyperfine structure may be totally 
masked by various inhomogeneities of the laser beam to be discussed below.

3.4.2 eFFect OF laser radiatiOn Beam shape

The analysis presented above does not take into account the shape of the laser radia-
tion beam and the variation of the optical pumping rate in the radial direction. In 
general, the laser intensity is characterized by a Gaussian shape as a function of beam 
radius. This has important consequences since various regions of the beam effectively 
lead to different pumping rates. In practice, the photodetector, being large compared 
to the laser beam diameter, is exposed to the total beam and an average of the light 
intensity at the exit of the resonance cell is measured. The effect predicted earlier, in 
which the signal goes through a maximum versus pumping rate, the so-called peaking 
effect (Mileti 1995), is then masked. This is due to the fact that since different parts 
of the cell are exposed to different radiation intensities the resulting signal becomes 
an average over a range of pumping rates. The same remarks apply to the calculation 
of the line width and the light shift both varying with the radial distance. For this 
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273Microwave Frequency Standards Using New Physics

reason, these parameters are found in certain arrangements to be non-linear at high 
light intensities (Camparo et al. 1983). Due to the variation of the radiation intensity 
across the beam radius, the centre frequency of the resonance line is also a function of 
radial coordinate, due to a varying light shift. A measurement of the signal frequency 
at maximum is thus an average weighed by factors such as laser beam shape, buffer 
gas broadening, cavity field geometry, and microwave saturation. The measured light 
shift depends thus on actual experimental conditions.

It should be mentioned that this effect does not influence appreciably the final 
conclusion relative to the frequency stability of a frequency standard using a laser 
as optical pumping source. In practice, in the implementation of a laser pumped 
frequency standard, one would operate the system at a laser intensity that makes q 
optimum, which is in a region just below the maximum of contrast. The important 
parameters remain contrast and line width. The light shift has then to be addressed 
independently and its influence on frequency stability has to be evaluated for each 
experimental setup.

3.4.3 expectatiOns relative tO shOrt-term Frequency staBility

The results of the analysis just presented provide the background for a calculation 
of the expected frequency stability of a frequency standard such as one implemented 
according to Figure 3.26. These results make possible the evaluation of the quality 
factor defined through Equation 3.74 and consequently provide information to set the 
optimum point of operation for best frequency stability. For example, assuming an 
absorption coefficient α = 2 × 1011/m/s, corresponding to a cell temperature of about 
65°C, a contrast of 10% is obtained from Figure 3.31 at a pumping rate of 2000 s–1 
and for a microwave Rabi frequency of 1.41 × 103 s–1. This high contrast is essen-
tially due to the narrow width of the laser spectrum, which is more than an order of 
magnitude less than the spectral lamp, reducing background radiation. At that pump-
ing rate, the hyperfine resonance line width, according to Figures 3.30 and 3.32, is 
about 575 Hz. In practice, using a vertical-cavity surface-emitting laser (VCSEL) 
in the same situation, a background current of the order of a few microamperes is 
detected. Taking only shot noise into consideration, one expects the frequency stabil-
ity to be approximately

 σ τ τ( ) ≅ × − −a few 10 14 1 2 (3.77)

as calculated from Equations 3.72 and 3.75.

3.4.4  review OF experimental results On signal size, 
line width, and Frequency staBility

Unfortunately, published experimental data often provide limited information on the 
conditions realized in practice. Line width is generally provided, but contrast is not a 
parameter that appears to have drawn attention in past publications. When contrast is 
reported, usually for a given set of optimum conditions, it is larger than 10% in qualitative 
agreement with the general prediction made above (Chantry et al. 1992; Mileti 1995). 
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It  should be mentioned that in Chantry et  al. (1992), 133Cs was used as the reference 
alkali atom isotope. However, the system used for implementing a clock is the same as 
that used with 87Rb and the three-level model developed above applies. The contrast is 
found to increase to a maximum value with microwave power with a line broadening in 
 qualitative agreement with Equation 2.55. The signal amplitude at the photodetector is 
also often reported as a function of Rb density (cell temperature) and found to decrease 
at higher temperatures (Hashimoto et  al. 1987; Matsuda et  al. 1990). However, since 
 absorption  becomes important at higher temperatures, the background intensity also 
decreases and no conclusion can be drawn from this information, relative to contrast, 
quality factor q, and frequency stability, since information on background light intensity 
is lacking.

On the other hand, the effect of laser intensity variation across the beam on signal 
intensity was studied in some detail by Mileti (1995). It was made evident through 
expansion of the laser beam diameter by means of a telescope at the entrance of 
the cell, making the laser beam more homogeneous, and through the use of annu-
lar masks placed in front of the photodetector, hiding part of the laser beam. The 
arrangement made possible the detection of atoms submitted to approximately 
homogeneous optical pumping in the radial direction. The effect could be studied as 
a function of detected beam diameter and several conclusions were drawn relative 
to the observation of the peaking of the signal amplitude versus light intensity. The 
peaking effect predicted in Figures 3.29 and 3.31 could be observed in very specific 
conditions and a typical result is reproduced in Figure 3.34. In that figure, the laser 
intensity is given in terms of laser driving current and the signal size is given in mA. 
Consequently, the data cannot be compared directly to the theoretical graphs shown 
in Figure 3.29. Nevertheless, a peaking of the signal is observed and the general 
trend of the signal behaviour is observed.

Results obtained by Lewis and Feldman for line width as a function of laser radia-
tion intensity are reproduced in Figure 3.35 (Lewis and Feldman 1981). An important 
broadening is observed. Assuming in first approximation that the broadening is lin-
ear with light intensity as would be obtained in the homogeneous model (Equations 
2.55 and 2.50) and using information contained in Lewis and Feldman, 1981, one can 
relate power density used in the arrangement and pumping rate. At a laser radiation 
density of 250 mW/cm2, calculation gives Gp = 1800 s–1. This situates Lewis’ graph in 
the upper portion of Figure 3.30 where the line width is nearly linear with pumping 
rate, making the linear assumption plausible in the present circumstances.

Results obtained by Camparo and Frueholz relative to contrast at relatively low 
temperature (37°C) are reproduced in Figure 3.36 (Camparo and Frueholz 1985). 
Results for line width are also reproduced in Figure 3.37. At that temperature the 
Rb density is rather low and, as pointed out by the authors, the cell is nearly opti-
cally thin. The absorption coefficient measured at that temperature is reported by 
the authors as (τD)–1 = 7.6 cm. This coefficient is related to α by means of the rela-
tion, (τD)–1 = Γ*

/α. At the buffer gas pressure used (10 Torr, N2), Γ
*
 is ~2 × 109 s–1, 

and we obtain α = 2.63 × 1010/m/s. The value calculated by means of Rb density 
(Equation 2.33) from the values used previously is 1.8 × 1010/m/s. This difference 
may be due to the difference in density in the cell for a similar temperature, which 
as pointed out by several authors, may vary considerably depending on the type of 
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glass used and the temperature cycling to which the cell has been exposed prior to 
measurements (Vanier 1968; Camparo et al. 2005).

The results presented by the authors on contrast are normalized, and a comparison 
to previous calculation can be made only on a qualitative basis. Nevertheless, it is 
readily observed that the general behaviour of the saturation observed in Figure 3.36 
is the same as that calculated and shown in Figure 3.31. The same remark can be 
made for the data on line width. The large broadening observed in measurements 
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FIGURE 3.36 Normalized values of contrast versus normalized microwave Rabi frequency 
observed for the 0-0 hyperfine transition with laser optical pumping in a Rb cell at 37°C. 
(Reprinted with permission from Camparo, J.C. and Frueholz, R.P., Phys. Rev. A, 31, 144, 
1985. Copyright 1985 by the American Physical Society.)
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FIGURE 3.37 Half line width observed as a function of the normalized microwave Rabi 
frequency for the same situation as that giving the results of Figure 3.38. (Reprinted with 
permission from Camparo, J.C. and Frueholz, R.P., Phys. Rev. A, 31, 144, 1985. Copyright 
1985 by the American Physical Society.)
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of Camparo and Frueholz (1985) situates the data in the upper end of Figure 3.32 
 making the broadening linear with the microwave Rabi frequency as expected.

In some cases the S/N realized in practice is given for an optimum condition 
(Hashimoto and Ohtsu 1987, 1990; Chantry et al. 1992; Saburi et al. 1994). In that 
case, some information on the performance of the system may be extracted. To do 
so, Equation 3.64 can be transformed readily in terms of S/N through direct algebraic 
manipulations (Vanier and Bernier 1981). We obtain:

 
σ τ τ( ) = −K

Q S Nl

1 2  (3.78)

where:
K is about 0.2
Ql is the resonance line Q

Equation 3.78 provides a simple way of evaluating the performance of the system 
through a direct measurement of two easily accessible parameters, line width and 
S/N. For example, in Hashimoto and Ohtsu (1987), using an edge-emitting diode, a 
S/N of 66 dB was reported with a line width of 570 Hz, leading to a predicted fre-
quency stability of ~3 × 10–12 τ–1/2. Saburi et al. (1994), using a DBR laser, with a 
narrow spectrum (~500 kHz), measured a  S/N of 85 dB and the predicted frequency 
stability using Equation 3.78 is ~6 × 10–13 τ–1/2. In that case, however, the best mea-
sured frequency stability was 1 × 10–12 τ–1/2. The difficulty with these reports arises 
in the absence of information on the actual background radiation level, which would 
provide a reference to calculate contrast, which, using Equation 3.72, would then 
permit an evaluation of the predicted frequency stability and possibly identify the 
origin of the noise.

Approaches have been proposed for increasing the S/N by concentrating all the 
atoms in the F = 2, mF = 0 of the ground state of the Rb atom. This may be done, 
for example, by using a combination of polarized pulses of light and so-called p-RF 
pulses at the Zeeman frequency (Bhaskar 1995). In such an approach, however, the 
system operates in a pulse mode adding complexity to its practical implementation.

Unfortunately, the frequency stability predicted on the basis of shot noise alone is 
not generally realized in practice. A frequency stability of the order of 1 to 5 × 10–11 

τ–1/2 is reported when commercial laser diodes having large spectral widths (several 
tens of MHz) are used as optical pumping sources (Lewis and Feldman 1981; Ohtsu 
et al. 1985; Chantry et al. 1996). Better results are obtained when narrow band laser 
diodes, such as DBR, distributed feedback (DFB), and external cavity locked lasers 
are used (Saburi et al. 1994; Mileti et al. 1998; Ohuchi et al. 2000; Affolderbach and 
Mileti 2003a, b). Consequently, noise sources other than shot noise must be present 
when common diode lasers such as edge-emitting lasers and VCSELs are used as 
optical pumping sources. It is generally recognized that these noise sources originate 
in part from amplitude fluctuations (AM), inherent to the laser, and laser frequency 
fluctuations (FM) transformed into intensity noise by the resonance cell (Camparo 
and Coffer 1999). This will be discussed in Section 3.4.6.3, following a description 
of the various frequency shifts present in that type of optically pumped standard.
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3.4.5 Frequency shiFts

Optically pumped sealed cell frequency standards using a buffer gas and laser 
optical pumping are characterized by essentially all the same frequency shifts as 
those encountered when a spectral lamp is used. We have introduced above the 
most important one, the light shift. These shifts affect the accuracy of the stan-
dard. Furthermore, their fluctuation with time may affect frequency stability. We 
will review these shifts in the light of new experimental data obtained mostly with 
laser optical pumping.

3.4.5.1 Buffer Gas Shift
When the atoms are exposed to a travelling microwave field, a buffer gas is required 
to reduce Doppler broadening through Dicke effect (Dicke 1953). In the case studied 
here and represented in Figure 3.26, a cavity is used and the atoms are exposed to 
a microwave standing wave. They essentially stay in a field of the same phase dur-
ing their time of interaction with the microwave radiation. In such a case, the buffer 
gas reduces relaxation of the Rb atoms upon collision with the cell inner surface by 
increasing the diffusion time. In practice, N2 is used as one element of the buffer gas in 
order to quench the fluorescence emitted in the optical pumping process, which would 
cause random optical pumping equivalent to relaxation (Vanier 1968; Happer 1972).

Unfortunately, collisions between the Rb atoms and the buffer gas atoms cause 
a frequency shift. This shift is proportional to the density of the buffer gas or, in a 
sealed cell, to its pressure. Furthermore, this shift is temperature sensitive. The Rb 
hyperfine frequency is shifted by (QPAFS 1989):

 
∆ = + +v P T T( )β δ γbg bg bg∆ ∆ 2  (3.79)

where:
P is the buffer gas pressure
bbg is the pressure coefficient
dbg is the linear temperature coefficient
gbg is the quadratic temperature coefficient

These coefficients have been determined in several laboratories for many buffer gases 
and most alkali atoms. The pressure and linear temperature coefficients are both 
positive in the case of N2. In practice, another buffer gas with a negative temperature 
coefficient is mixed with N2 to minimize the temperature sensitivity of the resonance 
frequency at a given temperature (Missout and Vanier 1975). The gas most often used is 
Argon. The characteristics of those two gases are given in Table 3.5. The numbers have 
been obtained through an average of the most accurate published data (QPAFS 1989).

Equation 3.79 leads to a quadratic dependence of the frequency as a function of 
temperature since both dbg and gbg cannot be made equal to zero simultaneously. The 
ratio of the pressure of both gases at cell filling time has to be adjusted such as to 
position the maximum of the resulting curve at the desired temperature of operation. 
The behaviour just described has been reported experimentally by several authors 
in both cases of optical pumping with a spectral lamp and with a laser (Vanier et al. 
1982a and b; Ohuchi et al. 2000; Affolderbach et al. 2006).
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The residual frequency shift of such a mixture is of the order of 200 Hz/Torr. 
It is not possible in practice to set the total buffer gas pressure to a precision that 
would provide accuracy better than ~10–9. For this reason, even with laser optical 
pumping, the Rb clock remains a secondary frequency standard and needs to be 
calibrated.

3.4.5.2 Magnetic Field Shift
As in the case of optical pumping with a spectral lamp, a magnetic field is required 
to provide an axis of quantization to the system and a reference axis for laser radia-
tion. The magnetic field removes also Zeeman degeneracy in the ground state. The 
mF = 0 sublevels are shifted quadratically causing a shift of the hyperfine frequency 
according to the equation (QPAFS 1989):

 ∆νB Rb B( ) . ( )87 2 2575 14 10= × o Hz  (3.80)

where:
Bo is the magnetic induction in tesla

This field is normally created by means of a solenoid inside a set of concentric mag-
netic shields. It is of the order of a few tens of mT and produces a shift of the order 
of 10 Hz. The stability of the current driving this field and the shielding factor of the 
enclosure must be compatible with the frequency stability desired. Generally, this 
requirement does not cause major problems.

3.4.5.3 Light Shift
In the three-level model used, only two transitions are considered and the analysis 
leads to a light shift given by Equations 2.43 and 2.44 and plotted in Figure 3.33 as a 
function of laser frequency with the laser intensity as parameter. As discussed above, 
it should be emphasized that the analysis made was based on several assumptions. 
The results obtained depend greatly on those assumptions and are to serve mainly as 
an indication of the size of the effect expected. In this section, we will summarize 
some of the experimental results reported in the literature and provide some indica-
tion on the importance of this shift in the implementation of a practical frequency 
standard. We will also examine proposals for reducing the effect.

TABLE 3.5
Most Probable Pressure Shift and Temperature 
Coefficients of 87Rb in Buffer Gases such as Molecular 
Nitrogen and Argon

𝛃bg

(Hz/Torr)
𝛅bg

(Hz/(°C·Torr))
𝛄bg

(Hz/(°C2·Torr))

Nitrogen (N2) 546.9 0.55 –0.0015

Argon (A) –59.7 –0.32 –0.00035
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In the analysis of the light shift, it is convenient to introduce two parameters 
characterizing typical experimental situations. One important parameter is the 
slope of the dispersion pattern at its centre, called the light shift coefficient bLS. 
It is given by the sum of all light shifts that may be included in Equations 2.43 and 
2.44. Close to one optical resonance line originating from one of the ground-state 
hyperfine levels, the shift from the other transition is small and the light shift, ΔωLS, 
may be written as:

 ∆ω β ω ω ω µLS LS= − − ′( )L M m  (3.81)

From Equation 2.44, it is readily shown that bLS is a function of the laser power 
through the pumping rate Gp:

 
β ω

ω
LS

LS= =d
d L

p( )
*

∆ Γ
Γ

 (3.82)

On the other hand, for a given laser detuning ΔωL from zero light shift, the resonant 
frequency is a function of the radiation intensity and it is convenient to define the 
intensity light shift coefficient αLS. We write this shift as:

 ∆ω αLS LS= I  (3.83)

where αLS close to the centre of the optical line may be written as:

 
α ω

LS = ∆
Γ

L
*  (3.84)

It is readily shown by means of Equation 3.82 that αLS, as defined, is directly related 
to bLS. The coefficient αLS is very important in practice, particularly when the laser 
frequency is locked to the maximum of the absorption line used for optical pump-
ing. Such a locking does not always guarantee total independence of the hyperfine 
frequency against light intensity mainly due to asymmetry in the optical absorption 
line.

In practice, it is found that the light shift is not linear with light intensity. This is 
due to saturation effect and the non-homogeneity of the radiation intensity across the 
laser beam (Camparo et al. 1983). It is then more convenient to renormalize αLS to a 
fractional change in light intensity at a given operating laser intensity, that is, frac-
tional frequency shift per percent of light intensity change (Camparo 1996; Camparo 
et al. 2005). We call it αLS(%). This parameter is more useful than αLS in evaluating 
the effect of laser intensity fluctuations on the frequency stability of the implemented 
frequency standard.

Several authors have reported on light shifts and on values of αLS and bLS in par-
ticular setups (Arditi and Picqué 1975; Lewis and Feldman 1981; Ohtsu et al. 1985; 
Hashimoto and Ohtsu 1987, 1990; Hashimoto et  al. 1987; Hashimoto and Ohtsu 
1989; Matsuda et al. 1990; Yamagushi et al. 1992; Deng et al. 1994; Saburi et al. 
1994; Mileti et al. 1996; Ohuchi et al. 2000). When a laser is used without special 
arrangements for compensating for the light shift, the coefficient bLS is found to be of 
the order 1 to 10 × 10–11/MHz detuning of the laser from resonance depending on the 
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laser power applied on the ensemble of atoms. These results are in general  agreement 
with the calculation made above, which gives a light shift coefficient varying from 
4.5 to 7.3 × 10–11/MHz detuning for the three Rabi frequencies chosen in the par-
ticular example shown in Figure 3.33. This agreement is most satisfying in view of 
the kind of intuitive assumptions and approximation made in the analysis and the 
absence of information on the buffer gas pressure used in the papers cited. In the 
past, it was claimed that theory and experiments disagreed by more than an order of 
magnitude (QPAFS 1989). However, it appears that the conclusion was reached due 
to a low evaluation of the optical line width.

On the other hand, the value of αLS obtained from published data spreads over a 
wide range. This is due to the size of laser detuning used in its determination. The 
size of αLS can be evaluated either from Equation 3.84 or from Figure  3.33. For 
example, for a laser detuned by 250 MHz, that is at the laser tuning for maximum 
light shift in Figure 3.33, we obtain αLS = 0.05 Hz per s–1 (in terms of pumping rate). 
However, in the case that the laser frequency is locked close to the centre of the opti-
cal absorption line as is normally done, αLS is much smaller by at least an order of 
magnitude.

A typical example of the phenomenon as measured in a laser pumped 87Rb cell 
using radiation at 780 nm is shown in Figure 3.38 (Lewis and Feldman 1981). In this 
figure, the coefficient bLS is evaluated to be 9.1 × 10–11 per MHz for a power density 
of 250 mW/cm2. An evaluation of αLS% can also be made from the data reported by 
the authors. At maximum light shift we obtain αLS% as 4.9 × 10–10/percent change 
in light intensity. In order to compare these results to those obtained in the previous 
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FIGURE 3.38 Light shift observed for 780 nm (D2) optical pumping in a Rb cell optically 
pumped with a laser for a laser intensity of 250 mW/cm2. (Reproduced with permission from 
Lewis, L.L. and Feldman, M., Optical pumping by lasers in atomic frequency standards. In 
Proceedings of the Annual Symposium on Frequency Control 612, 1981. Copyright 1981 IEEE.)
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analysis, the pumping rate must be known. The authors provide information on the 
hyperfine resonance line broadening as a function of laser power density. From this 
information, assuming a saturation factor of the order of 1, providing a contrast 
of 10% as reported, we evaluate the pumping rate by means of Equation 2.55 to 
be 1800 s–1 at a power density of 250 mW/cm2. At that pumping rate, our analysis 
gives bLS @ 4 × 10–11/MHz laser detuning and αLS% @ 2 × 1010/percent change in light 
intensity, values that fall in the range of those obtained in our calculation. These 
shifts are rather large and may affect the performance of the frequency standard 
through various mechanisms. When the laser is not tuned to the frequency where the 
light shift is zero, there can be direct conversion of laser intensity fluctuations into 
frequency instability of the clock.

Quasi-static laser frequency fluctuations that affect clock frequency stability in 
the long term are minimized by locking the frequency of the laser to the centre of the 
optical absorption line in the resonance cell. This is the simplest approach. However, 
the optical absorption line is broadened by the buffer gas (>750 MHz) and the fre-
quency lock is generally weak. Furthermore, this optical line is a combination of 
several absorption lines corresponding to transitions from the ground state to the vari-
ous hyperfine levels of the P state. In such a case, the light shift may not be zero and 
there may be a residual dependence of the frequency on the laser intensity. Another 
approach consists in locking the laser frequency to an external cell without buffer gas 
by means of saturated absorption of a chosen hyperfine line as described in Chapter 2. 
The saturated absorption line width is of the order of 5 MHz (Levi 1995; Levi et al. 
1997; Ohuchi et al. 2000; Affolderbach et al. 2004). In that technique, an extra cell 
is required raising the complexity of the system. Furthermore, the laser frequency is 
not locked to the same frequency as that of the maximum absorption in the resonance 
cell. In such a case, there remains a shift dependent on light intensity, unless the laser 
beam frequency is translated by means such as an acousto-optic modulator.

Several proposals have been made for reducing the light shift. One approach pro-
posed is to use a high buffer gas pressure in the resonance cell in order to broaden the 
optical resonance absorption line (Camparo 1996; Camparo et al. 2004, 2005). The 
added broadening reduces the slope of the dispersion curve at the centre of resonance 
and makes the clock frequency less sensitive to laser frequency and intensity fluctua-
tions. There is a net advantage in using this approach, but at the expense of a weaker 
lock of the laser frequency to the absorption line. With a pressure of 100 Torr, the 
laser tuning sensitivity (bLS) was reduced to ~6 × 10–13/MHz laser detuning (Camparo 
et al. 2005). The sensitivity to laser intensity (αLS%) was measured as ~10–11 per 1% 
change in light intensity for the laser locked to the broadened optical resonance line.

Another approach consists in introducing in the laser spectrum, sidebands that 
compensate the light shift of the main carrier (Affolderbach et al. 2003, 2005). This 
is similar to the technique used in the implementation of frequency standards using 
the CPT phenomenon (Levi et al. 2000) in order to avoid light shifts by selecting 
a proper index of modulation of the laser. The authors claim a complete cancella-
tion of the light shift by a proper choice of the modulation index. Another similar 
approach uses two lasers (Deng 2000). This last technique has the added advantage 
of populating the F = 2, mF = 0 level at the expense of the other Zeeman levels of 
the ground state.
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An interesting technique has been proposed by Hashimoto and Ohtsu (Ohtsu 
et al. 1985) for tuning automatically the laser frequency to obtain zero light shift. 
It is based on the observation that when the laser frequency is detuned from exact 
optical resonance, the observed hyperfine resonance line becomes asymmetrical 
under special circumstances such as inhomogeneous broadening caused by a vari-
ation of laser intensity in the radial direction (Camparo et al. 1983). That property 
leads to the possible implementation of a system that measures the asymmetry, 
interprets it in terms of frequency, and controls the laser frequency such as to 
reduce the asymmetry to a minimum. In principle, the technique leads to zero light 
shift. The authors claim that using that approach, the long-term frequency stabil-
ity of the clock they implemented was improved by a factor of 45 as compared 
to the case where the laser was not locked using that technique (Hashimoto and 
Ohtsu 1990). They report that the resulting observed frequency drift was reduced 
to 6.3 × 10–13/hour. However, it may be mentioned that this drift corresponds to 
7.6  ×  10–11/month and is larger than that observed in similar standards using a 
spectral lamp.

In a technique proposed by Camparo and Delcamp (Camparo and Delcamp 1995; 
Camparo 1996), a natural Rb cell is used and ground-state population inversion of 
the 87Rb isotope is done by means of the fluorescence of 85Rb optically pumped by a 
laser. The coincidence of optical lines allows optical pumping with specific proper-
ties regarding light shift. The authors claim that the frequency dependent light shift 
(bLS) is reduced by at least an order of magnitude. However, the intensity dependent 
light shift (αLS) is increased by an order of magnitude.

Other methods consist of pulsing the laser radiation and observing the hyperfine 
resonance signal in the dark (Alekseev et  al. 1975; English et  al. 1978). In prin-
ciple, since there is no light present during the observation of the resonance signal, 
the light shift should disappear totally. Such an approach has been implemented in 
combination with the use of the Ramsey time separated pulse technique (Levi et al. 
1997). The light shift was reduced to 3 × 10–13/MHz. Another similar approach, pro-
posed in the 1960s (Arditi and Carver 1964) with a spectral lamp makes use of stim-
ulated emission in a cavity. In that case, the optical radiation is applied also as two 
successive Ramsey microwave pulses. Stimulated emission is observed after these 
microwave pulses, Ramsey fringes being observed after the second pulse. In such a 
case a high Q cavity is required for the observation of stimulated emission and the 
system is essentially an Rb maser below threshold. This approach was implemented 
recently by Godone et al. using intense laser radiation to destroy any ensemble resid-
ual microwave coherence between the optical pumping cycles (Godone et al. 2004a, 
2006a). The results will be reviewed in Section 3.4.7.2.

Although these pulsing techniques appear to be rather effective, they add com-
plexity to the system. There is also the possibility of the presence of a so-called 
position shift created by inhomogeneities in the ensemble (Risley and Busca 1978). 
Such an inhomogeneity could be created, for example, by a magnetic field gradient. 
In such a case, the average resonance frequency of the ensemble may depend on 
the light intensity, after the light has been turned off, since different regions of the 
resonance cell may be weighed differently, depending on the optical thickness of the 
ensemble.
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A new method for elimination of the light shift by electronic means has been 
proposed by McGuyer et al. (2009). It is based on the observation that the out of 
phase signal detected at the lock-in amplifier used for locking the local oscillator 
frequency to the atomic resonance is a function of the light shift present in the 
detection system. That quadrature signal was thus used in another channel to lock 
to the system to zero light shift. It is claimed that when that type of feedback is 
introduced, long-term frequency stability is considerably improved up to averaging 
times of the order of 104 s.

The analysis of the effect of rapid fluctuations of the laser frequency and intensity 
on the clock behaviour requires knowledge of the spectral density of frequency and 
intensity fluctuations of the laser. This analysis is done in Section 3.4.6.1.

3.4.5.4 Spin-Exchange Frequency Shift
Spin-exchange interaction taking place in collisions between alkali atoms causes 
relaxation of the population and of the coherence that exists in the ground state. The 
relaxation has been taken care of above in introducing it phenomenologically in the 
rate equations by means of g1 and g2. These rates are given by (QPAFS 1989):

 γ σ1 = n rv se  (3.85)
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where:
n is the alkali atom density
vr  is the relative velocity of the atoms

sse is the collision cross section
I is the nuclear spin

Values of sse as measured by various authors have been tabulated in QPAFS (1989). 
For a temperature of 60°C, the density of Rb is ~3 × 1011/cm3 and vr  is 400 m/s. 
In the case of 87Rb, sse = 1.8 × 10–14 cm2, the rate g1 is 216 s–1 and g2 is 135 s–1. The 
spin-exchange contribution to the line width is thus 43 Hz. On the other hand, such 
collisions introduce also a phase shift in the magnetic moment of the atom and cause 
a frequency shift given by the relation:

 
∆ ∆ω λse = 1

4
n rv  (3.87)

where:
Δ is the fractional population difference between the two ground levels
l is the cross section for such a frequency shift and is calculated as 6.9 × 10–15 cm2 

(Mileti et al. 1992)

The frequency shift introduced thus depends on the population inversion. In the case 
of pumping from the lower level, F = 1, and total population inversion, the shift is 
of the order of –8 × 10–12/K. In the situation where the lower level is populated, 
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the shift is 1.3 × 10–11/K. This shift is not negligible and it could very well cause a 
 long-term degradation of frequency stability since it is directly proportional to den-
sity. It is well-known that the establishment of thermal equilibrium in a sealed cell 
is a very long process (Camparo et al. 2005). Consequently, it is possible that the 
phenomenon is in part responsible for long-term fluctuations and drift observed in 
Rb frequency standard in general (see discussion on recent spin-exchange calcula-
tion in Chapter 1, Section 1.1.3).

3.4.5.5 Microwave Power Shift
If the atomic ensemble is perfectly homogeneous regarding resonance frequency, 
simple logic leads to the conclusion that the observed resonance frequency should 
be independent of the microwave power used to observe the resonance signal. The 
observed frequency should also logically be independent of the shape of the field 
mode within the cavity. This is due to the fact that all parts of the ensemble have 
the same resonance frequency and interrogation of any part with different micro-
wave intensity does not alter the observed average frequency. However, as was made 
explicit above, a residual light shift may be present in the ensemble under certain 
conditions of operation. This light shift varies continuously along the path of the 
light beam due to absorption as well as transversely since the light intensity may 
vary in the radial direction. Since the atoms are fixed in space due to the presence 
of the buffer gas, this causes inhomogeneous broadening of the resonance line. The 
measured resonance frequency becomes a function of the applied microwave power 
since different parts of the ensemble have different resonance frequency and are 
weighed differently due to the shape of the cavity mode and due to saturation effects. 
It should be realized that any source of inhomogeneity, such as a magnetic field 
gradient, would create the same effect (Risley et al. 1980). This effect is called the 
power shift. The centre frequency of the resonance line appears to be a function of 
the power applied. In some practical devices, the power shift may be of the order of 
parts in 1010/dB of RF power fluctuation (QPAFS 1989).

This effect was studied using a spectral lamp as optical pumping source (Risley 
and Busca 1978). It was shown that the power shift was indeed due to gradients 
within the cell and the effect was called the position shift. Risley et al. (1980) have 
shown in more elaborate studies that in a wall coated cell without buffer gas, the 
atoms being free to move around the cell and to average possible resonance fre-
quency gradients, the power shift disappears completely.

This effect is still present in the case of pumping with a laser and can in fact be 
amplified since the laser beam intensity varies strongly in the transverse direction. 
A three-dimensional model of the clock incorporating this effect was also made by 
Camparo and Frueholz (1989).

In a setup using a Cs cell with a mixture of Ar-N2 at 39  Torr, a power shift of 
3.8  ×  10–10/dB variation of microwave power in normal operating conditions was 
observed (Yamagushi et  al. 1992). A similar result was obtained in the case of Rb 
(Camparo et al. 2005). In that case, the cell contained pure isotopic 87Rb in a nitrogen 
buffer gas at a pressure of 100 Torr. The intent in using such a high buffer gas pressure 
was to reduce light shift as explained above. The atomic ensemble was pumped with a 
junction transverse strip (JTS) laser tuned to the D1 wavelength. The laser was locked to 
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the absorption line either from levels F = 1 or F = 2 of the ground state and a residual 
light shift of 10–11/% light intensity was observed. A microwave power sensitivity of 
5 × 10–10/dB was measured. Mileti (1995) found in preliminary measurements a micro-
wave power shift of 10–11/dB when the laser was locked to the D1 optical absorption line. 
A residual light shift of the order of 2 × 10–11/% light intensity was also present.

These results appear to lead to the conclusion that, since a residual light shift 
exists even when the laser is locked to the centre of the optical absorption line, the 
resonance frequency of the atoms are dependent on their position within the cell. 
The microwave field, varying also with position, then causes a dependence of fre-
quency on microwave power, various parts of the cell showing varying weights on 
averaging due to saturation of the signal. This conclusion is in agreement with the 
results found by Risley et al. (1980) in the case of spectral lamps.

Situations may be found in which the power shift caused by the residual inho-
mogeneous light shift may be cancelled by a similar opposing effect introduced by 
an intentionally applied magnetic field gradient. This effect was studied in some 
detail in a spectral lamp pumped standard and it was found that a microwave power- 
independent setting could be found for a given value of the magnetic field which 
causes cancellation of the inhomogeneous frequency shifts (Sarosy et al. 1992).

It should be mentioned that a residual power shift of 10–11/dB as mentioned 
above requires the microwave generator to be stabilized to 10–2 dB to obtain a fre-
quency stability of 10–13 in the long term. This may be a difficult requirement to 
achieve. However, a microwave power stabilizing technique such as that proposed 
by Camparo based on Rabi resonances could be used (Camparo 1998a, b; Coffer and 
Camparo 2000).

3.4.5.6 Cavity Pulling
The implementation of a Rb frequency standard with laser optical pumping does not 
alter the effect of cavity tuning on its frequency when compared to optical pumping 
with a spectral lamp. We recall that in both types of frequency standards the popu-
lation difference between the ground-state hyperfine levels F = 2, mF = 0, F = 1, 
mF = 0 is the parameter monitored. In that case the clock frequency pulling is given 
by (QPAFS 1989):
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where:
Qcav is the quality factor of the cavity
Qat is the atomic resonance quality factor
S is the saturation factor of the resonance
α is the measure of power emitted by the atoms relative to the power absorbed 

by the cavity

In a typical case, α  ~  10–2, S  ~  2, (Qcav/Qat)  ~  2  ×  10–5, and the pulling factor 
is ~ 7 × 10–8. This is not negligible, as is often assumed in the case of passive stan-
dards, and special care must be taken in the design of the cavity and its temperature 
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control in order to have cavity frequency stability compatible with the long-term 
frequency stability desired. For a required long-term frequency stability of ~±10–13, 
the cavity must stay tuned within ±10 kHz. Typically a TE111 cavity made of copper 
may have a temperature coefficient (TC) of the order of 200 kHz/degree (Huang 
et al. 2001). This means that a temperature stability of ±50 millidegrees over long 
periods is required to achieve a frequency stability of ±10–13. Other designs, such as 
the magnetron cavity, have a TC that is an order of magnitude smaller. In the article 
cited, a magnetron cavity with eight electrodes had a TC of 28 kHz/K. The magne-
tron cavity referred to in Figure 1.E.2, with a slightly different design is reported to 
have a TC of 7 kHz/K (Affolderbach 2014, pers. comm.). These lower TCs reduce 
considerably the demand on temperature control.

It should also be mentioned that according to Equation 3.88, a change in cavity 
Q with time may have an important effect on long-term stability even if the cavity 
is perfectly tuned. This is due to the fact that a change in cavity Q will affect the 
microwave intensity at the resonance cell, which in turn could affect the residual 
power shift. This was studied in some detail by Coffer et al. who found that cycling 
of cavity temperature was affecting Rb distribution within the cell causing metallic 
deposits on the cell walls and causing degradation of cavity Q (Coffer et al. 2004). 
This is another effect that can affect the long-term frequency stability of the fre-
quency standard.

3.4.6 impact OF laser nOise and instaBility On clOck Frequency staBility

In practice, a wide variety of diode laser designs have been tested for implement-
ing an optically pumped passive Rb standard. A description of such lasers and their 
characteristics was done in Chapter 2. For our purpose, those lasers can be divided 
into two general classes, edge-emitting lasers that emit coherent light parallel to 
the boundaries between the semiconductor layers and VCSELs that emit coherent 
light perpendicular to the boundaries between the layers. Since the power density 
required in the present application is less than a few hundreds of microwatts per cm2, 
we will limit the discussion to low power lasers, that is to say those diode lasers that 
emit a total power of the order of a few milliwatts. The edge-emitting diode has typi-
cally a spectral emission line width of the order of 20 to 50 MHz while the spectral 
width of VCSEL is of the order of 50 to 100 MHz.

Unfortunately, as mentioned in Chapter 2, edge-emitting laser diodes have the 
undesirable characteristics of mode hopping when either temperature or driving cur-
rent are altered to adjust wavelength and power. This characteristic makes them, in 
some instances, unusable since the wavelength desired cannot be realized in prac-
tice. Diodes with the appropriate wavelength are then selected. In general the yield 
is very low, 80% of the diodes with wavelength outside the range desired. On the 
other hand, VCSELs have been designed in general with an internal configuration 
that prevents mode hoping and, thus, are better adapted to the application reviewed. 
VCSELs have several other advantages over edge-emitting diodes. The VCSEL is 
cheaper to manufacture in quantity, is easier to test, and is more efficient requiring 
less electrical current to produce a given coherent energy output. VCSELs emit a 
narrow, more nearly circular beam than traditional edge emitters; this makes easier 
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the manipulation of the laser beam such as coupling into an optical fibre. Other types 
of lasers, showing interesting characteristics regarding spectral line width were also 
described. Those are special constructions edge-emitting laser diodes such as DBR 
lasers, or DFB lasers. They have narrow emission spectra (less than a few MHz).

3.4.6.1 Spectral Width, Phase Noise, and Intensity Noise of Laser Diodes
As made explicit in Equation 3.72, the short-term frequency stability of laser-pumped 
frequency standards is determined by noise from a number of sources. When lasers 
are used, intensity noise and phase noise may affect the clock frequency stability 
through various mechanisms. Direct detection of intensity fluctuations at the pho-
todetector, FM-AM conversion noise in the resonant cell, as well as FM conversion 
through the light shift may affect the frequency stability of the implemented fre-
quency standard. Therefore, a characterization of phase noise and intensity noise of 
the lasers used is of prime interest. We will limit the study to those laser diodes that 
have been used and show promises in the implementation of the intensity optical 
pumping (IOP) double resonance frequency standard presently under study.

3.4.6.1.1 Laser Phase Noise
Phase fluctuations in laser originate from many sources such as spontaneous emis-
sion and mechanical instabilities of the structure. The first source is important in 
diode lasers and generally leads to white frequency noise. We call Sf( f) (rad2/Hz) 
and Sn( f) (Hz2/Hz) the phase and frequency spectral density of phase and of fre-
quency fluctuations, respectively. They are related through the relation:

 S f f S fν φ( ) ( )= 2  (3.89)

where:
f is a Fourier frequency

The laser emission spectrum is generally Lorentzian and its width originates primar-
ily from those phase or frequency fluctuations. We have addressed this question in 
Chapter 2 by means of Equation 2.16. An approximate value of the noise spectral 
density in the case of white frequency noise may be obtained from the laser emission 
spectrum through the relation (Halford 1971):

 ∆v Sv1 2 2≅ π (f)  (3.90)

This relation should be used with caution since it assumes that the laser frequency 
fluctuations are constant with frequency (white). As just mentioned, for DBR and 
DFB lasers the line width may be of the order of a few MHz or less and for VCSELs 
it may be 50–100  MHz. Consequently, the phase spectral density varies widely 
depending on the type of laser used particularly the quality of their internal cavity. 
As was shown n Chapter 2, it is possible to reduce the spectral width of those lasers 
to a few hundred kHz by means of special extended structures in which the laser is 
part of a resonator acting as a high Q cavity. In that case, the laser frequency fluctua-
tion spectral density is considerably reduced.
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As an example, the phase spectral density of a DFB laser is shown in Figure 3.39 
(Mandache 2006). The frequency noise spectrum is nearly white with Sν( f ) ~ 106 Hz2/ Hz, 
which according to Equation 3.90 gives a spectral width of ~6.3 MHz. The measured 
width was of the order of 7 MHz. Mileti has reported a spectral density for a free run-
ning laser and for the same laser locked to an absorption line. In the case of the locked 
laser, the noise appeared to be nearly white. It was reduced by a factor of about 50 at 
a Fourier frequency of 300 Hz, when compared to the free running situation, and its 
measured frequency fluctuations spectral density was 16 × 106 Hz2/Hz (Mileti 1995).

3.4.6.1.2 Relative Intensity Noise
The noise spectral density of the photocurrent fluctuations at the output of a detector 
illuminated by an optical source may be written as:

 PSD RIN∆I f eI I f( ) ( )= +2 2
ph ph  (3.91)

where:
Iph is the average value of the output photocurrent
e is the electron charge

The first term on the right-hand side of Equation 3.91 is the shot noise introduced in 
Equation 3.75. The second term represents the power spectral density of the relative 
intensity fluctuations. These are characterized by the relative intensity noise (RIN) 
parameter of the source defined as:

 
RIN

PSD= ( )in

phI2  (3.92)
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FIGURE 3.39 Spectral density of phase fluctuations of a DFB laser. (Data from Mandache, C., 
Rapport de stage, Mairie de Paris, Paris, France, unpublished.)
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and the RIN is generally a function of frequency. Laser diodes intensity noise has been 
the subject of numerous studies and reports have been written on its characterization for 
several types of lasers (Joindot 1982; Sagna et al. 1992; Mileti 1995; Coffer and Camparo 
1998; Mandache 2006). In general, RIN is a complex function of frequency and laser 
driving current. A typical result of measurements made at 1 kHz is shown in Figure 3.40 
for various lasers, FP and DBR types (Sagna et al. 1992). Mileti (1995) reports a RIN of 
2.8 × 10–13/Hz for an edge-emitting diode laser at a frequency of 300 Hz and a current 
about 70% above threshold. This is of the order of magnitude of the results shown in 
Figure 3.40 for the FP lasers. Results on a DBR laser show a RIN of the order of 10–13/
Hz at a driving current 50% above threshold. Saburi et al. (1994) also report a RIN of the 
order of 10–13/Hz for a DBR laser having a spectral line width of 500 kHz. On the other 
hand, the RIN of VCSEL diodes is a complex function of frequency and driving current 
and is generally larger than the RIN of edge-emitting diodes.

It may be added that solid-state laser diodes may be characterized by the presence 
of a residual broadband spectrum spreading over several nanometres (Mileti 1995). 
To the authors knowledge, no work has been reported on its effect on the frequency 
stability of a laser pumped frequency standard. In principle it would add directly to 
the intensity noise at the detector, since that radiation is not absorbed by the cell.

3.4.6.2 Impact of Laser Noise on Clock Short-Term Frequency Stability
3.4.6.2.1 Laser Intensity Fluctuations
Laser intensity fluctuations have been characterized above by means of the relative 
intensity noise concept RIN. For an edge-emitting laser diode, the RIN may be of 
the order of 5 × 10–13/Hz at a frequency of 200 Hz and depends slightly on the fre-
quency at which it is determined (Mileti 1995). This noise, modulating the amplitude 
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FIGURE 3.40 Relative Intensity Noise as a function of laser driving current at the  frequency 
1  kHz. FP stands for Fabry–Pérot construction and QW stands for Quantum Well. The 
FP_CSP laser is a single mode GaAlAs laser. DBR stands for Distributed Bragg Reflector. 
(Data from Sagna, N. et al., Noise measurement in single-mode GaAl As diode lasers. In 
Proceedings of the European Forum on Time and Frequency 521, 1992.)
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of laser radiation, is transmitted through the resonance cell, and is detected by the 
photodetector as noise directly added to the shot noise component. Using this value 
and the numbers used before for the hyperfine resonance line characteristics (con-
trast = 10%, Δn1/2 = 500 Hz), Equation 3.72 predicts a frequency stability better than 
10–13. It is thus concluded that noise detected directly at the photodetector originating 
from laser intensity noise cannot be responsible for the measured frequency stability 
of 10–11 using such diodes. However, VCSELs are known to have much larger RIN 
and, if used in an experimental setup, may cause observable frequency instabilities 
in the short term.

Laser intensity fluctuations can also influence the frequency stability of the clock 
through the light shift. In the case that the laser tuning and locking is such as to 
leave a residual light shift, laser intensity fluctuations ΔI are converted into clock 
frequency fluctuations ΔnLS through the dispersion pattern of the light shift. We call 
SLS the slope of this light shift against current at the detector:

 
S

I
LS = ∆

∆
νLS  (3.93)

and the frequency instability of the frequency standard caused by this process may 
be written as:

 
σ τ

ν
τ( ) =

( ) × × −1

2

1 2
1 2RIN I SLS

o

 (3.94)

With a laser locked to the optical absorption line in the cell, the residual SLS as men-
tioned above may be of the order of 5 × 10–11 per 1% change in light intensity at the 
photodetector. In that case with a RIN of 5 × 10–13/Hz we obtain s(τ) = 2.5 × 10–16, 
a totally negligible contribution. Even if the RIN, as may happen in certain VCSELs, 
is increased by two orders of magnitude, the contribution would not be visible at the 
level of frequency stabilities observed presently.

3.4.6.2.2 Laser Frequency Fluctuations
In the short term, the frequency fluctuations of the laser may affect the clock fre-
quency stability through several processes such as, the frequency-locked loop of the 
laser itself, the light shift and non-linear optical absorption in the cell.

In the first case, the process consists of a conversion of laser frequency noise 
through the discriminator pattern of the optical frequency-locked loop. If the servo 
system has a broad band, rejecting laser fluctuations at frequencies greater than the 
modulation frequency of the rf generator, the effect, in principle, should be negli-
gible. However, higher frequency noise components may create beat notes between 
high frequency components and may lead to lower frequencies fluctuations, which 
appear as amplitude noise. This adds directly to the shot noise component. The pro-
cess is rather complex, but a rough evaluation shows that the noise generated may be 
of the order of magnitude of shot noise (Mileti 1995).

In the second case, the laser frequency fluctuations are transformed into clock 
frequency fluctuations through the dispersion pattern of the light shift. The effect 
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on the frequency fluctuations of the clock in the frequency domain, Sn( f)fs, can be 
evaluated through the expression:

 
S f S fy fs y( ) ( )= ×laser βLS

2  (3.95)

where:
Sn( f)laser is the laser frequency fluctuations spectral density
bLS is the light shift coefficient defined through Equation 3.82

The laser spectral density is a function of the optical servo loop bandwidth and may 
be of the order of several kHz/Hz1/2. On the other hand, as reported above, bLS may 
be of the order of 5 – 10 × 10–11/MHz. For the purpose of calculation of an order of 
magnitude, we assume a Sn( f)laser for the DFB laser reported above, 106 Hz2/Hz and a 
bLS = 1 × 10–10/MHz or 0.68 Hz/MHz of laser detuning. Assuming white frequency 
noise, the calculated clock frequency stability is then:

 σ τ τy( ) = × − −7 10 14 1 2  (3.96)

a negligible contribution. In the case of an edge-emitting laser locked to linear 
absorption in the cell mentioned earlier, the Sn( f)laser is 16 ×  106 Hz2/Hz and the 
effect on frequency stability is ~3 × 10–13.

In the third case, the laser frequency fluctuations (FM) are converted into AM by 
non-linear resonant absorption processes within the resonance cell (Camparo and 
Buell 1997; Coffer and Camparo 1998). When resonant laser light passes through the 
vapour, the laser intrinsic phase fluctuations induce random variations in the medium 
absorption cross section (Camparo 1998a, b, 2000; Camparo and Coffer 1999; Coffer 
et al. 2002). This phenomenon has feedback on the transmitted radiation and as a 
consequence laser phase noise (PM) is converted into transmitted laser intensity 
noise (AM). This process is nonlinear, so that in an optically thick vapour the con-
version of PM to AM can increase an optical beam’s relative intensity noise by orders 
of magnitude. In particular, it was found that the resultant RIN after traversal of a cell 
increased as the square root of the laser spectral width up to a value of the order of the 
dephasing rate of atoms in the absorption cell. However, it is also found that when the 
buffer gas dephasing time is much shorter than the field correlation time, or in other 
words the absorption line width is much larger than the laser spectral width, the PM 
to AM conversion becomes inefficient. An analysis based on the concepts of cross-
sectional fluctuations was found to be in agreement with this observation (Coffer 
et al. 2002). Consequently, in order to reduce the effect of FM to AM conversion on 
clock’s frequency stability, it appears that at low buffer gas pressures a narrow laser 
spectrum is preferable, while at high pressure a wider laser spectrum could be used.

Along this line of thought, several attempts have been made at reducing the effect 
of laser FM noise on the frequency stability of the laser optically pumped Rb stan-
dard. A first approach consists in using a laser with a narrow spectral width. In that 
case, with the laser frequency locked to an external cell, preferably using saturated 
absorption, clock frequency stability well below the 10–11 at 1 s has been obtained. 
For example, Saburi et al. report a measured frequency stability of 1 × 10–12 τ–1/2 
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using a DBR laser having a spectral line width claimed to be 500 kHz (Saburi et al. 
1994). On the other hand, a frequency stability of 3 × 10–13 at an averaging time of 
1 s was reported by Mileti et al. using a DBR laser with a spectral width of 3 MHz 
(Mileti et al. 1998). In that case, however, special care was taken at reducing noise 
originating from the interrogating microwave generator in order to avoid intermodu-
lation effects to be discussed below. In those two cases (Saburi et al. 1994; Mileti 
et al. 1998) the cell contained a mixture of buffer gases, one constituent being N2, but 
its pressure was not reported.

In an interesting approach, a clone cell was used to cancel passively the inten-
sity noise generated by the clock resonance cell (Mileti et al. 1996). The technique 
relies on the correlation of the intensity noise generated in two identical cells through 
FM–AM conversion. The clone cell is not excited by microwave and serves only at 
creating an intensity noise correlated to the noise created in the clock cell. It appears 
that the system, although somewhat complex, is rather efficient in noise cancellation. 
Frequency stability of 5 × 10–13 τ–1/2 was reported for a clock using that technique 
and an extended cavity laser stabilized by means of saturated absorption in an extra 
external cell.

We have described in Chapter 2 the system developed by Affolderbach et al. for 
stabilizing a laser frequency through an extended cavity and saturated absorption 
(Affolderbach et  al. 2004). The laser frequency stability obtained should in prin-
ciple be an excellent optical pumping source for implementing a frequency standard 
whose frequency stability would not be affected by laser instability in the range of 
measurements extending to 105 s. In fact, the authors have integrated their external 
cavity diode laser (ECDL) saturated absorption stabilized laser in a frequency stan-
dard and obtained a clock short-term frequency stability of 3 × 10–12 τ–1/2. Using the 
Doppler stabilized laser, the authors found that the frequency stability was worst 
by an order of magnitude over most of the range of averaging times above 100 s 
(Affolderbach et al. 2004). It should be added that the saturated absorption approach 
has a drawback in the sense that the laser emission frequency is set by a different cell 
than the one used as clock reference and may be shifted from resonance. The effect 
may create a light shift that is dependent on intensity of the laser. It is possible to 
correct for that property by adjusting the buffer gas pressure in the clock cell in order 
to shift the optical absorption frequency by the proper amount, minimizing the light 
shift (Affolderbach et al. 2006). The application of that technique resulted in a unit 
with a frequency stability of 3 × 10–12 τ–1/2 in the range extending to τ = 104 s.

In another approach, Camparo et al. (Camparo et al. 2004, 2005) used a cell con-
taining 87Rb with a N2 buffer gas at a pressure of 100 Torr. The optical absorption 
line width was 1.6 GHz. Optical pumping was done by means of a JTS laser having a 
spectral width of 21 MHz and locked to the linear D1 absorption line of the resonance 
cell. The results are reproduced in Figure 3.41. The clock frequency stability is:

 σ τ τ τ( ) . .= × + ×− − −1 8 10 1 1 1012 1 2 13 1 2  (3.97)

in the range of measurements reported. Since a single resonance cell generates lock-
ing signals for both the laser wavelength and the crystal oscillator, the atomic clock 
has real potential for miniaturization. Actually, a similar approach was used with a 
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VCSEL diode and an improvement in frequency stability by more than a factor two 
was obtained, the best stability being observed at the same averaging time and being 
of the order of 10–13 (Bablewski et al. 2011).

3.4.6.2.3 Intermodulation Effect
Another phenomenon, which appears to have limited the frequency stability of pas-
sive frequency standards, has been the so-called intermodulation effect (Kramer 
1974). This effect is present in all types of passive atomic frequency standards and 
is not connected to the use of lasers for optical pumping. However, it is sufficiently 
important to be mentioned here. It consists of the so-called aliasing of high fre-
quency noise present in the interrogating signal at even harmonics of the modulation 
frequency used in the servo loop, to the fundamental frequency in the interrogating 
signal. An analysis of the phenomenon was made by Audoin et al. in a quasi-static 
approach (Audoin et al. 1991). It was shown that the main effect was due to noise at 
the second harmonic of the fundamental modulation frequency fM:

 
σ τ τ( ) ( )=  

−1
2

2
1 2 1 2S fyLO M  (3.98)

A simple calculation shows that such an effect using a low quality quartz oscillator 
as local oscillator could be disastrous leading to a frequency stability in the 10–11 
range. Verification of the effect was made in various studies using either spectral 
lamps or laser optical pumping and several approaches were proposed for minimiz-
ing the effect. One approach consisted in introducing notch filters at the second 
harmonic of the modulation frequency at the output of quartz crystal oscillator 
used as local oscillator (Szekely et al. 1994). A more direct approach was to reduce 
the level of noise in the quartz oscillator and following multiplication chain (Deng 
et al. 1997, 1998). It was also found, in particular, that the effect could be reduced 
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FIGURE 3.41 Frequency stability of a Rb frequency standard using a JTS (Junction 
Transverse Stripe) laser as optical pumping source. (Reproduced with permission from 
Camparo, J.C., Personal communication, 2007; Camparo, J.C. et al., Reducing PM-to-AM 
conversion and the light-shift in laser-pumped, vapor-cell atomic clocks. In Proceedings of 
the IEEE International Frequency Control Symposium 134, 2004. Copyright 2004 IEEE.)
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by using square wave modulation with wide band detection and demodulation at 
the synchronous detector (De Marchi et al. 1998). The question was addressed in 
more details using a dynamical analysis (Ortolano et al. 2000; Beverini et al. 2001). 
Results obtained in Mileti et al. (1998) in which the local oscillator characteristics 
were such as to minimize intermodulation effects are reproduced in Figure 3.42. 
The setup uses a DBR laser for optical pumping source, locked to a cross-over 
transition saturation absorption line in an external cell. It may be added that due to 
the somewhat pernicious consequences of the intermodulation phenomenon it is not 
evident that, without particular care, the frequency stability, as reported in several 
earlier publications for laser pumped passive frequency standards, was not affected 
by this intermodulation effect. It is obvious that special care needs to be taken in 
actual implementations of the local oscillator and modulation scheme if ultimate 
short-term frequency stability is the goal aimed for. Further experiments, under a 
well-controlled environment, have resulted in an improved short term frequency 
stability of 1.4 × 10–13 τ–1/2, with a somewhat similar behaviour in the medium term 
region (Bandi et al. 2014).

3.4.6.3 Medium- and Long-Term Frequency Stability
The question of medium- and long-term frequency stability remains a question to 
be addressed with some attention. In fact there are no a priori reasons to believe 
that the long-term frequency stability of a laser pumped frequency standard will 
be better than that of a standard using a spectral lamp as pumping source. There 
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FIGURE 3.42 Frequency stability reported for passive Rb frequency standard using a DBR 
laser as pumping source locked to saturated absorption. In that case special care was taken 
to minimize intermodulation effects from the local oscillator. (Reproduced with permission 
from Mileti, G. et al., IEEE J. Quantum Electron., 34, 233, 1998. Copyright 1998 IEEE.)



296 The Quantum Physics of Atomic Frequency Standards

were hypothesis advanced in the past regarding the possibility that the light shift 
could be responsible for the long-term drift often observed in standards using a 
spectral lamp. The question was raised recently by Camparo, and the experimental 
data led to the conclusion that this was an unlikely cause (Camparo 2005). We 
have discussed that question in Chapter 2. However, pumping with a laser raises 
the question to another level. As was discussed above, the light shift may be of the 
order of several hundred Hz depending on the laser tuning. Consequently, the laser 
frequency needs to be stabilized with care. Results were reported above regarding 
such stabilizing systems and it was concluded that, although solutions exist such 
as using narrow saturated absorption resonance lines, long-term laser frequency 
stability has not been addressed in sufficient details for the particular application 
considered. Furthermore, in cases where the laser frequency is locked to linear 
absorption in the clock cell there may remain a light shift that depends on the inten-
sity of the laser radiation. Studies have been made on the possibility of stabilizing 
both laser frequency and intensity through servo loops on the laser driving current. 
It was found that the approach led to practical difficulties, the two parameters not 
being independent (Tsuchida and Tako 1983). An approach recently used in the 
control of light shift in a frequency standard based on the CPT phenomenon may 
offer a solution to the problem. The technique uses an external LCD intensity con-
trol independent of laser driving current. The authors claim excellent results reduc-
ing the light shift medium-term effect (100 s < τ < 10,000 s) by at least an order of 
magnitude (Shah et al. 2006).

The question of long-term drift in sealed cells passive frequency standards thus 
appears to remain unanswered even using laser optical pumping. A possible answer 
to the question may reside in the recent experimental results obtained by Camparo in 
the observation of the long time constants required to reach Rb density equilibrium 
in cells whose thermal equilibrium had been perturbed (Camparo et al. 2005). As 
outlined in Chapter 2, it was found that even after hundreds of days, thermal equilib-
rium was not yet reached under certain circumstances. In that case light absorption 
varies with time with obvious changes of intensity within the cell and consequences 
on light shift. Furthermore, changes in Rb density have direct effect on frequency 
through the spin-exchange shift (Micalizio et al. 2006). These combined effects may 
play an important role in the long-term drift as observed in sealed cell Rb frequency 
standards.

This question may be addressed by examining the actual dynamics of thermal 
equilibrium of various parts of the resonance cell. The cell is generally made of a 
central glass part several centimetres in dimensions and a small stem, millimetres 
in diameter, containing the Rb film. This stem is usually maintained at a tempera-
ture of a few degrees lower than the cell core itself. This is done to prevent Rb 
migration in the core of the cell itself, which would have an effect on the cav-
ity Q. Experiments have been done on the influence on the cell transmission and 
resonance frequency of an abrupt change of temperature of the stem while the cell 
core temperature is kept constant (Bandi et al. 2014). As was mentioned earlier, it 
is found that equilibrium is reached only a very long time after the stem change in 
temperature. In fact, there are two effects observed independently due to a change 
in buffer gas density and a change in Rb density in the cell. The first effect is very 
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rapid, the frequency of the cell changing abruptly. However, no change in light 
intensity transmitted is observed, which leads to the conclusion that the Rb density 
is not altered. This last observation reflects the fact that Rb density does not change 
rapidly in the cell. It is found, however, that the frequency varies smoothly over a 
long period with a time constant of the order of days, the change being opposite to 
the actual rapid change in frequency observed immediately after the stem change in 
temperature. These results appear to confirm the conclusion that medium- and long-
term frequency fluctuations may come from fluctuations of equilibrium density in 
the cell itself leading to a frequency shift presumably caused by spin-exchange 
interaction.

3.4.7 Other apprOaches using laser Optical pumping with a sealed cell

3.4.7.1 Maser Approach
In the classical approach using a spectral lamp as an optical pumping source, it is 
possible to create a population inversion such as to obtain self-sustained stimulated 
emission (maser) when such an optically pumped ensemble of 87Rb atoms is placed 
in a microwave cavity (Davidovits and Novick 1966). The main threshold condi-
tions for self-sustained oscillation are that the cavity Q be sufficiently large and that 
a pumping rate compatible with the Rb density be achieved (Vanier 1968). Such 
a maser has raised considerable interest due to its excellent short-term frequency 
stability (a few in 1013 at 1 s) and its small size. Its properties were studied in detail 
(Têtu et al. 1973; Busca et al. 1975).

It is natural to ask if the cumbersome spectral lamp used in the implementation 
of that maser could not be replaced by a laser as in the passive approach described 
above. Attempts were made and self-sustained oscillation could be realized under 
certain conditions (Michaud et al. 1990, 1991; Deng et al. 1994). It was found that at 
the low buffer gas pressure used for maximum gain in the conventional approach, 
lasers having a narrow spectral width do not provide optical pumping efficient 
enough to reach oscillation threshold conditions. At low buffer gas pressures, 
groups of atoms may be off optical resonance due to Doppler shift reducing the 
number of atoms optically pumped to the upper level. This problem was addressed 
by modulating the laser frequency in order to cover the cell optical absorption spec-
trum (Michaud et  al. 1990, 1991). At the time of writing, although this IOP Rb 
maser shows some interesting characteristics, there appears to be little activity on 
the development of the device.

3.4.7.2 Laser Pulsing Approach
In the early 1960s pulsed optical pumping was proposed as an avenue for addressing 
the light shift problem when a cell with buffer gas is used. The approach used the time 
domain Ramsey pulse technique (Ramsey 1956), microwave stimulated emission in 
a cavity being the measured parameter (Arditi and Carver 1964). In that early devel-
opment, the population inversion was accomplished by means of a spectral lamp. In 
that case the difficulty in obtaining large population inversion with short light pulses 
limited considerably the population inversion and the S/N. Consequently the interest 
in such an approach was lost for sometime. However, the advent of solid-state diode 
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lasers at the appropriate wavelength and delivering sufficient power raised again 
the interest in the approach providing more controllable and more efficient optical 
pumping (Godone et al. 2004a, 2005, 2006b). In the technique, a strong laser pulse 
is applied to the ensemble of atoms placed in a high Q microwave cavity resonant at 
the hyperfine frequency of the atoms. Two short microwave pulses are then applied 
in succession simulating in the time domain the same conditions on the ensemble as 
in the classical Ramsey technique applied at two space intervals on an atomic beam. 
The optical pumping pulse and the two microwave pulses provide a Ramsey cycle. 
State superposition represented classically by an inclination angle q of the magneti-
zation from the quantization axis results from application of those microwave pulses. 
Stimulated emission takes place after each pulse with an amplitude that depends on 
the tuning and power of the applied microwave field and the length of the pulse. The 
time between the pulses must be less than the decorrelation time caused by relax-
ation processes of the atoms in the cell. Coherent microwave stimulated emission is 
detected after the second pulse. Its amplitude as a function of microwave frequency 
is characterized by the presence of Ramsey fringes, of which the central one can be 
used, as in the beam approach, to lock the microwave frequency generator to the 
centre of the hyperfine transition. The advantage of using a laser is that it allows suf-
ficient power for efficient optical pumping and for creating a total loss of microwave 
phase memory between the successive Ramsey cycles.

The technique just described operates essentially as a maser in the pulse mode, using 
detection of stimulated emission after the second pulse, but taking advantage of the 
narrowing of the resonance line by means of the Ramsey interference fringe approach 
in the time domain. It remains, however, a passive device since it is the amplitude the 
microwave energy that is detected and used as an indication that the microwave inter-
rogation frequency is resonant with the clock transition. In principle, however, since 
the light intensity is reduced to zero after the optical pumping pulse, the light shift 
should also be reduced to zero since the microwave interrogation is done in the dark. 
The approach was studied in detail and refined to effectuate selective optical pumping 
such as to populate only one of the clock levels, increasing by the same fact the signal 
output for the same Rb density. A clock was implemented and a frequency stability 
of 1.2 × 10–12 τ–1/2 was observed over a range of averaging times 1 < τ < 50,000 s 
(Micalizio et al. 2009).

It is also possible to observe the resonance directly by means of a small amplitude 
laser pulse applied on the cell after the second microwave pulse. The laser pulse acts 
as a probe and, if appropriately tuned, it measures the population difference between 
the two clock levels. The probe does not introduce a light shift since it is applied 
when the microwave interrogating frequency is off. This is very much as in the case 
of the optically pumped beam approach. It is shown, however, that the central fringe 
observed by means of microwave stimulated emission is narrower than that observed 
by means of populations difference by a factor of 2. This property would in prin-
ciple lead to the conclusion that the stimulated emission approach has an advantage 
over the population detection approach. However, the stimulated emission approach 
requires the use of a cavity with a moderate Q (5,000–10,000) for microwave detec-
tion as in a maser. In such a case, as described in some detail earlier, cavity pull-
ing may have an influence on frequency stability. This is not the case when optical 
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detection is used. A cavity with a low Q can then be used,  reducing by the same fact 
cavity pulling. Furthermore, optical photons have energy higher than microwave 
photons by 4 to 5 orders of magnitude. Consequently, a higher S/N is expected in 
principle in optical detection as compared to microwave detection. Such an approach 
was also studied in detail and resulted in the most interesting results. Actually a 
frequency standard constructed on the basis of optical detection showed improved 
frequency stability over the microwave detection approach by nearly an order of 
magnitude. Its frequency stability was 1.6  ×  10–13 τ–1/2 over a range of averaging 
times 1 << τ << 10,000 s (Micalizio et al. 2012a, 2012b).

It should be mentioned, however, that the use of a cell for the implementation of 
such a standard, aside from the cancellation of the light shift, leads to the same ques-
tioning regarding long-term frequency stability. Other effects, such as, temperature 
fluctuations affecting frequency stability through the buffer gas remain as a major 
cause of instability, as well as fluctuations of Rb density with time through possible 
chemical reaction affecting frequency stability through spin-exchange interactions. 
Due to those effects and possibly other unknown phenomena, the long-term fre-
quency stability of such a standard appears to be limited to the 10–14 range (Micalizio 
et al. 2012c).

3.4.7.3 Wall-Coated Cell Approach
According to Equations 3.72 and 3.74, a reduction in line width is, in principle, a 
direct way of increasing frequency stability in the short term. In all practical imple-
mentations realized up until now, a buffer gas has been used to avoid relaxation 
caused by collisions of the Rb atoms with the wall of the containing cell. The buffer 
gas increases the diffusion time to the walls and at pressures above, say 20 Torr, 
relaxation is caused essentially by spin-exchange collisions between the alkali atoms 
and collisions of the atoms with the buffer gas molecules. The other broadening 
mechanisms caused by the rf interrogation signal, through the saturation parameter S, 
and the optical pumping itself, through the pumping rate Gp, contribute also to the 
resulting line width. Over the years, suggestions have been made on replacing the 
buffer gas by a non-relaxing wall coating (Singh et al. 1971; Robinson and Johnson 
1982). Much work has been done on the effect of collisions on Zeeman coherences 
for alkali atoms colliding with surfaces made of long chains hydrocarbon (Bouchiat 
1965). Such studies have been extended to the case of hyperfine coherence in cells 
coated with Paraflint© (Moore and Munger) (Vanier et al. 1974). A relaxation rate of 
25 s–1 has been measured for 85Rb at the hyperfine frequency of 3.0 GHz in a 6.6 cm 
diameter cell at 27°C. This corresponds to a line width of 8 Hz. The wall shift was 
measured and found to be 23 Hz at that temperature. For 87Rb, similar results were 
obtained, the wall shift being of the order of 130 Hz in a 2.5 cm diameter cell at the 
same temperature (Vanier et al. 1981). Although these results, at first sight, appear 
most promising, it is important to recall that the line width in an operating device is 
also determined by several other parameters mentioned earlier. For example, at an 
operating temperature of 65°C, the spin-exchange broadening (5/8 n<vr>s) is of the 
order of 65 Hz. In order to optimize signal size and contrast, the optical pumping 
rate (Gp) and microwave Rabi frequency (b) are generally set at a point where line 
width is doubled in each case. The resulting line width, assuming that wall collision 
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broadening is negligible compared to those other mechanisms, would be of the order 
of 260 Hz. Even in the presence of those added broadenings, there would still be a 
net gain in line width in using wall coating compared to buffer gas in which case the 
operating line width is generally above 500 Hz. It may still be advantageous to oper-
ate at lower temperatures where spin exchange is less important. Such an approach 
needs to be studied experimentally.

On the other hand, temperature dependence of the wall shift may be a handicap 
for long-term frequency stability. In the 2.5 cm cell mentioned above, a tempera-
ture coefficient of 10–10/°C has been reported requiring a temperature stabilization 
to ±1 mdegree for a frequency stability of 10–13 (Vanier et al. 1981). Nothing is 
known either on the long-term stability of the wall shift. It should be mentioned 
that the light shift, although still present, should have a behaviour different from 
that observed in cells using a buffer gas. Due to the free motion of the atoms, this 
light shift should not produce inhomogeneous broadening and consequently the 
power shift observed in certain circumstances in cells using a buffer gas should 
be absent.

An actual frequency standard using a paraffin-coated cell and laser optical 
pumping was implemented (Bandi et al. 2012). They obtained a frequency stability 
of 3 × 10–12 τ–1/2 for averaging times between 1 and 100 s. It should be mentioned 
that the use of laser optical pumping should not alter the conclusions reached above, 
aside from an amplification of the effect of internal Ramsey interference line nar-
rowing that has been proposed by Xiao for explaining the somewhat peaky aspect 
of the line shape observed when a narrow laser beam is used for optical pumping 
(Xiao et al. 2006).

3.5 CPT APPROACH

In Chapter 2, we have introduced the phenomenon of CPT, outlined the physics 
involved, and developed the basic mathematical context. In the present chapter 
(Section 3.1.2), we have described how the phenomenon could be exploited in an 
atomic beam to implement a frequency standard using the Ramsey space separated 
pulse interrogation technique. We have shown that the phenomenon made possi-
ble an approach in which the microwave cavity was not required, the atoms being 
excited in a coherent superposition state by the two laser radiation fields separated 
in frequency by the hyperfine frequency of the atom used. In the present section, we 
wish to describe a frequency standard based on the use of that phenomenon in sealed 
cells either in the passive or active modes.

3.5.1  sealed cell with a BuFFer gas in cOntinuOus 
mOde: passive Frequency standard

An experimental arrangement using a sealed cell containing 87Rb is shown in 
Figure 3.43. It should be mentioned that the same setup can also be implemented 
with Cs with appropriate laser wavelength and microwave frequency. The set up 
shown can be used either to observe the CPT phenomenon through the transmitted 
radiation or to implement a frequency standard by closing the feedback loop by 
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means of appropriate modulation at a frequency ωmod and synchronous  detection. 
As shown in the figure, a second feedback loop is included in the system for lock-
ing the laser wavelength to the optical absorption in the cell. In that second loop, 
the modulation frequency of the laser current is different from that applied to the 
microwage generator. We assume that a buffer gas such as N2 is used. As men-
tioned earlier, collisions of atoms with that molecule have the property of quench-
ing the fluorescence. This is a desirable property since fluorescence photons 
emitted at random would cause optical pumping resulting in a loss of coherence in 
the ensemble. The use of such a gas prevents of course detection of the resonance 
CPT phenomenon by means of fluorescence. As is readily observed in Figure 3.43, 
no microwave field is applied to the atomic ensemble and no microwave cavity is 
required. This is an advantage of the approach over the classical IOP approach that 
uses the double microwave-optical resonance technique using a cavity as described 
previously.

The two approaches have been compared in some details in the same cell and 
conclusions have been reached regarding specific advantages of CPT over IOP in 
implementing a passive closed cell atomic frequency standard (Vanier et al. 2001, 
2003). The microwave Rabi angular frequency b is thus set equal to zero in Equations 
2.66 through 2.72. As mentioned earlier, the solution of this set of equations can be 
done exactly (Orriols 1979). However, as also mentioned, such a solution is rather 
complex and is not transparent to easy interpretation. It is best to do approximations 
in order to obtain some insight into the physical phenomena taking place and to 
evaluate the importance of the various parameters in the final implementation of a 
frequency standard.
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FIGURE 3.43 Experimental arrangement used either to observe the CPT phenomenon in 
transmission or implement a passive frequency standard.
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3.5.1.1 Signal Amplitude and Line Width
3.5.1.1.1 Homogeneous Three-Level Model
In practice, the parameter measured in Figure 3.43 is the light intensity at the exit of 
the cell. Actually, the CPT phenomenon is observed as an increase of transparency 
of the cell, or a reduction in power absorbed, at exact resonance. We will recall the 
physics described in Chapter 2 and the main results obtained. The power absorbed 
by slice dz of the cell is given by:

 ∆ ΓP z n dzl mmabs( ) *= ω ρ  (3.99)

where:
n is the alkali metal density

The energy absorbed is given back either as fluorescence or to the buffer gas vibra-
tion modes when a quenching gas such as N2 is used. Consequently, a measure of 
transparency is obtained from the change of the population of the excited state rmm 

upon CPT resonance. The value of rmm is given by Equation 2.66 in stationary state. 
In the case of low Rb density, the absorption is small and the system may be con-
sidered homogeneous. As an approximation, we may then assume that the density 
matrix elements are constant throughout the cell. If the sidebands at ω1 and ω2 cre-
ated by modulation of the laser at the frequency ωm have the same amplitude and 
the laser is exactly tuned to the optical transition, the population of the two ground 
levels remain equal, that is r11 = r22, and straightforward algebra gives the excited 
state population as:
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r  is the real part of the coherence created in the ground state by the CPT phe-
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with

 Ωµ µ µω ω ω= − − ′( )1 2  (3.102)

The parameter g2 is the coherence relaxation rate, ωR is the Rabi frequency caused by 
laser radiation and Γ* is the excited state decay rate including buffer gas interaction. 
The transmission shows a sharp increase at resonance when (ω1–ω2) = ωm′m. A typi-
cal experimental signal observed directly on an oscilloscope by means of laser fre-
quency slow modulation is shown in Figure 3.44. This CPT transmission resonance 
signal has a Lorentzian shape and has all the properties of the ground-state hyperfine 
resonance as in the case of the double resonance technique used in standards based 
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on intensity optical pumping described earlier. The width of the resonance line is 
given by:

 
∆ Γν γ ω

π
1 2

2
2

= + ∗( )R  (3.103)

and is a function of the square of the Rabi frequency, ωR
2 , thus proportional to the 

laser radiation intensity.

3.5.1.1.2 Inhomogeneous Model with a Trap
The previous model, although providing the basic physics behind the CPT phe-
nomenon for implementing a frequency standard, does not represent completely the 
experimental situation. Firstly, optical absorption is not negligible and the ensemble 
at normal temperatures of operation (~60°C for Rb) is optically thick to a certain 
extent. The system is no longer homogeneous. Furthermore, the system includes sev-
eral energy levels and the transitions from the two selected levels m and m′ of the 
ground state to level m are not closed. In particular, atoms excited to the P state under 
circular polarization (s+ or s–) and falling into either level mF = +2 or mF = –2 of 
the ground state are trapped in those levels for a time of the order of 1/g2 and are 
lost for the CPT phenomenon involving the mF = 0 levels. This phenomenon may 
be accounted for by simply introducing a fourth level into the three-level model as 
shown in Figure 3.45 (Vanier et al. 2003a).

ω1 − ω2

6.8 GHz

∼500 Hz
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transmitted

1 10 m/v

1
Freq(2): No signal

Normal Peak Det Averaging
Ampl(1): 69.0 mV +Width(1): 55.2 ms

# Avgs Realtime
8

129 ms← 50.0 m/s Stop 2 688 mv

FIGURE 3.44 Experimental transmission CPT signal in a small cell in 87Rb as observed 
directly by sweeping slowly the microwave modulation of the laser. In that particular record-
ing made in an Ar/N2 mixture with pressure ratio of ~1.5 and at a temperature of about 65°C, 
the line width is of the order of 500 Hz and the contrast is approximately 5%.
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All Equations 2.66 through 2.72 stay the same except that we now have an added 
equation taking into account decay from level m to level b:
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dt
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with

 ρ ρ ρ ρµµ µ µ+ + + =′ ′ bb mm 1  (3.105)

We may assume that, due to the large size of G*, rmm stays always very small and 
that the total equilibrium population of the ground-state levels is 1. In order to take 
into account the inhomogeneous character of the ensemble, it is required to obtain a 
relation between light intensity and position in the cell. This is done in the follow-
ing way.

The coherent laser radiation field interacts with the ensemble and creates a 
polarization Pn. The field En and polarization Pn are connected by the relation 
(QPAFS 1989):
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where:
c is the speed of light
m0 is the permeability of free space

On the other hand, the polarization is given by:

 P nTr P= ( )ρ op  (3.107)
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FIGURE 3.45 Four-level model used in the analysis to take into account the trapping prop-
erty of the levels not involved in the L scheme and not excited by the laser radiation under 
circular polarization.
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where:
n is the Rb density
Pop is the equivalent quantum mechanical operator of the classical electrical 

polarization

In that expression Tr, means the trace of the product of the two matrices r and Pop. 
After some algebra, assuming a stationary state and making the adiabatic approxi-
mation one obtains:
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where:
ωn is the laser sideband angular frequency
eo is the permittivity of free space
dij is the Rb atom electric dipole moment for transition i to j and it contains the 

appropriate information on the transition probability of the transitions 
involved

Imdij is the imaginary part of the optical coherence (Equations 2.69 and 2.70) created 
in the system by the laser radiation. The problem thus reduces to that of evaluating 
the value of dij in stationary state. To simplify the  calculation, we assume that the 
two radiation fields have equal intensities. Since we do not know the dynamics of the 
quenching by the buffer gas, we also assume that the decay rates from the excited 
state to all levels of the ground state are equal:
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Since the fractional population rmm of the excited state is always small (<10–6) rela-
tive to that of the ground levels, we assume that in equilibrium, in the absence of 
radiation, the ground-state levels have equal populations:
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Using Equations 2.57 and 2.58, Equation 3.108 can be transformed readily into:
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where a is the absorption coefficient and is given by:
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The imaginary part of dmm is obtained from the rate equations at equilibrium. We 
assume that the laser is tuned to the optical transition and that the populations of 
the two ground levels contributing to the CPT phenomenon remain equal. Making 
the adiabatic approximation in which one assumes that the excited state popula-
tion and coherence follow the slow evolution of the ground state, one obtains:
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and
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To simplify writing, we have defined the pumping rate, function of position in the 
cell, as
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In order to obtain the value of the radiation intensity at the exit of the cell, Equation 
3.111 needs to be solved with Imδµm and δµµ′

r  given by Equations 3.113 and 3.114. 
Unfortunately, due to the complexity of the right-hand side, Equation 3.111 cannot be 
solved analytically and a numerical approach is required in which ωR

2(z) is evaluated 
at the exit of the cell, that is z = L.

In view of the form of dmm′, the resonance line shape is assumed to be Lorentzian 
with a width given by:
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where:
g2 is the relaxation rate in the absence of laser radiation or ωR = 0

g2 includes several mechanisms such as relaxation by diffusion to the cell walls, 
relaxation by collision with the buffer gas molecules, and spin-exchange interaction 
between Rb atoms as described in the case of the IOP frequency standard.
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3.5.1.2 Practical Implementation and Its Characteristics
3.5.1.2.1 Frequency Stability
In the implementation of a passive frequency standard based on the CPT phenom-
enon, the frequency of the microwave generator used to modulate the laser frequency 
is locked to the centre of the hyperfine resonance line. This may be done by modu-
lating the frequency of the microwave generator at a low frequency and using syn-
chronous detection to create an error signal. If the amplitude of this modulation is of 
the order of one half the resonance line width, the short-term frequency stability in 
the limit of shot noise is given by Equations 3.72 and 3.75, which can be written as 
(Vanier and Bernier 1981; Vanier 2002; Vanier et al. 2003b):

 
σ τ

ν
τ( ) = −K e

I q4
1 1 2

hf bg
 (3.118)

where:
K is a constant that depends on the type of modulation used and is of the order 

of 0.2
nhf is the hyperfine frequency
e is the charge of the electron
Ibg is the background current created by the residual transmitted radiation reach-

ing the photodetector
τ is the averaging time
q is a quality figure defined earlier as the ratio of the contrast C to the line width 

Δn1/2:
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The contrast C is defined as the CPT signal intensity divided by the background 
intensity. To obtain best frequency stability, it is thus important to maximize contrast 
and to minimize line width. In practice, as we have outlined in the case of the double 
resonance frequency standard using laser optical pumping, the laser spectrum is 
affected by amplitude and frequency fluctuations, which are additional sources of 
noise affecting frequency stability, and the limit of shot noise given above is not 
reached. For example, the amplitude noise, characterized by the relative intensity 
noise parameter, RIN (Sagna et al. 1992), adds directly to shot noise. For amplitude 
noise, Equation 3.118 becomes:
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In such a case, it is also important to maximize the quality figure q. We recall that 
laser frequency fluctuations are transformed into amplitude fluctuations through vari-
ous resonance mechanisms in the atomic ensemble and contribute to additional noise 
thus affecting frequency stability (Camparo and Buell 1997; Coffer et al. 2002).
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The signal amplitude is a function of Rb density and pumping rate. A typical 
experimental result is shown in Figure 3.46 for a cell containing a buffer gas mix-
ture of Ar and N2 in a pressure ratio of 1.4 at a total pressure of 10.5  Torr. The 
solid curve through the experimental points is a plot of a numerical integration of 
Equation 3.111 using the four-level model developed above. The free parameter used 
in this plot is the maximum contrast observed. It is seen that the contrast is limited 
to a maximum value of the order of 5%. This is due to the fact that in 87Rb only two 
levels out of eight in the ground state contribute to the CPT phenomenon, the other 
levels contributing individually to optical absorption. Furthermore, in modulating 
the laser through the bias current, many sidebands are produced which contribute to 
the background light intensity. It is possible to obtain a larger contrast by raising the 
cell temperature, thereby increasing Rb density and optical absorption. The contrast 
maximum is then observed at a larger light intensity. An undesired added side effect, 
however, is an increase in line width due to increased laser radiation broadening and 
spin-exchange interaction. In practice, the optimum operating condition giving a 
maximum quality figure q is determined experimentally.

The behaviour of the line width is also shown in Figure 3.46 as a function of 
light intensity. The results confirm the linear dependence of the line width on light 
intensity. It is used to calibrate the system in terms of Rabi frequency by means of 
Equation 3.117. The four-level model was further verified by applying it to an ensem-
ble at several other temperatures. It was found to agree well with the experimental 
data (Vanier et al. 2003a).

It may be pointed out that the standard three-level model without trap predicts a 
contrast that increases with Rb density and laser radiation intensity. This is not in 
agreement with the experimental data that shows a maximum in response to laser 
intensity. The maximum is caused by the fact that the trapping of atoms in level 
mF = 2 becomes important at radiation intensities larger than the relaxation rate in 
the ground state.
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FIGURE 3.46 CPT contrast and line width in a 87Rb cell containing an Ar-N2 buffer gas mix-
ture and operated at 75° C. The points are experimental and the solid curves are theoretical.
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A totally autonomous frequency standard using the basic CPT approach is shown 
in Figure 3.47 (Vanier et al. 2004, 2005). The alkali metal atom used is 87Rb and 
the buffer gas is a mixture of Ar and N2 in a pressure ratio of about 1.5. The cell is a 
glass enclosure of a few cm3 in volume and the optical radiation source is a VCSEL 
modulated in frequency at 3.4 GHz. The contrast observed at the optimum operat-
ing point is of the order of 5% and the line width is somewhat less than 500 Hz. The 
electronic servo systems used are made entirely of digital electronics. The unit has a 
volume of 125 cm3. The frequency stability obtained is of the order 3 × 10–11τ–1/2 and 
reaches a level below 10–12 at an averaging time of the order of 2000 s as shown in 
Figure 3.48. It is one of the best CPT frequency standards that has been realized as 
a complete self-locking and sustaining unit.

3.5.1.2.2 Frequency Shifts
As in the standard IOP double resonance approach, there are many frequency shifts 
that are present in such an implementation. These include magnetic field shifts, 
buffer gas shifts and light shifts. Although they are well-known and do not cre-
ate a major problem in the operation of the system, instability in these shifts may 
affect frequency stability in the medium- and long-term regions of averaging times. 
Regarding magnetic field and buffer gas shifts, the reader is referred to the discus-
sion made in relation to the implementation of double resonance Rb IOP frequency 
standards.

As discussed previously, the light shift is a frequency shift that is important in the 
classical IOP approach using laser optical pumping. Fortunately, this shift appears 
to be well under control in CPT. In the case of frequency modulated lasers, this is 
due to the fact that for equal amplitudes, the first sidebands radiation fields displace 
both ground-state levels by the same amount. On the other hand, the total light shift 

FIGURE 3.47 Commercial passive Rb frequency standard based on CPT. The system is 
totally autonomous, using a digital electronics approach for accomplishing the wavelength 
and frequency lock of the laser and microwave source to the atomic resonances. Its volume 
is of the order of 125 cm3. (Reproduced with permission from Vanier, J. et al., IEEE Trans. 
Instrum. Meas., 54, 2531, 2005. Copyright 2005 IEEE.)
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introduced by all sidebands disappears for certain modulation conditions. This ques-
tion has been studied in some detail (Vanier et al. 1999; Levi et al. 2000; Zhu and 
Cutler 2000). The total sidebands light shift is given by:
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where it is recalled that Δo is the laser detuning defined in Figure 3.45. The coef-
ficients Q(m) and x(m) are given by the following expressions:
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In these expressions, Ji is a Bessel function and p is an even integer defined as the 
ratio of the hyperfine frequency ωmm′ to the laser modulation frequency ωm. When 
p is set equal to 2, the two first sidebands J1+ and J1– on each side of the carrier are 
used in the CPT-L scheme and in the case of 87Rb, ωm is 2p × 3.41 × 109 s–1. The 
two functions are plotted in Figure 3.49 as a function of the index of modulation m.
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FIGURE 3.48 Frequency stability of the CPT frequency standard shown in Figure 3.47, using 
a small cell (a few cm3) and a VCSEL as the optical pumping source. (Reproduced with permis-
sion from Vanier, J. et al., IEEE Trans. Instrum. Meas., 54, 2531, 2005. Copyright 2005 IEEE.)



311Microwave Frequency Standards Using New Physics

As is readily observed, the main component of the light shift, called the power 
shift and given by the coefficient Q(m), vanishes at a laser modulation index, m = 2.4. 
This is due to the fact that the sidebands created in the modulation process create 
light shifts that compensate each other. A typical experimental result is shown in 
Figure 3.50 for the unit just illustrated in Figure 3.47 (Vanier et  al. 2004, 2005). 
These results show that the clock frequency becomes independent of laser intensity 
for a modulation index of ~2.4 as predicted. On the other hand, the quadratic part of 
the light shift given by coefficient x(m) is of the order of 10–14/MHz of laser detuning 
from optical resonance and is negligible in most circumstances (Levi et al. 2000).

3.5.1.2.3 Line Shape of Resonance Signal
In the analysis just presented, the amplitude of the two sidebands J1+ and J1– were 
assumed equal. Furthermore it was assumed that the laser is tuned exactly to the 
optical transition. Studies of the shape and of the centre frequency of the hyperfine 
resonance as observed in transmission have been made for the case when these two 
conditions are not satisfied (Levi et  al. 2000). The problem was analyzed for the 
case of a three-level model in an optically thin sample. A numerical solution of the rate 
equations showed that when the two conditions are not satisfied, the line shape is no 
longer Lorentzian, as is shown in Figure 3.51a. However, the minimum of the reso-
nance line is not displaced in the process. This effect is observed experimentally as 
is shown in Figure 3.51b.

The question of the effect of the laser light beam transverse variation on the shape 
of the CPT resonance line was also addressed (Levi et al. 2000; Taichenachev et al. 
2004). The line shape is altered because the pumping rate ωR

2/2Γ*
 is a function of 

radial position across the laser beam. In the case of low pumping rates, it is found 
that the line shape remains Lorentzian while in the case of large pumping rates, the 
line shape becomes sharper than a Lorentzian, although it remains symmetrical.
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FIGURE 3.49 Variation of the light shift coefficients with modulation index in the case the 
first sidebands J1+ and J1– are used to excite the CPT phenomenon (p = 2). (With kind permis-
sion from Springer Science+Business Media: Appl. Phys. B, Atomic clocks based on coherent 
population trapping: A review. 81, 2005, 421, Vanier, J.)
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FIGURE 3.50 Light shift observed in the compact unit described in the text as a function 
of the modulation index of the laser for various radiation intensities. (Reproduced with per-
mission from Vanier, J. et al., Practical realization of a passive coherent population trapping 
frequency standard. In Proceedings of the IEEE International Ultrasonics, Ferroelectrics, 
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Vanier, J. et al., IEEE Trans. Instrum. Meas., 54, 2531, 2005. Copyright 2005 IEEE.) The 
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It is interesting to point out that the four-level model with a trap, used above to 
explain the behaviour of the CPT transmission resonance line contrast in 87Rb, may 
also be used to analyze the shape of the absorption spectrum for the case of an unmodu-
lated laser radiation field. In practice, it is found that the recorded shape of the opti-
cal absorption for the D1 line is a function of polarization and light intensity. This is 
due to the fact that upon slow sweeping of the laser wavelength across the absorption 
line, optical pumping takes place, with various energy levels acting as traps. An analy-
sis similar to that done above but with monochromatic radiation was done for 87Rb. 
The results are reported in Appendix 3.C and are found to be in agreement with the 
observed absorption spectra. These results validate to some extent the four-level model 
used above to explain the contrast observed in the CPT transmission resonance line.

Aside from the early work reported on 87Rb and 133Cs (Cyr et  al. 1993; Levi 
et  al. 1997), work has also been done using 85Rb (Lindvall et  al. 2001; Merimaa 
et al. 2003). In that last case, the hyperfine frequency is 3.035 GHz. An edge emit-
ter diode was used, modulated at that frequency. The carrier Jo and one of the first 
sidebands J1 were used to generate the two laser frequencies identified as ω1 and ω2 
in Figure 3.45. Argon and neon were used as buffer gases. The authors have obtained 
a CPT hyperfine resonance line width at room temperature of the order of 20 Hz for 
zero light intensity. This compares well to a line width of 10 Hz measured in the dark 
in such buffer gases at room temperature by means of the pulsed stimulated emission 
technique (Vanier et al. 1974). In their case, a frequency  generator locked to the CPT 
resonance line gave a frequency stability of 3.5 × 10–11τ–1/2 for 1 s < τ < 2000 s.

3.5.1.2.4 Other Approaches
Cs has also been used in bench setups to demonstrate the possibility of making a small 
optical package (Levi et al. 1997; Kitching et al. 2000, 2001). The implementation 
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of an optical package using a silicon substrate as the container has been reported 
(Knappe et al. 2004). The intention is the implementation of an integrated unit includ-
ing control electronics on the same substrate. Since the cell itself is very small (~mm3), 
diffusion to the walls causes a large CPT resonance line broadening (~7 kHz) and 
reduces the contrast considerably (<1%) relative to cells having a volume in the cm3 
range. It may be mentioned that when the necessary hardware consisting of tempera-
ture control, isolation, solenoid, and required magnetic shields are taken into account, 
not much is gained in volume reduction in such packages and the cost on frequency 
stability is important. In fact, the frequency stability obtained using such small cells 
and a VCSEL for optical pumping in a bench setup is of the order of 2 × 10–10 τ–1/2 
for 1 s < τ < 30 s. A rather important linear frequency drift is observed above this 
averaging time. However, it was shown that the use of DFB laser for optical pumping 
improves the overall frequency stability to 3.8 × 10–11 at 1 s averaging time reaching 
10–12 at 1000 s (Boudot et al. 2012). Other work made towards the implementation of 
small cells has also been reported (Zhu et al. 2004; Lutwak et al. 2009).

Studies have been initiated using amplitude modulation of the laser to gener-
ate the field required to create the CPT phenomenon (W. Happer, pers. comm.). 
The goal is to use very high buffer gas pressures to inhibit diffusion to the cell 
walls and thus making possible narrow resonance lines even in very small cells. The 
idea is based on the concept that CPT behaves differently when amplitude modula-
tion of the laser is used instead of frequency modulation to create the sidebands. 
With amplitude modulation it appears that the excitation of the CPT phenomenon 
is possible with broad overlapping optical lines (large buffer gas pressures) (Jau 
et al. 2004). In the case of frequency modulation, the observation of the CPT signal 
requires that the optical lines be resolved making the signal amplitude a function of 
the buffer gas pressure.

3.5.1.2.5 Reflections on Frequency Stability
The expected frequency stability may be calculated with Equation 3.118 in the limit 
of shot noise. The quality figure q is obtained from the contrast and the line width as 
calculated above. In Vanier et al. (2004), for a temperature of the order of 65 to 70°C, 
a q figure of the order of 1.5 × 10–4 for a background intensity Ibg = 10 × 10–6 A 
is obtained. The resulting expected calculated frequency stability is of the order 
7 × 10–14 τ–1/2.

Unfortunately such frequency stability is not observed experimentally as reported 
above. A frequency stability of the order of 3 to 5 × 10–11τ–1/2 has been a common 
observation in most devices, two orders of magnitude less than that expected from 
the limit of shot noise (Merimaa et al. 2003; Vanier et al. 2003b, 2004). This behav-
iour is similar to the case of the classical passive IOP frequency standard using a 
solid-state diode laser for optical pumping source as was reported earlier.

It is believed that this behaviour is due to the inherent AM and FM noise imbed-
ded in the laser radiation as in the case of the IOP approach. The AM noise appears 
directly at the photodetector as intensity noise and adds directly to shot noise. That 
noise contributes to the order of several parts in 10–13 to the frequency instability 
and of course depends on the RIN of the laser used. On the other hand, it is believed 
that the laser FM noise is converted into AM fluctuations by the nonlinear optical 
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resonance absorption within the ensemble as we have discussed earlier. It also adds 
directly to shot noise at the detector. We have also mentioned that experiments have 
been made in order to compensate this effect by either reducing the spectral width 
of the laser spectrum or by direct compensation by means of a clone resonance cell 
in the IOP approach. Relative success was obtained in that last case and although 
the technique is somewhat complex, it appears to provide an avenue for reducing 
the effect.

3.5.2 active apprOach in a cell: the cpt maser

Another approach using CPT for implementing a frequency standard consists in 
exploiting directly the hyperfine coherence created in the ground state as in a maser. 
This coherence creates in turn an oscillating magnetization at the same frequency 
(Vanier et al. 1998; Godone et al. 1999). When the ensemble is placed in a cavity, 
the magnetization excites the cavity mode and creates an oscillating magnetic field. 
This oscillating magnetic field reacts back on the atomic ensemble and causes stimu-
lated emission in the same manner as in a maser. This CPT maser has very inter-
esting characteristics such as absence of threshold relative to pumping rate, alkali 
atom density and cavity Q, a great improvement over the intensity pumped Rb maser 
which has critical threshold conditions relative to these parameters (Vanier 1968). It 
may be mentioned that these threshold conditions have prevented the practical real-
ization of Cs maser using IOP (Vanier and Strumia 1976), while the same Cs maser 
was readily implemented using CPT (Vanier et al. 1998).

The analysis of the CPT maser is more complex than that of the passive approach 
in view of the interaction of the atoms with the microwave field in the cavity. The 
analysis must take into account the phase relationship f between the microwave 
field and the oscillating magnetization. Furthermore, the phase of the optical fields 
is coupled to the hyperfine coherence. An analysis taking into account the interre-
lation between these phases has been developed in the case of a closed three-level 
system (Godone et al. 2000). A more exact analysis of the CPT maser characteristics 
including optical pumping in an open system is more complex. However, the most 
important characteristics of the maser may be obtained from approximate models 
that provide some insight in the physical phenomena taking place. For this reason, 
we will outline a few approaches that make explicit the fundamental characteristics 
of the maser under specific conditions of operation as a frequency standard.

3.5.2.1 Basic CPT Maser Theory
The experimental setup used in the analysis is that illustrated in Figure 3.52 with 
the cavity tuned close to the hyperfine frequency. In a maser, the energy given by 
the atomic ensemble is dissipated in the cavity walls and coupling loop. An analysis 
using a so-called self-consistent approach is given in Appendix 3.D. It is shown that 
the power delivered by the atoms is given by the expression:
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where k is given by Equation 3.D.3. An important relation is also obtained between 
the Rabi frequency, a measure of the microwave field intensity in the cavity, and the 
coherence existing in the ensemble:

 b k= ′2 δµ µ  (3.125)

where the brackets <> mean average over the length of the cell and the double bar | | 
symbol means absolute value. On the other hand, the phase between the field and the 
magnetization in the ensemble is given by:
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making explicit the phase quadrature, close to p/2, between these two physical 
quantities. The problem is thus one of evaluating the coherence dm′m. This is done 
from the rate equations. Several approximations adapted to the experimental situa-
tion at hands can be made in such a process and they are outlined in the following 
paragraphs.

3.5.2.1.1 Homogeneous Model
A simple approach for obtaining an expression for the maser power output consists in 
assuming that the ensemble is optically thin and in replacing dm′m in Equation 3.124 
by the value found in Equation 3.114. This approximation is valid only at low tem-
peratures. In doing so one entirely neglects the feedback of the microwave field on 
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FIGURE 3.52 Block diagram of the CPT maser using 87Rb.
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the atomic ensemble coherence and on the population of the levels. This is  actually 
rather approximate, but the exercise nevertheless provides some insight into the 
behaviour of the maser. In that exercise, it is readily observed that the maser does not 
have a threshold relative to cavity Q, density, line width, or pumping rate.

A more realistic model consists in solving the set of rate Equations 2.66 through 
2.72 with the presence of the microwave Rabi frequency in the equations and taking 
into account its coupling to the coherence by means of Equation 3.125. The system 
may then be solved taking into account the phase of the microwave radiation given 
by Equation 3.126. The results show again that the maser does not have a threshold 
relative to the parameters mentioned above (Godone et al. 2000).

3.5.2.1.2 Inhomogeneous Model
In practice, however, as in the case of the passive approach, the system becomes 
optically thick at normal temperatures of operation and the ensemble cannot be con-
sidered homogeneous. In such a case, the amplitude of the various parameters varies 
along the length of the cell and the set of Equations 2.66 through 2.72 is valid only 
locally, that is for a thin slice of the medium. Furthermore, the phase of the laser 
sidebands, when taken into account, is coupled to the microwave field and varies 
along the length of the cell. The problem has been solved in the case of a closed 
three-level system by dividing the cell into small slices and by means of a numeri-
cal integration over the cell length of the Rabi frequency b, which is a function of 
distance in the cell and of sidebands phase (Godone et al. 2002a, b).

It is found in particular that the calculated maser power is a function of the ratio 
of cell length to microwave wavelength. In fact, for low densities, and a cell whose 
length L is equal to lmw, the power output is equal to zero. This effect results from 
the fact that the elementary magnetizations in each slice emit with their own phase. 
The phase of the microwave radiation created in the second half of the ensemble is 
opposite to that of the radiation created in the first half. However, at high densities, 
the system is not homogeneous and the phase cancellation from one part of the cav-
ity to the other is not exact: the part of the cell at the entrance of the cavity contrib-
utes more than the part at the exit of the cavity since radiation is strongly absorbed. 
Nevertheless, the power calculated still decreases for cell lengths larger than ~l/2.

The analysis can also be developed for the four-level model developed above in 
the case of the passive approach. In that case, in order to simplify the analysis, the 
cell dimension is assumed less than a half wavelength and the variation of phase is 
neglected along the length of the cell. The solution consists in dividing the cell into 
thin slices and solving Equations 2.66 through 2.72 for each of these slices as was done 
in the case of the three-level model. The value of the Rabi frequency is calculated at 
each slice by means of the Equation 2.32 with α defined by Equation 2.33 as in the case 
of the passive approach. The problem is reduced to one of solving the resulting set of 
equations that includes the self-consistent condition in which the power emitted by the 
ensemble is equal to that lost in the cavity. Those equations are:
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where the pumping rate is given by:
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The power emitted by the atomic ensemble is given by:
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These equations are solved through a recursive method in which the Rabi frequency 
b is first given a value. Integration is then done numerically for a given value of the 
pumping rate Gp at the entrance of the cell. The solution provides a new value of b, 
which is then used as the initial parameter for a new integration. The process con-
verges rapidly (Godone et al. 2002). The result of this exercise is shown as the solid 
lines in Figure 3.53 as a function of the pumping rate Gp for three values of α cor-
responding to the temperature indicated.

Experimental results obtained in similar conditions are shown as points on the 
same graph (Godone et al. 2002). It should be pointed out, as done previously, that in 
general the density of atoms in the Rb ensemble is not well-known and depends to a 
large extent on the previous temperature cycling of the cell used or its history (Gibbs 
1965; Vanier 1968). The experimental value of the density is usually smaller than 
that obtained from tables. For this reason, the free parameter used in the adjustment 
of the theoretical results to the experimental data is the power output, function of 
density. It has been adjusted to match approximately the maser power at the highest 
temperature. It is observed that this procedure nevertheless provides a semi-quanti-
tative agreement with the experimental data.

3.5.2.2 Frequency Stability
The CPT maser may be considered to be a hybrid device, the atoms emitting energy, 
but at a frequency given by the difference of the two laser sidebands, ω1–ω2. In that 
case, the frequency of the microwave generator used to modulate the laser needs to 
be locked to the frequency of the maser emission line maximum by synchronous 
detection as in the passive case. It is thus a frequency-lock system similar to that used 
in the case of a passive maser.

Considering only thermal noise, the short-term frequency stability limit of the 
CPT maser may be written as (Godone et al. 2002, 2004):
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where:
T is the temperature of the cell-cavity arrangement
Po is the power output of the maser
Qa is the atomic line quality factor
F is the noise figure of the amplifier in the first stage of the receiver

Since the output frequency is the difference frequency of the correlated sidebands, 
laser frequency noise should not affect the CPT maser output frequency directly. 
However, these fluctuations may affect the maser frequency stability through the 
light shift that will be examined below. As in the case of the passive CPT approach, 
it is important to minimize the maser line width to obtain the largest possible line Q 
in order to maximize frequency stability. Similarly, higher emission power improves 
frequency stability. However, since higher power generally leads to a greater line 
width, a trade off must be made. In a typical situation, around 60°C with a pumping 
rate of 300 s–1, the power delivered by the atoms to the cavity is typically 1 × 10–12 W. 
The line width is of the order of 175 Hz providing a line Qa of 3.9 × 107. With a 
receiver noise figure of 1.2, the expected frequency stability is then of the order of 
1 × 10–12 τ–1/2. An experimental setup in which a crystal oscillator was frequency 
locked to the maser power output maximum gave, under conditions similar to those 
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FIGURE 3.53 Power output of the CPT 87Rb maser. Continuous solid lines are obtained 
from the four level-model developed in the text while the points are experimental. (Data 
from Godone, A. et al., Coherent Population Trapping Maser, CLUT, Torino, Italy, 2002. 
Copyright 2002 CLUT.)
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just described, a short-term frequency stability of the order of 3 × 10–12τ–1/2 (Godone 
et al. 2004). It is mentioned by the authors that their implementation was not opti-
mized and that better frequency stability could be realized through the use of a better 
quartz crystal oscillator in the frequency-locked loop (Godone et al. 2002).

3.5.2.3 Frequency Shifts
All the shifts mentioned in the case of the CPT passive frequency standard approach 
are present in the CPT maser. Furthermore, there are frequency shifts that are partic-
ular to the maser. In particular, a detuning of the laser by Δo coupled to a difference 
in amplitude of the laser sidebands produces a frequency shift given by:
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where:
b is the ratio of the sidebands amplitude

This is totally different from the case of the passive CPT standard where such a 
condition, laser detuning and difference in sidebands, produces a distortion of the 
resonance line without displacement of its maximum. This is due to the fact that 
in the two approaches, different physical observables are measured. In the case of 
the passive approach, the optical coherence is the measured parameter through the 
absorption of the medium, while in the case of the maser it is the ground-state coher-
ence that is detected and measured directly.

On the other hand, the interaction of the atomic ensemble with the cavity micro-
wave field creates added frequency shifts such as the cavity pulling, a microwave 
power shift and a propagation shift.

The cavity pulling is well-known and is common to all masers. In the case of the 
CPT maser, which is a hybrid between an oscillating maser and a passive maser, the 
shift is a function of the importance of the microwave feedback on the atomic ensem-
ble. It is calculated from the phase introduced by the detuning through Equation 3.114 
its effect on the frequency of the oscillating magnetization. The frequency shift is:
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where:
QL is the cavity loaded quality factor
Qa is the atomic line quality factor
Δnc is the cavity detuning
S is the ratio of the total line width including microwave interaction to the line 

width including all causes except the microwave interaction

This shift creates a stringent demand on the frequency stability of the cavity reso-
nance frequency. For a cavity QL of 10,000, and an atomic line Qa of 5 × 107, the 
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cavity must be stable to within 3 to 4 Hz to obtain a maser fractional frequency 
stability of the order of ~10–13.

The microwave power shift originates from the fact that upon stimulated micro-
wave emission the populations of the ground levels are no longer equal. This creates 
an asymmetry in the system and an effect similar to the linear light shift mentioned 
above (Equation 3.133) is introduced. It adds directly to the light shift calculated 
previously for the effect of sidebands of different amplitudes.

Finally, an important effect predicted by the analysis is the introduction of a fre-
quency shift associated with the phase of the sidebands radiation. The shift has been 
called a propagation shift and becomes rather important in the case of high densities. 
It has the effect of altering the value of the modulation index for which the power 
light shift becomes zero. It can thus be cancelled in the same way as the sideband 
light shift by a proper adjustment of the modulation index (Godone et  al. 2002a 
and b, 2004b). Figure 3.54 is an illustration of the frequency stability that has been 
measured for a CPT-87Rb maser (Godone et al. 2004).

In the setup studied, it is possible that the behaviour of the frequency stabil-
ity observed for τ > ~200 s is due to fluctuations of the frequency shifts outlined 
above. However, it should be mentioned that in the particular setup reported, the 
maser cavity was made of copper with a temperature sensitivity of more than 
100 kHz/degree (Godone et al. 2002a). In that case, environmental fluctuations 
may have a direct effect on the cavity tuning and cause long-term random fluctua-
tions or frequency drifts that will be reflected by an increasing s(τ) as the one 
observed.
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FIGURE 3.54 Frequency stability observed in a CPT-87Rb maser: (a) raw data; (b) drift 
removed. (Reprinted with permission from Godone, A. et al., Phys. Rev. A, 70, 012508, 2004b. 
Copyright 2004 by the American Physical Society.)
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3.5.3  techniques FOr imprOving S/N ratiO in the 
passive iOp and cpt clOck apprOach

We have described above the basic physics for implementing either an IOP or a CPT 
frequency standard. The essential was given as developed in the early 2000. Intense 
development followed to improve standards either in size or frequency stability.

As we have seen, in the observation of CPT, selection rules forces the use of cir-
cularly polarized radiation and, for 87Rb for example, the atoms end up upon optical 
pumping in end levels such as mF = +1 and +2. The contrast of the 0-0 transition 
is limited to about 5% by the accumulation of atoms in those so-called trapping 
levels that do not take part of the CPT phenomenon. In the case of IOP, no specific 
polarization is used in inverting the population. When radiation corresponding to 
the transition S1 2 2, F P= →  is used for optical pumping of the 87Rb ground state, 
for example, the atoms are distributed or diluted among all sublevels of the lower 
ground state, in the F = 1 level. Consequently in both cases the observation of the 
field independent resonance F m F m= = → = =2 0 1 0, ,F F  is characterized by a 
small contrast. An intense background radiation is present that contributes to shot 
noise, limiting S/N and in turn increasing frequency instability in the short term.

In order to increase S/N, several techniques have been proposed. One consists 
in using a transition between those end levels, in which atoms tend to accumu-
late, resulting in an increase in signal amplitude, through the simple increase of 
atoms contributing to the resonance phenomenon. One added advantage resides in 
a reduction of spin-exchange interaction that vanishes when the polarization is a 
maximum (Jau et al. 2003, 2004). However, these end transitions are field depen-
dent in first order, a property that adds a difficulty in the practical implementation 
of a frequency standard. It is then necessary to stabilize the applied magnetic field, 
which can be done by means of a Zeeman transition between field dependent levels 
within a given F level.

In the case of CPT, so-called push–pull optical pumping (PPOP) has been pro-
posed, in which the light polarization is switched between right and left circular 
polarization at the rate 2/T00, where T00 is the period of the 0-0 transition (Jau et al. 
2004). Short pulses of right circular polarization (RCP) alternate with pulses of left 
circular polarization (LCP). The atoms accumulate in the dark superposition state 
and absorb little light from the radiation of either polarization. This technique thus 
avoids the trapping of atoms in levels that do not contribute to the CPT phenom-
enon. The 0-0 transition is enhanced. A similar approach uses optical pumping in 
which two L schemes are excited at the same time with two radiation fields having 
perpendicular linear polarization, or the so-called lin lin⊥  polarization approach 
(Zanon et al. 2005a). It is shown that these two approaches essentially amount to the 
same physics (Liu et al. 2013a). Other approaches have also been suggested in which 
counter propagating waves (Kargapoltsev et al. 2004; Taichenachev et al. 2004) are 
used. All these techniques make possible an increase in contrast and may be useful 
when small cells are used.

The continuous wave (CW) operation of the CPT clock however suffers from broad-
ening of the resonance line by the pumping radiation and furthermore from the intense 
light shift that is present if the modulation amplitude of the laser is not adjusted  properly. 
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This last effect is rather important in the case that the laser fields creating the CPT 
 phenomenon originates from two lasers slaved to each other with a difference frequency 
corresponding to the hyperfine transition. A solution to that problem resides in the use 
of pulsed optical pumping in a time domain Ramsey scheme (Zanon et al. 2005a) excit-
ing at the same time two L pumping schemes with lin lin⊥  radiation fields. In such an 
approach, a first pulse puts the atomic ensemble in a 0-0 superposition state. The ensem-
ble is then let to evolve freely in that superposition state for a time T when a probing 
pulse is applied to the ensemble to determine its state of coherence. The interaction of 
this second pulse gives rise to Ramsey fringes with widths of the order of 1/2T. Typical 
values reported for the length of pulses are 2 ms for the first pulse, T = 3 ms as free 
time and 25 ms for the probe (Liu et al. 2013b). A most promising result was obtained 
upon optimizing several parameters of a laboratory system such as buffer gas pressure 
and temperature: frequency stability of 3.2 × 10–13 τ–1/2 was measured up to τ = 3000 s 
(Danet et al. 2014; Kozlova et al. 2014). This is effectively the best result obtained on a 
frequency standard based on the passive approach in using CPT.

3.5.4 cpt in laser-cOOled ensemBle FOr realizing a Frequency standard

Finally, in view of the introduction of laser cooling of atomic ensemble reaching 
very low temperatures and reducing Doppler effect, the question is raised as to the 
use of CPT in such cold ensembles. A first proposal was made by Zanon et al. (2003) 
using a molasses and pulsed CPT, simulating the time sequence used in a fountain 
but without launching the atoms. A complete laboratory system was developed along 
that idea by Esnault et al. (2013). The system operates in a sequence as just men-
tioned. Cooling lasers are on for a cycle of 45 ms creating the MOT containing the 
order of 106 Cs atoms. The atoms can be recycled with a recovery efficiency of about 
80% at the end of the total clock sequence. After cooling, the atoms are excited by 
means of a double L CPT scheme as illustrated in Figure 3.55.

The two bichromatic beams are polarized linearly and sent on the free fall-
ing atomic ensemble from opposite directions in a lin || lin configuration avoiding 
Doppler effect. The ensemble is first pumped into a superposition state by means of 
a Ramsey CPT pulse 400 ms long. The system is then left to evolve freely for a time 
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FIGURE 3.55 Double L scheme used in the CPT excitation of 133Cs in a MOT.
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TR after which the state of the system is detected with a probe laser beam under the 
form of a pulse 50 ms long. For a TR of 8 ms a central fringe line width of 62.5 Hz 
was observed. It should be noticed that the two L systems probed have first order 
magnetic field shifts that are equal but opposite in sign and are very sensitive to 
magnetic field gradients. The frequency stability of the laboratory setup, operated 
without magnetic shielding was characterized by a frequency stability of 4 × 10–11 
τ–1/2, a result that is probably not representative of the capabilities of the technique.

3.6 LASER-COOLED MICROWAVE ION CLOCKS

We have outlined in Chapter 1 some recent developments on ion frequency standards. The 
outline was essentially limited to Yb+ and Hg+. In that last case we outlined the approach 
using a linear trap which offers very promising avenues for implementing a small size pas-
sive frequency standard in the microwave range with extremely good frequency stability. 
However, there has been further work on the possibility of using other ions and laser cool-
ing for that purpose and we wish to examine briefly some of those avenues in this section.

The ions of greatest interest are listed in Table 3.6. Those are ions with odd isoto-
pic numbers with a ground-state hyperfine splitting given in the table. They can thus 
be used, in principle as 199Hg+, to implement a frequency standard in the microwave 
range if that ground-state hyperfine splitting gives rise to an accessible frequency.

We may mention immediately that intensive research is also underway at a num-
ber of laboratories worldwide with the intent of implementing an optical frequency 
standard using some of those ions, in particular using traps with a single cold ion. We 
will examine those in the next chapter, which will be concerned with the progress 
accomplished in the practical realization of optical frequency standards.

TABLE 3.6
List of Some Ions with a Ground-State Hyperfine Splitting That Shows 
Interest in the Implementation of an Atomic Frequency Standard

Ion I
Ground-State Hyperfine 

Frequency (Hz) References
9Be+ 3/2 1,250,017,674.10(1) Bollinger et al. 1983b
43Ca+ 7/2 3,255,608,29 Steane 1997
111Cd+ 1/2 14,530,507,349.9(1.1) Zhang et al. 2012
113Cd+ 1/2 15,199,862,855.0125(87) Zhang et al. 2012
135Ba+ 3/2 7,183,340,234.35(0.47) Becker et al. 1981
137Ba+ 3/2 8,037,741,667.694(360) Blatt and Werth 1982
171Yb+ 1/2 12,642,812,118.4685(10) Warrington et al. 2002; Schwindt 

et al. 2009
199Hg+ 1/2 40,507,347,996.84159(44) Prestage et al. 2005
201Hg+ 3/2 29,954,365,821.1(2) Taghavi-Larigani et al. 2009

Source: BIPM. 2012. Bureau International des Poids et Mesures, Comité International des 
Poids et Mesures 101e session du CIPM – Annexe 8 203.
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The introduction of laser cooling was one of the most significant steps in the use 
of traps for the development of improved frequency standards using ions. Laser cool-
ing can be applied to ions in both Paul and Penning traps (Itano and Wineland 1982). 
Sometimes, due to inaccessible wavelengths with a laser it is preferable to use an 
indirect approach to effectuate the cooling. In that case, a second species of ions is 
introduced in the trap and laser cooled. Those cold ions then cool the desired ions by 
means of collisions in a process known as sympathetic cooling (Larson et al. 1986).

In the present section, we will concentrate on the development of laser-cooled 
ion standards in the microwave range for some selected ions not already covered in 
Chapter 1. We will not describe actual setups such as traps and feedback loops used 
to lock a reference oscillator to the hyperfine transition. We will rather concentrate 
on the physics involved in the utilization of such ions and results obtained regarding 
frequency stability and accuracy.

3.6.1 9Be+ 303 mhz radiO-Frequency standard

The 9Be+ ion has a nuclear spin I = 3/2. The ground state S1/2 consists of two hyper-
fine levels, F = 2 and F = 1. The Zeeman energy levels variation with magnetic 
induction B is shown in Figure 3.56.

In the early 1980s, Bollinger et al. succeeded in storing approximately 300 9Be+ ions 
in a Penning trap without laser cooling (Bollinger et al. 1983a). In such a trap, 9Be+ 
ions are confined by means of static magnetic and electric fields and may be stored 
for hours. Unfortunately, the large magnetic field required in such a trap does not per-
mit the operation of the frequency standard at the hyperfine transition frequency of 
1.25 GHz at low field. However, at a magnetic induction B1 = 0.8194 T, the transi-
tion between Zeeman sub levels F = −1 3 2 1 2, ,  and F = −1 1 2 1 2, ,  at a frequency 
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FIGURE 3.56 Ground state and first-excited state of the 9Be+ ion in a magnetic induction B of 
interest in the implementation of a microwave frequency standard at the rf frequency of 303 MHz.



326 The Quantum Physics of Atomic Frequency Standards

ν1 = 303 MHz, as shown in the figure, can be used as the clock transition. The  frequency 
depends quadratically on the magnetic induction as:
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In the approach used at that time, the ions are first cooled and optically pumped by means 
of a 313 nm narrowband source tuned to the 2 1 2

2
3 22 3 2 1 2 3 2 3 2S PF = − − − −→, , ,  

transition. The 313 nm radiation is obtained by generating a second harmonic of 
the output of a single mode cw dye laser. The optical pumping process is somewhat 
unusual in that the other weak transitions are pumped by the 313 nm radiation on their 
Lorentzian wings and the atoms, due to different states transition probabilities, are 
finally optically pumped into the 2S1/2 (–3/2, –1/2) state although atoms in that state 
are driven to the excited state at the highest rate (Itano and Wineland 1982). A mix-
ing of the F = −1 3 2 1 2, ,  and F = − −2 3 2 1 2, ,  ground states is done by means of 
radiation at 23.9 GHz, transferring half the population of the optically pumped state 
F = − −2 3 2 1 2, ,  to state F = −1 3 2 1 2, , . This process is essentially an electron 

spin flip. The detection of the clock transition frequency n1 is then done by exciting 
the F F= − → = −1 3 2 1 2 1 1 2 1 2, , , ,  transition and then measuring the effect on 
the fluorescence created by the cooling radiation. The optical preparation, cooling 
and pumping is pulsed, being turned off during interrogation at the clock frequency 
n1. The interrogation is done by means of short Ramsey pulses separated by 19 s. The 
central Ramsey fringe has a width of 25 mHz giving a line Q of 1.2 × 1010. In the sys-
tem developed, the main residual frequency shift was the second order Doppler effect 
evaluated to be –3.8 × 10–13 with an uncertainty of 9 × 10–14. Using a passive H maser 
as reference, the frequency was measured to be n1 = 303,016,377.265070(57) Hz. 
A fractional frequency stability of sy(τ) ≃ 2 × 10–11 τ–1/2 for 400 s < τ < 3200 s was 
measured (Bollinger et al. 1985).

Unfortunately, in order to eliminate the Stark effect (light shift) caused by the 
cooling radiation at 313 nm, the laser needs to be turned off during interrogation 
of the clock transition at 303 MHz. During that period of interrogation, the atomic 
ensemble heats up to temperatures of the order of 20 to 30 K causing an increase 
of the second order Doppler shift, which limits the accuracy of the clock (Bollinger 
et al. 1985). For this reason, it was proposed to continuously cool the ions by means 
of so-called sympathetic cooling using an ensemble of Mg+ ions loaded in the trap 
and laser cooled. The Be+ ions ensemble cooled in a first step by means of a pulse 
of 313  nm radiation are then cooled continuously to about 250  mK by means of 
Coulomb interaction with the cooled Mg+ ensemble. The system implemented is 
essentially the same as with a single species but somewhat more complex relative 
to detection of the clock transition. In the system developed, the Penning trap stores 
at the same time 5,000 to 10,000 9Be+ and 50,000 to 150,000 26Mg+ ions. In this 
approach, the first stage of cooling and pumping of the 9Be+ ions are done on the 
transition 2 1 2

2
3 22 3 2 1 2 3 2 3 2S , , ,F = → P  and atoms are pumped by the same 

mechanism described above into state 2
1 2 2 3 2 1 2S F = , , . After the 313 nm cooling 

radiation is turned off, atoms are transferred by means of successive rf p pulses 
to the state F = −1 1 2 1 2, ,  by means of state F = 1 1 2 1 2, , . The frequency of 
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the transitions involved is 321 and 311 MHz, respectively. The Ramsey method of 
 separated oscillatory field is then used to interrogate the 303 MHz clock transition 
with two pulses 1 s long and separated by 100 s. The resonance effect is then detected 
by measuring the number of atoms in state F = −1 1 2 1 2, , . This is done by a simi-
lar process as the one used to populate state F = −1 1 2 1 2, ,  by reversing the order 
of the two rf p pulses used previously and repopulating state F = 2 3 2 1 2, , . The 
313 cooling radiation is then turned back on and the population in that state is then 
detected as a decrease of the Be+ fluorescence when resonance at the clock transition 
is achieved (Bollinger et al. 1991).

The use of continuous sympathetic cooling by means of Mg+ permits long inter-
rogation time leading to a line Q of 6.2 × 1010 for 100 s free precession between 
Ramsey pulses. The frequency stability of a complete system using a passive H 
maser as reference oscillator was measured as 3 × 10–12 t–1/2 for 103 s < t < 104 s. 
Unfortunately, although a low ion temperature resulted from the technique of sym-
pathetic cooling leading to a small second order Doppler shift evaluated to be of 
the order of –1.2 × 10–14, it appeared that a pressure shift cause by residual gases of 
unknown origins in the vacuum system limited the accuracy of the laboratory system 
to 1 × 10–13. Nevertheless it appears that the success obtained with the sophisticated 
approach used in the implementation of such a standard allowed hopes in developing 
further the techniques experimented and in using them in many other cases requir-
ing pulsing approaches.

Along this line of research, it is of value to mention that recently, Cozijn et al. 
(2013) have demonstrated laser cooling of trapped beryllium ions at 313 nm using 
a so-called ridge waveguide diode laser chip operating at 626 nm, which simplifies 
the system. Second harmonic radiation was generated by means of an external cav-
ity containing a nonlinear crystal. That radiation was used for cooling the Be+ ions. 
They detected 600 ions, stored in a linear Paul trap, cooled to a temperature of about 
10 mK. The system could then be used for developing a clock operating in a low 
magnetic field on the hyperfine transition at 1.25 GHz.

3.6.2 113Cd+ and 111Cd+ Ion Trap

Studies of 113Cd+ and 111Cd+ trapped ions atomic clock were initiated at Tsinghua 
University and led to interesting results on the use of those ions for implementing a 
frequency standard (Zhang et al. 2012). The main advantage of those ions, both having 
a nuclear spin I = 1/2 lies in their simple energy level structure, as shown in Figure 3.57.

A linear quadrupole Paul trap was used and a single laser was found sufficient to 
realize laser cooling. The laser radiation at 214.5 nm frequency is produced by means 
of a tunable diode laser with its frequency quadrupled and is used for cooling, pump-
ing as well as detection. The clock frequency is interrogated by means of an applied 
microwave field generated by means of a horn. Pulsed Ramsey technique in the time 
domain was used with pulses length t = 5 ms and time T = 100 ms between pulses. 
The effect of the Ramsey pulses interaction on the population of the ions in the 

2
1 2 1S , F =  is measured through the emitted fluorescence and detected by means of 

a photomultiplier tube. The frequency of the clock transition for both isotopes was 
measured against a Cs clock calibrated with an accuracy of 5 × 10–13. The results are
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nhs (113Cd+) = 15,199,862,855.0125(87) Hz.
nhs (111Cd+) = 14,530,507,349.9(1.1) Hz.

Based on the results obtained, work was initiated on the implementation of a trans-
portable frequency standard using 113Cd+ (Zhang et al. 2014). The clock’s measured 
frequency stability was better than 1.7 × 10–12 τ–1/2 for averaging times above 100 s 
thus reaching 2.3 × 10–14 at 4000 s.

3.6.3 171yb+ laser-cOOled micrOwave Frequency standard

The 171Yb+ ion has raised considerable interest for the implementation of a micro-
wave frequency standard. The advantages of this ion originate from low Doppler 
shifts associated with its large mass, its simple ground-state levels structure, the ion 
having a nuclear spin I = 1/2, and its relatively large hyperfine transition frequency, 
12.6 GHz. The lower manifolds of energy levels of interest are shown in Figure 3.58. 
The optical transition at S1/2 → P1/2, l = 369.5 nm used for cooling and detection 
can be accessed by frequency-doubled lasers. Atoms that decay to the D3/2 state are 
re-pumped to the cooling cycle by means of radiation generated by a diode laser 
at 935 nm. A microwave frequency standard based on that ion has been developed 
at National Measurement Institute, Australia (Warrington et  al. 2002; Park et  al. 
2007). A linear Paul trap was used to store the ions. In their case, laser cooling was 
accomplished by means of a frequency-doubled titanium-doped sapphire laser. That 
radiation was also used to prepare and probe the population of the ground state. 
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FIGURE 3.57 111Cd+ and 113Cd+ relevant energy levels and transitions for implementing 
a microwave frequency standard with a clock transition frequency of either 15.2  GHz or 
14.5 GHz.
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The system used Ramsey’s technique of separated pulses in the time domain with 
microwave pulses length τ = 400 ms and time between pulses T = 10 s. The clock 
transition frequency was measured with an accuracy of 8 parts in 1014, limited by the 
homogeneity of the magnetic field.

A small clock using that ion was also realized at Sandia National Laboratories 
(Schwindt et al. 2009). It was implemented as a highly miniaturized trap. The 
package contains the ion trap, a Yb source, and a getter pump. The Yb source 
is constructed from a micro-machined silicon hotplate that has Yb evaporated 
onto the surface. The ion trap is a linear rf Paul trap in an octupole configura-
tion having dimensions of a few millimetres. The low-power light sources for 
state detection at 369 nm and for photoionization at 399 nm are provided by a 
frequency-doubled vertical external cavity surface-emitting laser (VECSEL). 
The long-term frequency stability was of the order of 10–14 for an averaging 
time of one month.

APPENDIX 3.A: FREQUENCY STABILITY OF AN ATOMIC FOUNTAIN

Analysis of the frequency stability of the classical room temperature frequency stan-
dards was done in detail in Volume 2 of QPAFS (1989). We wish to repeat the exer-
cise in the case of the fountain, which is different since it operates in a pulse mode. 
The frequency lock of a reference oscillator that provides the microwave interroga-
tion signal in the fountain is done in a similar way as in the case of the 199Hg+ stan-
dard using a Paul trap. In that case, optical pumping is used to invert the population 
and resonance is detected by means of the fluorescence that is altered when transi-
tions are excited at the hyperfine frequency. The interrogation microwave radiation 
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is provided by a quartz crystal oscillator multiplied to the hyperfine frequency of 
the mercury ion (40 GHz). The frequency of the oscillator is locked to the atomic 
resonance in a digital process. The interrogation frequency is switched alternatively 
to each side of the resonance line by ±ωm, approximately one half the line width. 
The fluorescence photons emitted by the ensemble of ions are then counted for both 
frequencies. The difference in photons number for ±ωm is a measure of the detuning 
of the average interrogating frequency from the centre of the resonance line. This 
signal is then used to lock the average frequency of the reference quartz crystal oscil-
lator to the centre of the resonance line. The frequency stability analysis is done on 
the basis that the counting of N photons is characterized by fluctuations ΔN resulting 
in noise at the detector.

The same kind of analysis can be done for the case of the fountain, the main 
difference being that the fountain is not continuous and the resonance line is 
observed through the Ramsey interference technique creating fringes. We provide 
in Figure 3.A.1 a graphic representation defining the various parameters used in the 
frequency locking technique.
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FIGURE 3.A.1 Identification of the various parameters used in the analysis done for estab-
lishing the frequency stability of the fountain.
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The central Ramsey fringes has a shape given by Equation 1.1 in which we set the 
phase F equal to zero and assume the power of the applied microwave field to be adjusted 
such that bτ π= 2, an optimum value making sin bτ = 1. The number of fluorescence 
photons counted by the detection system for one ball traversing the system is thus;

 
N N n Tc d o Rph at ph= + 

1
2

1ε ε cos( )Ω  (3.A.1)

where:
Nat is number of atoms in the ball traversing the cavity and evaluated by means of 

fluorescence photons counted at the detector
nph is the number of fluorescence photons emitted per atoms
ec is the collection efficiency of the optical system
ed is the photodetector efficiency

These parameters can be condensed into a single parameter called n nd c d= phε ε . We 
note that at resonance, at the maximum of the fringe we have:

 N N nM c dph at ph, = ε ε  (3.A.2)

The frequency of the interrogating oscillator is modulated at frequency ωm, approxi-
mately one-half the fringe line width. Its frequency is:

 ω ω ω ω± = + ±M m∆  (3.A.3)

where:
ωM is the frequency of the fringe maximum
Δω is the small detuning of the oscillator from the fringe maximum

The passage of the cloud of atoms in the cavity during their free flight may be rep-
resented as the application of two successive microwave pulses of length tR, on each 
side of the resonance line. They are separated by a time TR, which is much larger 
than tR. The number of photons counted on each side of the fringe is:

 N N Nmph ph osc ph
+ += + +( )ω ω δ  (3.A.4)

 N N Nmph ph osc ph
− −= − +( )ω ω δ  (3.A.5)

where:
δNph

+  and δNph
−  are noise components in the detected photon flux

In practice the servo loop makes the average interrogating oscillator frequency 
very close to the hyperfine frequency and Δω is very small. Due to the symmetry 
of the fringe, the difference in incident fluorescence photons counted is essentially 
given by

 N N N Nph ph ph ph
− + − +− = −δ δ  (3.A.6)
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and for Δω very small we may write:
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The factor 2 is introduced because a small change in Δω of the interrogating fre-
quency produces a change of photon flux of 2ΔI, each side of the fringe having 
opposite slopes. Fluctuations in fluorescence photons δNph

+  and δNph
−  may then be 

interpreted as causing small frequency changes or fluctuations Δω of the resonant 
frequency. Equation 3.A.7 may then be written as:
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The fluctuations δNph
±  being observed at different times are not correlated. Since they 

are added in the counting, they simply add up. This equation may be written as:
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In order to continue the calculation we need the derivative of the photon flux reach-
ing the detector region as a function of applied frequency. This is readily calculated 
from the fringe shape given by Equation 3.A.1:
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where: 
Nph,M is the number of photons detected at the maximum of the fringe given by 

Equation 3.A.2 
TR is the time between the two transits (up and down) of the atomic ball in the 

cavity

Equation 3.A.9 may thus be written as:
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where:
Ql is the line Q of the central fringe used in the servo-locking system

We must realize that the system is pulsed, atomic balls being prepared and sent up at 
a rate of the order of one per second. On the other hand, the system requires at least 
two balls to obtain an error signal driving the frequency-locked servo. Consequently, 
the analysis must be understood as being valid for averaging periods longer than that 
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pulsation period. Fluctuations on both sides of Equation 3.A.11 can be interpreted 
as root mean square values, and defining y = dω/ω, we may write the fluctuations in 
terms of spectral densities and we obtain the general expression:
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We thus need to evaluate δN( )2
 for the various types of noise enumerated in the main 

text. On the other hand, the physical processes generating noise in the fountain are 
white frequency noise and in that case the two-sample variance can be written as:

 
σ τ τy oh2 11

2
( ) = −  (3.A.13)

where:
ho, assuming SdN independent of frequency, is Sy

We examine various types of noise present in the fountain.

3.a.1 shOt nOise

Fluorescence photons emitted by the atoms in the detection process originates from 
spontaneous emission, a random process. The number of emitted photons per atom, 
nph, is random and fluctuates with time. This is a statistical process and is generally 
called shot noise. The spectral density of the fluctuations in the photons number at the 
detector is then equal to 2Natnd (QPAFS 1989). However, after the second cavity, when 
the frequency of the interrogating radiation is tuned to ±1 2 the fringe linewidth, the 
atoms are found in a superposition state and only half of the total number of atoms in 
the ball make transitions and thus contribute to noise. The spectral density of noise is 
thus SdN = Natnd. At the maximum of the fringe, where the interrogating microwave is 
tuned to atomic resonance, the atoms have made a complete transition and are found all 
in the same state. In that case, the number of photons that are detected is Nph,M = Nat nd.

The fountain operates in a discontinuous way by sending atomic clouds or balls 
of atoms up in a free flight and the actual number of photons counted is a function 
the cycling process taking place. As shown in Figure 3.A.1, Tc is defined as the cycle 
time of the cloud, including cooling, trapping, launching, preparation, interrogation, 
and detection. The analysis just made makes sense for averaging times τ longer that Tc 
and the average number of atoms reaching the detector per cycle produces a number 
of photons equal to Nat nd/Tc. At the top of the fringe, this is effectively the number of 
atoms detected as having made a complete transition and we have Nph,M = Natnd/Tc. 
When these considerations are taken into account, Equation 3.A.12 becomes
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This is white frequency noise and the two sample variance σ τy
2( ) of shot noise 

becomes:
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an expression often quoted in the literature under various forms.

3.a.2 quantum prOjectiOn nOise

As described in the main text, this type of noise originates from the probabilistic 
nature of quantum mechanics. It is present in the fountain because the interroga-
tion radiation is tuned at ±1 2/  a line width from resonance where the atoms are 
in a superposition state. Let us analyze the behaviour of one atom in such a state 
and exposed to an electromagnetic field. Assume this atom has an energy level 
structure as in Figure 3.A.2. The two lower energy levels are Zeeman sub-states 
called u1  and u2  with energy E1 and E2. An electromagnetic field with a fre-
quency close to resonance is applied to the atom. It may excite transitions between 
those levels and is characterized by a Rabi frequency b. The state of the atom is 
described by:

 Ψ = +c u c u1 1 2 2  (3.A.16)

A laser can be used as a probe to verify in which of the two ground levels the atom is. 
This is done by means of the fluorescence as in the case of the fountain. We assume 
that the transition u u2 3→  is cyclic and the atom falls in level E2 when decaying 
by spontaneous emission. With the detection laser off, such a system can be solved 
exactly for the coefficient c1 and c2 of the wavefunction (QPAFS 1989). Assuming as 
initial condition, c2 = 0 and c1 = 1 at t = 0 one obtains:
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FIGURE 3.A.2 Representation of the Zeeman states of an atom exposed to a radiation field 
creating transitions with characteristic Rabi frequency b.
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where:

 
Ω = −( ) + ( )
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and

 Ωo o= −( )ω ω  (3.A.20)

Thus the probability of finding the atom in either state is given by:
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This solution is normalized and gives

 c c1
2

2
2

1+ =  (3.A.23)

On the other hand, at resonance ω = ωo and

 
p c bt2 2
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= = sin  (3.A.24)

and the probability of finding the atom in level 2 is unity for bt = p. Thus if the 
microwave radiation is applied for a time t equal to b/p the atom is found with prob-
ability equal to 1 or certainty in level E2. In magnetic resonance this is called a p 
pulse. If bt = p/2, then p1 = p2 = 1/2 and there is equal probability of finding the 
atom in either state. If the atom has been placed in state E2 by means of a p pulse, 
the detecting laser will excite it to state u3  or level E3. The atom will then decay 
spontaneously to level 2 and emit a photon. The outcome of the measurement can be 
predicted with certainty. In the second case, when a p/2 pulse is applied, the excita-
tion of the atom by the laser cannot be predicted with certainty. It is characterized 
by a probability. Actually, we can say that when the laser radiation interacts with the 
atom, the atom state vector is projected into one of the two states and the process is 
random. This is a feature of quantum mechanics that we cannot escape. The process 
is also called wavefunction collapse. As in all random processes, fluctuations are 
created in the number of atoms being detected by means of fluorescence photons 
and they appear as noise in the detection process. The phenomenon has been called 
quantum projection noise (Itano et al. 1993). It contributes to the spectral density of 
noise in Equation 3.A.12 above. Our reasoning has been done in the context where 
one single atom is used. However, the process can be applied to a large number of 
atoms, Nat, that are not correlated. The situation is similar to that in which the single 
atom is excited Nat times.

In the case of the fountain, the situation is very similar. At the maximum of the 
fringe the atoms are in one of the two states, depending on the excitation process. 
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They are found with certainty in one of those two states and there are no fluctuations. 
However, in order to provide an error signal for the servo system we interrogate the 
atoms at half the line width of the Ramsey fringe. According to Equation 3.A.16, 
there is equal probability of finding the atoms in either hyperfine states of the ground 
state. In that case, quantum projection noise is a maximum.

Let us analyze the situation with a single atom and calculate the variance of the 
random quantum projection process. We define a projection operator P u u2 2 2= . 
Its expectation value is readily calculated from Equation 3.A.16 as P C p2 2

2
2= = , 

which is the probability of finding the atom in state u2 . It is also readily shown that 
the application of P2 twice leads to
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The variance of the quantum mechanical projection, corresponding to a measure-
ment, may be calculated as follows:
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Using property given by Equation 3.A.25 we obtain:

 ∆P P P2
2

2 2
2( ) = −  (3.A.28)

or in terms of state probability;

 ∆P p p2
2

2 21( ) = −( )  (3.A.29)

The fluctuations in the number of atoms making the transition due to quantum pro-
jection noise is thus:

 ∆N N p pQN( ) = −( )2
2 21at  (3.A.30)

This is 0 for p2 = 1, the atoms being all in state u2  or p2 = 0 all atoms being in state 
u1 . In the case p2 = 1/2, this gives quantum mechanical fluctuations equal to Nat/4. 
These are fluctuations in the number of atoms that have made the transition. This is 
reflected in fluctuations in the number of photons as observed at the detector, which 
is then given by:
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Using the same approach as in the case of shot noise we interpret these fluctuations 
as contributing to the spectral density of the noise affecting the frequency stability 
of the fountain. We average over on cycle and obtain:
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APPENDIX 3.B: COLD COLLISIONS AND SCATTERING LENGTH

In QPAFS, Volume 1 (1989), we have presented an analysis of the effect of colli-
sions in the context of spin-exchange interactions between alkali and H atoms. The 
analysis was presented in both approaches, semi-classical and quantum mechanical. 
An important concept introduced in the quantum mechanical approach is that the 
collision of two atoms could be represented as the diffusion of a fictitious particle 
with kinetic energy
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where:


k  is the wave vector of the fictitious particle of reduced mass m having momentum � �
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This particle evolves in an effective potential given by:
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where:
m is the reduced mass of the two colliding particles
R is the distance between the two atoms
Us,t is the potential of interaction of the two particles forming either a singlet or 

a triplet state

The second term of the expression acts as a centrifugal barrier created by the rela-
tive motion of the two atoms with l being the order of the Legendre polynomial Pl, 
which is a solution of Schrödinger’s equation for the two possible singlet and triplet 
potentials leading to partial waves identified by the quantum number l. The analysis 
shows that the collision creates a phase shift hl in the radial part of the wavefunction, 
a phase shift that is proportional to the potential difference (Us – Ut). The collision 
cross sections in Equation 3.51 are defined as the flux of atoms per unit area in a 
given direction divided by the incident flux. Calculation then shows that:
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In order to determine the actual cross sections, knowledge of the phase shift hl is 
thus required. This phase shift is function of the form of the two potentials created 
in the formation of the triplet and singlet states upon collision. However in the foun-
tain, the temperature of the atoms in the ball is very low and only S waves (l = 0) 
contribute to the cross sections. In that context, a parameter called the diffusion 
length a is defined as:
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Equation 3.51 can be written as:
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G being the broadening of the resonance line, while Δn is the frequency shift, func-
tions of the cross sections s and l. These cross sections can be expressed in terms 
of that diffusion length and a calculation assuming that the atoms are distributed 
among all levels j of the ground state then shows that the broadening and the fre-
quency shift are given by:
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where:
nj is the density of atoms in level j

The problem is thus one of calculating the diffusion length from the potentials. 
Calculations then show that for a temperature of 1 mK and a density of 109/cm3, the 
shift in Cs is of the order of –17 × 10–13 while in Rb it is of the order of 1.2 × 10–13, 
making clear the advantage of the Rb fountain relative to the Cs fountain in that 
regard (Kokkelmans et al. 1997).

APPENDIX 3.C: OPTICAL ABSORPTION OF POLARIZED 
LASER RADIATION INCLUDING OPTICAL PUMPING

This appendix concerns optical absorption spectra of the cell used in the CPT pas-
sive approach experiments described in the main text. The level structure of the 
lower manifold of 87Rb pertinent to the present discussion is shown in Figure 3.C.1. 
The absorption spectra under various conditions are shown in Figure 3.C.2. The 
spectra are obtained for two light intensities and two polarizations, linear polariza-
tion propagating in the direction of the magnetic field, called s, and circular polar-
ization, s+ (or s–). As is clearly observed in that figure there is a drastic change in 
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behaviour in passing from linear polarization to circular polarization. Absorption 
through transition a is considerably reduced under circular polarization. Transition 
probability between the various Zeeman sublevels cannot explain alone this behav-
iour. In fact a summation over all these levels considering appropriate transitions 
gives equal transition probabilities whatever the polarization. The effect can only 
be explained through a detailed examination of the dynamics of the transitions 
causing optical pumping that takes place in the presence of a buffer gas. This is 
shown in Figure 3.C.3 for the case of s+ polarization. As is observed, for transition 
a levels F = 2, mF = 1 and 2 are not connected by the radiation. For transition b, 
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FIGURE 3.C.1 Lower levels P1/2 and S1/2 of the 87Rb atom. The numbers in circles are transi-
tion probabilities summed over the Zeeman sublevels of each manifold.
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FIGURE 3.C.2 (Experimental) Absorption spectrum of a 87Rb cell under linear polariza-
tion (s) and circular polarization (s+). The laser is not modulated. The absorption lines are 
identified by a, b, c, and d corresponding to the transitions shown in Figure 3.C.1. The absorp-
tion spectrum is shown for two light intensities of 21 mW (2.11 V) and 34 mW (3.42 V) incident 
on the cell.
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only level F = 2, mF = 2 is not connected. Atoms excited to the P state decay to 
all levels equally due to collisions with the buffer gas and are trapped in these 
levels. This effect is essentially an optical pumping process (Vanier et al. 1982b). 
Decay from the excited state takes place at rate Γ*

 (~109 s–1), while equilibrium in 
the ground state is re-established through relaxation at rate g1 (~103 s–1). There are 
thus a large number of atoms trapped in these levels and they no longer contribute 
to absorption.

The situation for transitions c and d originating from level F = 1 is different, as 
is seen in Figure 3.C.3. Only level F = 1, mF = 1 can act as a trap for transition c. 
However, in all cases the other hyperfine level not involved in the transition can also 
act as a trap. The only difference between the two cases is related to the number of 
trapping levels involved. In the case of s polarization the situation is radically differ-
ent. A similar representation as that shown in Figure 3.C.3 shows that transitions are 
possible from all Zeeman sublevels and there are no trapping levels as in the previous 
case. Optical pumping is possible only to the other hyperfine level not involved in 
the transition.

An analysis can be made of this effect using the tools developed in the present 
text. Since there is only one radiation field present there is no coherence introduced 
in the ground state. Solving Equation 3.111 through numerical integration, we can 
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FIGURE 3.C.3 Manifold of 87Rb lower energy levels used to illustrate the characteristics of 
optical absorption. The numbers attached to the arrow are transition probabilities.
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calculate readily the intensity of the transmitted radiation (square of the amplitude of 
the optical Rabi frequency) at the exit of the cell. The required expression of the opti-
cal coherence is calculated from rate equations similar to the set 2.66 through 2.71. 
In the calculation we assume the appropriate number of trap levels as determined 
from Figure 3.C.3 for s+ polarization, and from a similar one for s polarization. 
We use tabulated values of transition probabilities. This is done for two intensities 
approximating the experimental situation shown in Figure 3.C.2. The result of this 
exercise is shown in Figure 3.C.4.

These results can be compared to the actual measured absorption spectrum of 
laser radiation shown in Figure 3.C.2. It appears that the model developed based on 
optical pumping explains rather well at least qualitatively the experimental observa-
tions. The net effect is a transfer of population from absorbing levels to other levels 
not coupled by the radiation, decreasing considerably the absorption and affecting 
the shape of the overlapping absorption lines. The present results validate to a certain 
extent the four-level model that was used in the calculation outlined above in con-
nection the CPT hyperfine resonance transmission contrast, whose calculation was 
developed in the main text.

APPENDIX 3.D: BASIC CPT MASER THEORY

In a maser, the energy given by the atomic ensemble is dissipated in the cavity walls 
and coupling loop. In a self-consistent approach, for continuous oscillation, it is 
required that the power emitted by the atoms equals the power dissipated in the 
 cavity. The power dissipated in the cavity is given by (Collin 1991):

25 50 75 100 125 150

2 × 1012

4 × 1012

6 × 1012

8 × 1012

1 × 1013

1.2 × 1013

1.4 × 1013

1.6 × 1013
ω

2 R

σ+ pol.

σ+ pol.

σ pol.

σ pol.

Ω

FIGURE 3.C.4 Calculated absorption spectrum (D1) by a cell containing 87Rb and a buffer 
gas for two values of the intensity of a monochromatic laser radiation corresponding approxi-
mately to those used in the case of Figure 3.C.2. The constants assumed in the calculation are 
α = 2.1 × 1011 m–1 s–1 and G* = 2 × 109 s–1.
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where:
QL is the loaded quality factor of the cavity
mo is the permeability of free space
ω is the angular frequency of the oscillating magnetic field H(r) in that cavity

This expression can be written in terms of the Rabi angular frequency b as:
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and h′ is the filling factor equal to:
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The classical magnetization is coupled to the rf field through Maxwell’s equations. In 
a cavity, the relation is (QPFAS 1989):
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where:
ωc is the cavity angular resonance frequency
Vc is the cavity volume


H rc( ) is the orthonormal cavity field mode


M r t( , ) is the oscillating magnetization created by the coherence in the ensemble

It is given by:

 M Tr Mz = ( )ρ op  (3.D.6)

Here, Mop is the equivalent quantum mechanical operator of the classical magnetiza-
tion. The result is:
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where:
n is the Rb density
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We write H and M in complex form:
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where:
H+ and M+ are complex amplitudes of the field and of the magnetization, 

respectively

We replace these expressions in Equation 3.D.5 and, keeping only the resonant com-
ponent as in the rotating wave approximation used before, we obtain:
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where the off diagonal density matrix element has been written explicitly in complex 
form. Simple algebraic manipulations show that the phase of the field is given by
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making explicit the phase quadrature, close to p/2, between the field and the 
magnetization.

On the other hand, the power given by the atoms can also be obtained from 
Equation 3.D.1 by realizing that the value of H can be written in terms of the mag-
netization by means of Equation 3.D.10. One obtains:
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The energy given by the ensemble compensates for the losses in the cavity. Equating 
Equations 3.D.2 and 3.D.12, and assuming that 2QL(Δωc/ω) is much smaller than 1, 
one obtains the interesting relation between the absolute value of the coherence dm′m 
and the Rabi angular frequency averaged over the interacting atomic ensemble: 

 b k= ′2 δµ µ  (3.D.13)

Equations 3.D.11 through 3.D.13 are those used in the main text.
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4 Optical Frequency 
Standards

Based on our discussion in Chapters 1 and 3, it appears that the field of atomic 
frequency standards is a rather mature field achieving precision and accuracy not 
reached in other fields of physics. However, in science, the challenge is always to 
attempt to do better. This is often driven by curiosity, but also with the hope of 
accomplishing greater precision and accuracy in measurement which may lead 
to verification, to higher levels, of predictions made by theories in parallel fields. 
Agreement with predictions is searched for and generally obtained. When this is 
so, our confidence in our theoretical model of the functioning of the universe is 
increased. However, very often, the results obtained in accurate and precise mea-
surements do not agree with theoretical predictions and leads to a questioning of the 
basic physics that underlie our understanding of the accepted physical laws. This has 
happened quite often in the past. We may cite the expansion of the universe. Based 
on simple laws of attraction or relativistic curvature of the space–time canvas, the 
expansion should slow down. However, precise measurements on the electromag-
netic radiation spectrum emitted by far-off galaxies have shown that the expansion 
actually accelerates with the passing of the millennia. This is totally contrary to 
our basic understanding of the physics involved and we do not yet have an explana-
tion of the phenomenon (Vanier 2011). There are many other phenomena that have 
raised questions and these can often be answered by means of better measurements. 
For example, all our basic physical laws are based on the arbitrary introduction of 
parameters that we call fundamental constants. The actual stability with time of 
those constants is being questioned. Were they created at the same time as the origi-
nal phenomenon that gave birth to our universe, the so-called big bang? Is it not 
possible that these constants have changed since the early days? As we will show 
later, we can answer to that kind of question to a certain level by means of atomic 
clocks. And this level depends on the precision reached with such atomic clocks. If it 
were only for that reason, we would be largely justified to attempt to develop still 
better clocks and reach a higher level of precision. There are, however, many other 
fields, where atomic clocks are used, fields that would profit from better accuracy 
and frequency stability of those clocks. We will outline them later. For the moment, 
following that short introduction on the need for better clocks, we will describe a 
new avenue in fulfilling that goal. 

From the various analyzes and discussions made in Chapters 1 and 3 on atomic 
frequency standards that have been realized in the microwave range of the elec-
tromagnetic spectrum, it should be evident that there are not too many ways of 
improving the frequency stability and accuracy of those particular standards. Many 
approaches have been presented in the Chapter 1 culminating in the Rb and Cs 
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fountains having best characteristics. The precision or frequency stability as well as 
the accuracy achieved in those fountains stand as the best obtained for standards in 
the microwave range. They appear as being limited to:

Frequency stability: σ τ τ( )≈ − −a few 10 14 1 2

Accuracy: ∆ν ν ≈ −a few 10 16

It should be noted that these characteristics are not totally independent of each other. 
It is not possible to determine a resonance frequency in a given atom by averaging 
several measurements with greater accuracy than is possible with the frequency sta-
bility realized at the averaging time at which the measurement is made. Consequently, 
before talking about accuracy, it is important to ensure that the frequency stability of 
the device is at least in the same range as the accuracy that is desired.

In order to identify possibilities of improving on those characteristics, it is best to 
examine first what is at the origin of those limits. Regarding frequency stability, we 
have derived in the case of the fountain an equation that says in a somewhat general 
way that the limit is determined in great part by quantum noise:
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 (4.1)

where: 
Nat is the number of atom contributing to the atomic resonance signal 
Ql is the line Q 
Tc is the cycling time 
τ is the averaging time 

If the frequency stability is limited by shot noise, a similar expression is obtained 
where Nat needs to be multiplied by the fraction of detected atoms contributing to 
the signal. The experimental approach used may limit the number of atoms that it 
is possible to trap and laser cool and consequently not much gain can be made in 
that direction. Even if it is possible to increase the number of atoms, a lowering in 
accuracy may result since a larger number of atoms may introduce a frequency shift 
caused by atom–atom interaction that is often difficult to evaluate as was shown in 
the case of the Cs fountain.

In principle, the line Q can be increased enormously since it is the ratio of resonant 
frequency to resonance linewidth. Thus, reducing the linewidth could be an approach. 
However, this approach may not be possible in the microwave range. In the case of 
the fountain, for example, the free time of the atomic ball between its passages in the 
microwave cavity could be increased by using a larger launching speed. The time dur-
ing which the ball is in free flight would be increased and the line width would then be 
reduced. However, the expansion of the atomic ball in its path due to a residual speed 
of the atoms would decrease the number of atoms penetrating the microwave cavity 
on its second passage. This would of course reduce the signal (number of atoms Nat) 
and thus the short-term frequency stability. It appears that a cycling period of ~1 s is 
optimum, resulting in a line width of ~1 Hz and a line Q of ~1010.
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On the other hand, if an atomic resonance at a frequency of 400  THz, for 
 example, were used and if its resonance line had the same width as in the case of 
the fountain, a line Q of ~4 × 1014 would result. This would give a line Q ~ 40,000 
times larger than in the case of the fountain. The resulting frequency stability, σ(τ), 
according to Equation 4.1 would then increase by a large factor. However, this is 
possible only at the condition that a laser emitting radiation, with high spectral 
purity, is available. A frequency of 400  THz is in the optical range. This is the 
avenue that has been taken in the development of new atomic frequency standards 
in the last few decades.

4.1 EARLY APPROACH USING ABSORPTION CELLS

Early in the development of lasers at optical frequencies, it was realized that their 
mode of operation was radically different from other atomic oscillators, such as 
H and Rb masers. In those last cases, the frequency is determined primarily by the 
hyperfine resonance frequency of the atomic ensemble, which is largely independent 
of external perturbations. The frequency of the microwave cavity that allows oscil-
lation does influence slightly the output frequency of the masers, but its effect is 
attenuated by a factor of the order of 105, because the Q of the resonance line is much 
larger than the cavity Q. In the case of lasers, operating at optical frequencies, the 
situation is reversed. The frequency is primarily determined by a high finesse opti-
cal cavity (Fabry–Perot cavity), which is required for oscillation and which selects 
a given frequency out of the possible Doppler broadened emission spectrum of the 
atomic ensemble providing the gain for oscillation. Consequently, the output fre-
quency is a direct linear function of the tuning of the FP cavity. The laser is not 
by itself an accurate or stable frequency standard since its frequency depends on a 
mechanical structure.

We have described in QPAFS, Volume 2 (1989), and in Chapter 2 various meth-
ods of frequency stabilization of a laser cavity. One has to make use of an atomic 
reference and use the laser beam as interrogating radiation to be stabilized on a 
particular narrow resonance of the atomic reference. We need, however, in all 
cases to use narrow resonance lines and, in particular, to get rid of Doppler effect. 
One technique consists in placing a cell containing an atomic ensemble resonat-
ing at a given frequency within the range of oscillation of the laser and providing 
a narrow optical line that can be used as a reference. This is generally done by 
means of the technique of saturated absorption, cancelling first-order Doppler 
effect and leading to a line width of the order of one MHz or so, actually the 
natural line width of the transition used. Consequently, a line Q of the order of 108 
is obtained. Another technique that has also been developed consists in using an 
atomic beam combined with Ramsey’s interrogation technique, using two retro-
reflected laser beams creating a standing wave. The technique is complicated by 
the fact that the atomic beam has necessarily a width larger than the wavelength 
of the radiation emitted by the laser to be stabilized. This complication can be 
addressed by using several laser beams either as standing or travelling waves or 
still, in the case of long wavelengths, using masks to orient in space parts of the 
reference atomic beam in regions where the laser beams have the same  phase. 



348 The Quantum Physics of Atomic Frequency Standards

Resonance line widths in the range of 5 kHz are observed leading to a line Q at 
best of the order of 1010.

Doppler effect can also be cancelled by using counter-propagating waves exciting 
so-called two photon Doppler-free transitions. That last technique was applied to 
mercury ions, 198Hg+, in a Paul trap at room temperature exciting so-called quadru-
pole transitions 2

1 2
2

5 2S D→  at 281.5 nm (Bergquist et al. 1985). The 2
5 2D  state is 

metastable and its lifetime is about 0.1 s. A line Q larger than 1014 thus appears to 
be feasible. The characteristics of the transition were measured by monitoring the 
fluorescence of the resonance transition 2 1 2

2
1 2S P→  excited by coherent radiation at 

194 nm. This is the so-called double resonance technique used extensively in micro-
wave frequency standards, which we have described earlier. Unfortunately, the line 
width measured was of the order of 420 kHz limited mainly by the spectral width of 
the lasers used in the experiment. Thus, that technique shows little gain when com-
pared to the microwave standards that use sources for interrogation with very narrow 
spectral lines. However, it provided the basis for future development using lasers 
with better characteristics, laser cooling, trapping, and the technique of  shelving to 
be described below.

The approaches just mentioned have been described in some detail in QPAFS, 
Volume 2 (1989), and the reader is referred to Section 8.10 concerning the sub-
ject. Unfortunately, the full advantages attached to the use of a higher frequency and 
larger resonance line Q could not be totally exploited in those approaches due to the 
characteristics of the lasers available, the complexity of the devices developed, and 
their sensitivity to environmental perturbations. Frequency stabilities realized with 
those systems were of the same order of magnitude as those obtained in microwave 
standards. In order to obtain better frequency stability, it is thus clear that a totally 
new approach needed to be developed.

As we said several times, Doppler effect is the phenomenon that must be cancelled 
at all costs or at least reduced to a level that is negligible compared to other pertur-
bations. Consequently, approaches in which Doppler effect at optical wavelength is 
inhibited needed to be developed and used. Furthermore, narrow lines in the optical 
range needed to be identified and exploited. This requires the use of atoms with a 
pair of levels having a very long lifetime in order to achieve narrow line widths. We 
will now address that question.

The amount of work that has been dedicated to this subfield in the last few decades 
is tremendous and the success that has resulted from that work is astonishing. A fre-
quency stability reaching the level of 10–18 at an averaging time of 10,000 s has been 
realized and an accuracy close to that value has been accomplished. Such results 
open the door to new experiments in basic physics, which were not even dreamed of 
a few decades ago.

The number of scientific and review articles that have been published on the sub-
ject is extremely large. We will not detail all the optical clock systems that have 
been constructed and their specific particularities. We will rather outline the basic 
principles involved, describe a few basic systems and provide a summary of the 
results obtained with most interesting ions and atoms in particular experimental 
configurations.



349Optical Frequency Standards

4.2 SOME BASIC IDEAS

In the microwave range we have found that one way of getting rid of Doppler effect 
is by means of limiting the motion of atoms during the time of interaction with the 
interrogating radiation to regions smaller than a wavelength, that is to say using the 
so-called Lamb–Dicke technique. The condition can be readily fulfilled in a buf-
fer gas or a mechanical structure of small dimensions. The same mechanical struc-
ture or buffer gas approach at optical wavelength is not possible due to the shorter 
wavelengths involved and the strong interaction with a buffer gas that broadens the 
resonance lines and shifts their frequency. However, the coupling of techniques such 
as atom laser cooling and trapping open new avenues that make possible the observa-
tion of narrow lines totally unaffected by Doppler effect.

A first condition of course is that we must find atoms for which laser cooling is 
possible. This means that the atom chosen must have a transition from the ground 
state to an excited state with strong transition probability, possibly a cycling transi-
tion to avoid as much as possible optical pumping into a state not connected to the 
cooling laser radiation. Lasers must be available at the frequency of that transition. 
Another condition is that a transition from the ground state with a narrow line width 
must also exist in the energy level manifold of the atom chosen to provide the clock 
reference frequency. Such combined conditions exist for an atom with an energy level 
structure such as the one shown in Figure 4.1. We call it a V energy level structure, as 
opposed to the Λ structure needed for the observation of coherent population trapping 
described earlier. As was mentioned above, such a combination is found in 198Hg+. It is 
also found in several other ions and atoms. The idea behind the choice of such a con-
figuration is the coupling of the clock transition to the cooling transition. In a set up 
using such an atom or ion, cooling is accomplished by means of the strong transition 
1 2→  and fluorescence from spontaneous decay of excited state 2  is monitored. 
If the clock transition 1 3→  is excited, atoms in ground state 1  are driven to state 
3  affecting the level of fluorescence. They stay there for a given time, depending on 
their lifetime in that state. Consequently the clock transition can be monitored directly 
by means of the level of fluorescence originating from transitions 2 1→ .

Of course, state 3  must be a long-lived state in order to have a narrow clock tran-
sition. This is obtained by using an ion or an atom for which state 3  is a metastable 

Cooling
(cycling

transition)

Fluorescence

Clock
transition

1

2

3
Metastable state

FIGURE 4.1 Basic energy level configuration of an atom or ion that is used in the imple-
mentation of an optical frequency standard.
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state. A transition to such metastable state is, quantum mechanically, strictly forbid-
den. However, state mixing from nearby states, or from an applied magnetic field, 
affects the internal symmetry of such metastable states and a weak transition prob-
ability exists. In such cases, the width of the clock resonance line is then of the order 
of 1 Hz or less giving a line Q larger than 1014, a factor of about 104 larger than the 
line Q’s possible in the microwave range.

There are several ways of implementing an optical frequency standard using that 
approach. An elementary technique would consist of using an ensemble of ions or 
atoms cooled in a magneto-optical trapping (MOT). Another technique would use 
the approach proposed by Dehmelt (1975) in storing a single ion in a Paul trap. In 
that last case, collisions between ions would be avoided and, as will be shown below, 
cooling makes Lamb–Dicke technique very effective. The fluorescence detected 
would be that emitted by the single ion at the rate of the order 106S–1 or higher, if state 
2  is, for example, a P state and is driven by the cooling lasers at that rate. Another 

technique could be the storage of an ensemble of atoms in a periodic trap such as a 
lattice formed by means of an optical radiation field in the form of a standing wave as 
described in Chapter 2, the dimension of the wells satisfying the Lamb–Dicke condi-
tion for avoiding Doppler effect. These three techniques have been implemented in 
recent years with the last one using an optical lattice leading to frequency standards 
with accuracy better than that of the Cs fountain and frequency stability reaching a 
few in 10–18 for an averaging time of 10,000 s.

The basic idea in the practical implementation of such optical clocks is illus-
trated in Figure 4.2. The main difference from the implementation of a microwave 
frequency standard is in the detection of the clock resonance line, which is now at 
optical frequencies and is done by means of the so-called shelving technique. We 
will see below how this is done. We have shown also in the figure the presence of a 
frequency divider, called an optical comb. The presence of this device is required 
because there is no way of counting directly optical frequencies by means of stan-
dard electronic devices as is done in the microwave range, these devices having 

Cooling laser
Atoms or ions

in a trapInterrogating
laser

Feedback control

Frequency divider:
optical frequency comb

Counter
or

clock

Detector or
photon counter

FIGURE 4.2 Block diagram making explicit the basic ideas behind the implementation of 
an optical frequency standard.
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limited speeds. The optical frequency comb was invented recently and is now a 
standard tool for connecting optical and microwave frequencies together. We will 
describe its functioning in Section 4.6.1.

4.3 MOT APPROACH

In the MOT approach, an ensemble of atoms is cooled by the technique described 
earlier in Chapter 2, which consists of using an arrangement where six laser radiation 
beams tuned to a wavelength slightly lower than the transition 1 2→  is shown in 
Figure 4.1. A molasses is formed and by applying a magnetic field gradient in a quad-
rupole configuration, a MOT is created. In the case of even isotope alkaline earth 
atoms for which there is absence of ground-state hyperfine structure, the nuclear 
spin I being 0, cooling is done only to the Doppler limit. In practice a temperature 
of the order of 1 mK is obtained in a ball of the order of 1 cm or so in radius. At that 
temperature, a residual atomic velocity of the order of 1  m/s persists. At optical 
 frequencies this corresponds to a frequency shift of the order of MHz with a Doppler 
broadening of that order of magnitude. It is possible to reduce the temperature by 
using a second stage of cooling (Castin et al. 1989). Although in some configuration, 
cooling by means of a second stage can then be done to the recoil limit (Vogel et al. 
1999), various frequency shifts introduce an uncertainty in frequency determination 
to the 10–13 to 10–14 level. The technique has nevertheless been used successfully 
in the preliminary determination of the frequency of the transition of the 1 0

3
0S P→  of 

mercury atom (Hg). The result was used for implementing an optical lattice type of 
optical frequency standard to be described later (Petersen et al. 2008). Similar mea-
surements were done on the Strontium (Sr) atom using a MOT approach (Courtillot 
et al. 2003). On the other hand, a functional frequency standard using a free expand-
ing MOT approach has been implemented using Ca (Oates et al. 1999, 2006). The 
lower energy levels of Ca are shown in Figure 4.3.

The system works as follows: It uses essentially a free expanding MOT that is 
created in the way described in Chapter 2. Atoms are loaded in the MOT from a 
Zeeman slowed beam and cooling is done on the transition 1

0
1

1S P→  at 423  nm. 
Roughly about 107 atoms are loaded in 3 ms in a volume of about 1 mm3 and are 

5s5p1P1

423 nm
(cooling transition)

Γ = 2.1 × 108
657 nm

(clock transition)
Γ = 2.5 × 103 s−1

4s4p 3P1

4s2 1S0

4s4p 3P2

40Ca

4s3d 1D2

4s4p1P1

672 nm
(repump)

4s4p 3P0

Fluorescence

FIGURE 4.3 Lower manifolds of energy levels of interest of the 40Ca isotope used as the 
heart of a frequency standard in the optical range.
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trapped at a temperature of the order of 2  mK. Atoms that decay to the D state 
during cooling may be pumped back to the cooling cycle by means of radiation at 
672 nm. Temperature can also be reduced by means of second-stage cooling tech-
niques (Binnewies et al. 2001; Curtis et al. 2001). The MOT is interrogated by means 
of a probe radiation field consisting of Bordé–Ramsey pulses in which two pairs of 
pulses separated by a period T with a frequency near the clock transition at 657 nm 
are sent on the atomic ensemble from opposite directions. The dark period between 
the pairs is 3 μs. The probing radiation originates from a laser stabilized on an ultra-
low expansion (ULE) cavity with a finesse of the order of 200,000. The line width 
of the radiation using cavity drift compensation may be of the order of 1–2 Hz when 
measured on a short timescale of 4 s. During interrogation of the clock transition, all 
lasers are turned off and the MOT is free expanding. The signal is detected by means 
of the effect of transitions 1

0
3S P1→  on the fluorescence at 423 nm. The timescale 

involved in the cooling-interrogation-detection cycle is of the order of 3 ms, more 
than 100 times shorter than in the case of the fountain. Due to that short period, the 
atoms of the original MOT can be reused for the following cycle. Furthermore, such 
a short time cycle helps in reducing the effect of drifts of the high finesse cavity used 
for stabilizing the clock laser and reduces the so-called Dicke effect that affect fre-
quency stability of the system when the interrogation cycle contains long dead times.

Such a clock was implemented as a complete system and was compared to an opti-
cal lattice clock based on the Yb atom to be described below (Oates et al. 2006). The 
comparison was done by means of an optical frequency comb also to be described 
below. The frequency of that comb was locked to the Yb lattice clock. Such a com-
parison and measurement showed a frequency stability of 5 × 10–15 τ–1/2 for the com-
bination. It may be mentioned that Mg was also proposed and used for implementing 
an optical clock using a similar free expanding MOT approach (Keupp et al. 2005).

However, in the light of parallel developments, it appeared that the two other 
approaches, using single ion storage by means of a Paul trap and atom trapping by 
means of an optical lattice showed greater promises regarding accuracy and fre-
quency stability. We will now describe those approaches.

4.4 SINGLE ION OPTICAL CLOCKS

4.4.1 The ConCepT

The use of ions in a Paul trap has been rather successful in the implementation of 
atomic microwave standards as described previously. Stability and accuracy in the 
range of 10−13 were realized. Still better results were obtained with a linear trap. 
However, frequency stability and accuracy in the microwave range using an ensem-
ble of ions in a trap appears to be limited by the strong Coulomb interaction taking 
place between the ions themselves and the low quality factor possible for the clock 
transition at that frequency. It appears, however, that the use of ions at optical fre-
quencies offers another avenue with promises regarding line Q and little perturbing 
interaction from the outside world.

One main idea is to get rid of ion-ion interaction by using a single laser-cooled ion 
in a Paul trap. In such a situation, the ion can almost be considered at rest isolated 
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from the environment. In order to implement such an optical frequency standard, 
ions with an energy level structure as shown in Figure 4.1 are preferred. In the first 
proposal, a Tl+ ion was suggested as candidate (Dehmelt 1973). Many other ions can 
be used. One main difficulty of course is the availability of lasers at the appropri-
ate wavelength in order to cool and interrogate the ion at their resonance frequency. 
Since the clock transition is very narrow, an interrogating laser with a very narrow 
spectral width is required. In the microwave, that condition was realized through 
the use of high quality quartz crystal oscillators, with frequency multiplied to the 
desired value. Quartz crystal oscillators are known to have very high spectral purity. 
In extreme cases even cryogenic oscillators could be used. In the case of optical fre-
quencies, in order to observe the very narrow line of the clock transition, lasers need 
to be stabilized to a cavity with very high finesse. The goal is to reduce their spectral 
width as was mentioned above in the case of the MOT implementation of an optical 
frequency standard.

A list of ions of interest is given in Table 4.1 along with the appropriate wave-
lengths and natural line width of the possible clock transitions. These ions belong to 
various columns of the table of elements, such as 2a and 3a and even from the rare 
earth group. They are chosen mainly because their energy level structure satisfies the 
condition made explicit in Figure 4.1.

In order to illustrate the operation of such a clock, we choose the example of 
an ion such as 199Hg+ which was used early in the development of such standards 
(Tanaka et al. 2003). The ion has a nuclear spin 1/2 and the energy level structure of 
its lower states of interest is shown in Figure 4.4. Due to its nuclear spin, such an ion 
has a hyperfine structure. It is the one that was studied in Chapter 1 in the description 
of a microwave standard in a Paul trap and in a linear trap exploiting the hyperfine 
resonance frequency in its ground state at 40 GHz. That ion has a lifetime of about 
2 ns in state P1/2 while in state D5/2 it has a lifetime of about 90 ms. State 2D5/2 is a 
metastable state and the transition 2

1 2
2

5 20 0 2 0S DF F, , , ,F m F m= = → = =  is 
called a quadrupole transition. The natural line width of such a transition is thus of 
the order of 2 Hz. The transition frequency being 1.06 × 1015 Hz, the theoretical line 
Q is 5 × 1014.

The ion, of charge q and mass m, may be stored in a miniature radio-frequency 
(rf) Paul trap of the type illustrated in Figure 4.5 with a ring electrode internal radius 
ro and the distance zo between the end caps of the order of mm or less.

The rf trapping frequency may be of the order of 20 MHz with peak voltage of 
about 700 V. The whole structure may be cooled at cryogenic temperatures (liquid 
He) in order to improve vacuum and avoid collisions with background residual gas. 
In such an arrangement, ions may be created from a vapour background by means 
of a weak electron beam or still in some cases by photo-ionization, of which one 
single ion is captured by the trap. The trap has a secular frequency between 1.2 and 
1.5 MHz and in general an ion can be maintained in place for long periods exceed-
ing hundreds of days. The cyclic transition 2

1 2
2

1 21 0S P, ,F F= → =  at 194 nm is 
used for cooling. This frequency is obtained by means of multiplication from longer 
wavelength lasers, in a particular case, by so-called sum-frequency generation using 
a beta-barium borate (BBO) crystal (Tanaka et al. 2003). Due to off resonance 
interaction, the ion may be excited to level 2

1 2 0S , F =  resulting in optical pumping 



354
Th

e Q
u

an
tu

m
 Ph

ysics o
f A

to
m

ic Freq
u

en
cy Stan

d
ard

s

TABLE 4.1
Characteristics of Ions of Interest That Can Be Used for Implementing a Double Resonance Optical Frequency Standard

Ion
Nuclear 
Spin I

Cooling Transition 
and Wavelength

Clock Transition 
and Wavelength Clock Frequency (Hz)

Natural Line 
Width Lifetime References

27Al+ 5/2 1S0 – 1P1

167 nm

1S0 – 3P0

267 nm
1,121,015,393,207,851(6) 0.008 Hz

20 s
Rosenband et al. 2006, 2007

40Ca+ 0 4s 2S1/2 – 4p 2P1/2

397 nm
4s 2S1/2 – 3d 2D5/2

729 nm
411,042,129,776,393.0(1.6)
411,042,129,776,393.2(1.0)
411,042,129,776,398.4(1.2)

0.2 Hz Gao 2013
Chwalla et al. 2008, 2009
Matsubara et al. 2012

43Ca+ 7/2 4s 2S1/2 – 4p 2P1/2

397 nm
4s 2S1/2 – 3d 2D5/2

729 nm
411 × 1012 Champenois et al. 2004

Kajita et al. 2005
87Sr+ 9/2 2S1/2 – 2P1/2

422 nm

2S1/2 – 2D5/2

674 nm
444,781,083.91(4) 106 Barwood et al. 2003

88Sr+ 

quadrupole
0 2S1/2 – 2P1/2

422 nm

2S1/2 – 2D5/2

674 nm
444,779,044,095,510(50)
444,779,044,095,484.6 (1.5)
444,779,044,095,484.6

0.4 Hz Dubé et al. 2013
Margolis et al. 2004, 2006
Wallin et al. 2013

115In+ 9/2 1S0 – 3P1

230.6 nm

1S0 – 3P0

236.5 nm
1,267,402,452,899.92(0.23) × 103 0.8 Hz Sherman et al. 2005

von Zanthier et al. 2000
Wang et al. 2007

138Ba 0 2S1/2 – 2P1/2

493 nm
5d2D3/2 – 5d 2D5/2

12.48 μm
24,012,048,319(1) × 103 Madej et al. 1993

Whitford et al. 1994
171Yb+ quad 1/2 2S1/2 – 2P1/2

370 nm

2S1/2 – 2D3/2

436 nm
688,358,979,309,307.6(1.4) 10–9 Hz

3.1 s
Peik et al. 2007

171Yb+ oct 1/2 2S1/2 – 2P1/2

370 nm

2S1/2 → 2F7/2 642,121,496,772,300(0.6) Hosaka et al. 2005

198Hg+ 0 2S1/2 – 2P1/2

194 nm

2S1/2 – 2D5/2

282 nm
1,064,721,609,899,144.94(97) Tanaka et al. 2003
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of the ion to that state. This decreases the efficiency of cooling, the cooling laser 
being tuned to the other transition. In that case optical repumping at the transition 
2

1 2
2

1 20 1S P, ,F F= → =  also at 194 nm, but displaced by the sum of the hyper-
fine frequencies of the excited and ground states, is done by means of another laser 
beam. Cooling is done to the Doppler limit of the order of a few mK. As mentioned 
above, the laser radiation needed to excite the clock transition and take advantage 
of its high Q must have a rather pure spectrum. In early developments of this type 
of frequency standard, the laser radiation at 282 nm for exciting the clock transi-
tion was generated by frequency doubling from a dye laser-emitting radiation at 
563 nm. The laser was locked to a high finesse FP cavity isolated from vibrations. 
In such an arrangement, the spectrum of the resulting radiation may have a width 
less than 0.2 Hz. A small magnetic field is applied and, in the case of 199Hg+, due to 
the  presence of the nuclear spin I = 1/2, a transition involving levels with mF = 0, 
independent of the magnetic field in first order, can be used as the clock transition.

The detection of the resonance line and the locking of the frequency of the inter-
rogating laser is done as illustrated in Figure 4.6. The signal detected is that of the 
fluorescence at 194 nm, which is collected and counted as number of photons per sec-
ond. A fluorescence signal indicates that the ion is in the S1/2 ground state. Absence of 

2P1/2

2D5/2

2S1/2

F ′ = 1
F ′ = 0

F ′ = 3
F ′ = 2

F  = 1
F  = 0

Repumping
transition

Cooling transition
194 nm

194 nm
Clock transition

282 nm

199Hg+

FIGURE 4.4 Lower energy levels manifold of interest in the implementation of a 199Hg+ ion 
optical frequency standard in the optical range. The lifetime of the ion in state 2D3/2 is ~90 ms 
while in state 2P1/2 it is ~2 ns.

U1 + V1 cos Ω t

Ion
(m,q) End cap

End cap

Ring
electrode

FIGURE 4.5 Miniature rf trap composed of two cylindrical end caps and one ring. It is used 
in ion trapping for implementing a single ion optical frequency standard.
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fluorescence indicates that the ion has been excited to the D state by the interrogating 
laser radiation. In view of the strong interactions that take place during cooling, light 
shifts may be present. Consequently, the system must be operated in a pulse mode 
in which the cooling and repumping lasers are blocked by mechanical shutters dur-
ing interrogation. First the ion is cooled by means of the laser radiation at 194 nm. 
Repumping is accomplished at the same time and an ion temperature of the order 
of a few mK, the Doppler limit, is obtained. The repumping laser is then blocked 
and atoms are pumped into level 2

1 2 0S , F =  by the cooling laser. The cooling laser 
is then blocked, ending the preparation period, and the laser interrogating radia-
tion at 282 nm is applied for a short time, say 20 ms, exciting the clock transition 

2
1 2

2
5 20 0 2 0S DF F, , , ,F m F m= = → = = . If a transition takes place during that 

time, the ion is said to be shelved in the metastable 2D5/2 state. The lifetime of the ion 
in that state is of the order of 90 ms corresponding to a line width of the order of a few 
hertz. The choice of the length of the interrogation pulse is a function of this lifetime 
and actually determines the width of the resonance line observed, as was mentioned 
above. The longer is the pulse, the narrower is the width. The pulse is called a Rabi 
pulse to differentiate it from the Ramsey approach in which two pulses are applied 
in succession and fringes are observed. After the 20 ms pulse, the laser radiation at 
194 nm is turned on again. Fluorescence at 194 nm is monitored and is used as the 
indication that a transition has taken place or not. Absence of fluorescence at 194 nm 
is the sign that the transition has taken place. After a certain time, dictated by the 
lifetime of the ion in state D5/2, the ion returns to the ground state and fluorescence 
radiation is detected again. In some cases it may be desired to clean out that state by 
an extra radiation field pumping to the P state in order to start another cycle. These 
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FIGURE 4.6 Diagram illustrating the basic principle of the mono-ion optical frequency 
standard. This diagram may be used to illustrate the functioning of that type of standard 
using other ions. In some cases repumping may have to be done at a wavelength that depends 
on the level structure of the ion used.
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steps constitute a cycle as in the case of the fountain described in Chapter 3, which 
thus includes cooling, state preparation, interrogation, and detection.

For obtaining an error signal for frequency locking, the laser generating the 282 
interrogating radiation, the cycle is repeated for the laser detuned to 1/2 a line width 
from resonance, alternatively on each side of the resonance line. As in the case of 
Cs and Rb fountains, that cycle is repeated several times providing some averaging. 
Subtraction of the photons count made on each side of the resonance line gives an 
indication of the proper tuning of the interrogation frequency from which an error 
signal is constructed numerically.

In the description just made, the interrogation is done by means of a Rabi pulse 
as mentioned. If the interrogation time lasts 40 ms, the Rabi resonance line width 
is about 20 Hz. However, the interrogation can also be done using the technique 
of Ramsey pulses providing fringes with a much narrower width than the Rabi 
single pulse technique just described (Letchumann et al. 2004). It is worth repeating 
that the quality of the standard that results from a given implementation depends 
largely on the quality of the original laser that is used for generating the interro-
gating radiation. The implementation of an optical frequency standard deals with 
atomic transitions at frequencies in the 1014–1015 Hz and line widths of the order of 
1–10 Hz. Consequently, lasers with spectral purity compatible with the requirement 
for observing such resonance lines must be available. In general, lasers of such a 
quality do not exist. Furthermore, in many cases, lasers are not available at the fre-
quency required, particularly in the case of Hg+ where the resonance lines fall in the 
ultraviolet (UV). In such a situation, the frequency of a lower frequency laser has 
to be multiplied or still altered by some means and its stability may be degraded. 
Those lasers in general thus need to be filtered somehow just to make possible the 
observation of such narrow resonance lines and furthermore need to be stabilized in 
order to stay within tuning range of the servo system used to lock them in frequency 
to the resonance line as was described above in the case of Hg+. We have mentioned 
above the use of high finesse cavities to realize narrow spectral width of the laser 
spectrum. We have also described such systems in Chapter 2. They are used exten-
sively in practice with refinements required by the particular application studied, 
such as isolation from environmental fluctuations and vibration.

This basic technique of using a single ion in a trap and the technique of shelv-
ing has been used extensively in implementing optical frequency standards with the 
various ions listed in Table 4.1. We will now give an outline of the physics behind 
the use of some of the ions listed. Reviews of that nature have been done previously 
by various authors (Madej and Bernard 2001; Gill et al. 2004; Poli et al. 2014). We 
will not give the details of specific implementations but will concentrate essentially 
on the quantum physics involved.

4.4.2 ouTline of parTiCular implemenTaTions wiTh individual ions

4.4.2.1 27Al+ (I = 5/2)
27Al is the stable isotope of aluminium. The lower manifolds of energy levels of 
interest in implementing a 27Al+ single ion optical frequency standard are shown in 
Figure 4.7a. 27Al+ has a nuclear spin I of 5/2 and thus its energy levels are split by 
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hyperfine interaction. Also shown in the figure are the lower energy levels of the 
9Be+ required as will be seen below for the practical realization of an optical clock 
using the 27Al+ ion. The clock transition 1

0
3

0S P→  has a wavelength of 267.4 nm 
corresponding to a frequency of 1.121 × 1015 Hz. The interest in that transition origi-
nates from its narrow width of 8 mHz, originating from the lifetime, 20 s, of the P0 
state (Yu et al. 1992). The transition frequency also has a low sensitivity to electro-
magnetic perturbations. In fact it has the smallest sensitivity to Black Body radiation 
(BBR) among atomic elements currently under investigation for the implementation 
of an optical clock (Rosenband et al. 2006). Unfortunately, the cooling transition 
wavelength of 27Al+ is 167 nm and is not accessible with available lasers, being in the 
deep UV. To overcome the difficulty, another ion, in occurrence 9Be+, whose energy 
levels of interest are shown in Figure 4.7b, is used to cool the Al+ ion by means of 
Coulomb interaction, both ions being stored in the same trap. In practice, the two 
ions form a two-ion pseudo-crystal structure, the Be+ ion motion being coupled to the 
Al+ ion by Coulomb interaction. The Be+ ion is cooled to the Doppler limit by laser 
cooling at the accessible wavelength of 313 nm. The interaction between the two ions 
causes the Al+ ion to be cooled at the same time by so-called sympathetic cooling 
(Larson et al. 1986). In practice, both 9Be+ and 25Mg+ have been used for that purpose 
with Mg+ being more efficient because its mass has a value similar to that of Al.

Another basic idea behind the implementation of a 27Al+ clock is to use the Be+ (or 
Mg+) ion fluorescence upon cooling as a tool to detect the quantum state of the Al+ 
ion. That ion (Be+ or Mg+) is called the logic ion, being the one on which the state 
of the Al+ ion is mapped by means of excitation of appropriate transitions (Raman 
Sidebands pulses) that transfer superposition states from the Al+ ion to the logic ion 
(Schmidt et al. 2005). The Al+ ion is called the spectroscopic ion, being the one on 
which high resolution measurements are done, the particular transition 1

0
3

0S P→  
being used as the clock transition. This clock has become known as a quantum logic 
clock.

It should be mentioned that the implementation of such a clock is rather complex 
requiring several dye and fibre lasers, doubled and even quadrupled in frequency, 
in order to reach the various wavelengths required to do cooling, interrogat-
ing, and mapping of the information from the Al+ to the Be+ ion. Furthermore, 
since the ground state of 27Al+ is an S0

 state, there are no first-order magnetic 
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FIGURE 4.7 Energy levels of 27Al+ and 9Be+ of interest in the implementation of an Al+ 
optical frequency standard.
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field-independent transitions available for the clock transition. The clock operates 
on a so-called virtual field-independent transition created in the following way. 
The clock interrogation radiation at 267 nm is alternated between two frequencies 
that probe two field-dependent transitions, 1

0
3

05 2 5 2S PF F, ,m m= → =  and 
1

0
3

05 2 5 2S PF F, ,m m= − → = −  (Bernard et al. 1998; Rosenband et al. 2007). 
The average of the two frequencies is the frequency of a transition that would 
exist between mF = 0 pseudo-levels. The difference between the two frequencies 
is at the same time a measure of the magnetic field. There is a residual quadratic 
field dependence that is evaluated by means of second-order perturbation theory. 
The correction is small and does not affect substantially the accuracy of the clock. 
The trap, however, has to be well-shielded magnetically to avoid perturbations 
of the field-dependent levels from which the pseudo field-independent transition 
frequency is obtained.

Two 27Al+ optical clocks using a linear Paul trap were constructed at NIST, 
Gaithersburg, Maryland, using Mg+ and Be+ as logic ions, respectively (Chou et al. 
2010). The results are the following: frequency inaccuracy—8.6 × 10–18; frequency 
instability—2.8 ×  10–15 τ–1/2; measurement uncertainty—7 ×  10–18; and frequency 
difference—1.8 × 10–17 between the two clocks.

A similar approach was used at Huazhong University of Science and Technology 
in China (Deng et al. 2013). The final goal for this ion clock is an accuracy level 
 better than 10–17 and a frequency stability of 10–16 × τ–1/2. It appears that the goal has 
been fulfilled.

4.4.2.2 40Ca+ (I = 0) and 43Ca+ (I = 7/2)
The calcium ion is one of the first ions that was probed with high resolution in the 
optical domain to determine its basic characteristics such as lifetime of excited 
states and cooling possibilities (see, e.g., Arbes et al. 1993; Nägerl et al. 1998). 
A comprehensive study of the properties of the ion was done to evaluate its char-
acteristics as a possible frequency standard in the optical range (Champenois et al. 
2001, 2004). More recently, several groups made a large number of  experiments 
based on Ca+ ions (see, e.g., Matsubara et al. 2004, 2008, 2012; Kajita et al. 2005; 
Degenhardt et al. 2005; Wilpers et al. 2006; Arora et al. 2007; Gao 2013; M. Kajita 
2014, pers. comm.). Two isotopes have attracted interest, 40Ca (97% abundance) 
and 43Ca (0.14% abundance). The energy level manifolds of interest for those iso-
topes are shown in Figure 4.8. 40Ca has no nuclear spin while 43Ca has a nuclear 
spin equal to 7/2.

Laser radiation at 397 nm on the 2
1 2

2
1 2S P→  transition is used for Doppler 

cooling and state detection. The clock transition is the 2
1 2

2
5 2S D→  quadrupole 

transition at 729 nm. It has a natural line width of 0.2 Hz. A repumping laser at 
866  nm tuned to the 2

1 2
2

3 2P D→  transition is required. An advantage of the 
Ca+ ion is that all transitions may be driven by means of laser diodes. In practice, 
as mentioned above for dye lasers, those lasers need to be well-stabilized, for exam-
ple, by means of an external Zerodur FP reference cavity and a Pound–Drever–Hall 
stabilizer.

In a particular realization, a single 40Ca+ ion is trapped and laser cooled in a 
miniature Paul trap (ring electrode and end caps with dimensions ~mm). In a typical 
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configuration, such an ion could be maintained in the trap for more than 15 days 
(Gao 2013). After corrections are made for all biases to be examined later, the fre-
quency of the clock transition was determined to be 411,042,129,776,393 Hz, with an 
uncertainty of the order of 4 × 10−15. In the case of this even isotope with I = 0, no 
field-independent lines are present and the magnetic field bias is calculated by means 
of measurements on two field-dependent lines as described above in the case of Al+. 
Similar measurements were done by Matsubara et al. (2012) and were approximately 
5 Hz higher than the result just reported.

On the other hand, an optical frequency standard based on the 2
1 2

2
5 2S D→  

transition in 43Ca+ can also be realized (Kajita et al. 2005). A main advantage 
would be the use of a ∆mF S D= →0 2

1 2
2

5 2, , transition that is independent of 
the magnetic field in first order. However, the Zeeman second-order shift is 
large and furthermore, due to the large nuclear spin, there are many  hyperfine 
components in the 2

1 2
2

5 2S D→  transition. The elimination of the electric 
quadrupole shift to be discussed below is also difficult to accomplish (M. Kajita 
2014, pers. comm.).
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FIGURE 4.8 Manifolds of energy levels of interest in the implementation of (a) 40Ca+ and 
(b) 43Ca+ single ion frequency standard of interest in the optical range. The diagram makes 
explicit the presence of the nuclear spin in the case of the odd isotope 43Ca.
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4.4.2.3 87Sr+ (I =9/2) and 88Sr+ (I =0)
Natural abundance of 87Sr is 7% and that of 88Sr is 82.6%. The lower energy levels of 
interest of both isotopes are shown in Figure 4.9.

The clock transition is the 2 1 2
2

5 2S D→  quadrupole transition with a wavelength of 
674 nm. Its natural line width is 0.4 Hz. Cooling is done by means of the 2 1 2

2
1 2S P→  

transition at 422 nm. In the case of 87Sr+, there is no requirement for repumping from 
the ground state since the nuclear spin I being 0, there are no hyperfine levels in the 
ground state. However, there can be decay from the P state to the D state (branching). 
Repumping at 1033 and 1092 nm is needed to drive back to the cooling cycle the ion 
that has decayed to the D states as well as to recover the ion in the ground state when 
a clock transition has taken place. Those transitions are illustrated in Figure 4.9. In 
the case of 88Sr +, it is noted that the energy levels involved in the clock transition are 
field dependent in first order and a virtual transition independent of the field in first 
order is created by means of the scheme described above in the case of the Al+ ion 
clock by alternating the interrogation frequency between pairs of field-dependent 
levels and averaging the results. The frequency stability of such an optical frequency 
standard for 40 ms probe pulses was evaluated to be 1.6 × 10–14 τ–1/2 for averaging 
times 30 s < τ < 5000 s (Barwood et al. 2012). The accuracy of the clock transition 
based on the determination of biases to be examined below was evaluated to be at the 
level of 2 × 10−17 (Madej et al. 2012). The absolute frequency of the clock transition 
was measured against the SI unit as:

 
v Sr Hz88 15444 779 044 095 485 5 0 9 2 10+ −( ) ( )= ×, , , , . . ,( )

This is to be compared to the result 444,779,044,095,484.6(1.5), (3  ×  10–15)  Hz 
obtained by Margolis et al. (2004).

87Sr+ was studied by Barwood et al. in connection to the implementation of an 
optical frequency standard similar to the one using 88Sr+ (Barwood et al. 2001, 2003). 
The difficulty with this isotope is due to the nuclear spin introducing energy levels 
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FIGURE 4.9 (a) Lower manifolds of energy levels of 87Sr+ of interest in implementing 
an optical frequency standard and (b) ground state of 88Sr+ with degeneracy removed by a 
 magnetic field.
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and the presence of optical pumping of the ion into a dark state when laser cooling is 
effectuated and interrogation takes place. This problem is resolved by means of cool-
ing using π polarization radiation resonant with both ground state F = 3 and F = 4 
and modulating the cooling laser polarization and repumping radiation (Boshier et 
al. 2000; Barwood et al. 2001). One advantage in the use of that ion results in the 
possibility of using a clock transition between field-independent levels in first order 
that is levels for which mF = 0. Hyperfine splitting constants were first determined 
and a calculation has been made using second-order perturbation theory of the actual 
second-order magnetic field coefficient originating from state D5/2. The result is that 
level 2D5/2, F ′ = 7 has the lowest quadratic coefficient and consequently the preferred 
transitions for clock application is the 2

1 2
2

5 25 0 7 0S DF F, , , ,F m F m= = → = = , 
the condition being for the transition to be allowed as a quadrupole transition, which 
requires that F + F ′ is an even number (Barwood et al. 2003). The isotopic shift 
between the 674 nm quadrupole clock transitions of both isotopes 88Sr+ and 87Sr+ has 
been measured as 247.99(4) MHz (Barwood et al. 2003) and is an interesting param-
eter in basic physics studies concerned with the evolution of fundamental constants 
with time to be discussed in Chapter 5.

4.4.2.4 115In+ (I = 9/2)
There are many indium isotopes, but most have a very short lifetime. The isotope 
115In is stable with an abundance of 95.7% and has attracted interest for implementing 
a single ion optical frequency standard. Its nuclear spin is 9/2. Its lower energy levels 
structure is similar to that of 27Al+ and is shown in Figure 4.10.

As for the case of a few other ions, the interest in that ion resides mainly in the 
fact that all transitions of interest can be excited using solid-state laser sources. 
Furthermore, its Black Body coefficient is relatively small and the clock transition 
taking place between P and S states is not affected by quadrupole shifts. In prin-
ciple, laser cooling could be done through the transition 1S0 – 1P0 at 159 nm, which is 
a strong transition. However, this cooling wavelength falls in the deep vacuum UV 
as in the case of Al+ creating difficulties in frequency multiplication to reach such 
a short wavelength. Instead the transition 1S0 – 3P1 at 231 nm is used. It is a weaker 
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FIGURE 4.10 Lower manifolds of energy levels of the 115In+ ion of interest in implementing 
an optical frequency standard. The nuclear spin of 115In is 9/2.
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transition and its line width is 360 kHz, a condition that requires good stability 
from the laser used. The clock transition is the 1S0−3P0 transition at 236.5 nm with a 
lifetime of 0.2 s giving a natural line width of ~1 Hz. Preliminary experiments have 
been done in trapping a single laser-cooled 115In+ ion in a miniature rf trap in order 
to determine the characteristics of the ion in the implementation of an optical fre-
quency standard (Sherman et al. 2005). Following further investigation, an actual 
standard was constructed (Liu et al. 2007). The system used a so-called miniature 
Paul–Straubel rf trap, composed essentially of a ring electrode of the order of 1 mm 
and compensation electrodes situated some 1  cm from the ring. The rf trapping 
voltage used in such a trap has a frequency of about 1 MHz at a voltage of the order 
of 700 V (Champenois et al. 2001). The clock frequency was determined against a 
Cs clock as follows:

 
v( ) ( ), , , , , ,115 141 267 402 452 900 967 63 5 10In Hz+ −= ×( )

The uncertainty originates from statistical errors in measurements and a systematic 
uncertainty of the frequency of the Cs clock used (Liu et al. 2007).

4.4.2.5 137Ba+ (I = 3/2) and 138Ba+ (I = 0)
Two isotopes of Ba have been investigated early in proposals for implementation 
of an optical frequency standard. 137Ba has a natural abundance of 11% while 138Ba 
has an abundance of 72%. The lower energy level manifolds of interest of the 
137Ba+ and 138Ba+ ions are shown in Figure 4.11. The nuclear spin of the 137Ba+ ion 
is I = 3/2 and the ground and excited states have hyperfine structures. Cooling is 
accomplished by means of the transition 62S1/2 – 62P1/2 with radiation at 493 nm. 
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FIGURE 4.11 (a) Lower energy levels manifold of 137Ba+ of interest for implement-
ing an optical frequency standard (Sherman, J.A., Trimble, W., Metz, S., Nagourney, W., 
and Fortson, N., Progress on indium and barium single ion optical frequency standards, 
arXiv:physics/0504013v2, 2005.); (b) ground state of 138Ba+ in a magnetic field. (With kind 
permission from Springer Science+Business Media: Frequency Measurement and Control—
Advanced Techniques and Future Trends, Berlin, Germany, 2001, Madej, A. and Bernard, J.) 
It is recalled that the nuclear spin of 137Ba is 3/2 and that of 138Ba is 0. 
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The Ba ion was the first element on which quantum jumps and shelving were 
observed (Nagourney et al. 1986).

In the cooling process, optical pumping takes place and the preparation of the 
state of the ion needs some repumping with a well-tuned laser. There is also some 
leakage (branching) from the P state to the D states and repumping from those states 
must be done.

The 2D3/2 state has a lifetime of 80 s. It is one of the longest lifetimes observed 
for D states in investigated ions. The quadrupole transition 62S1/2 – 52D3/2, at a wave-
length of 2051 nm, has thus a very narrow natural linewidth giving a theoretical line 
Q greater than 1016. It has been proposed as clock transition (Sherman et al. 2005). 
One advantage obtained in the use of that ion resides in the absence of quadrupole 
Stark shift for the clock transition. It is noted that the wavelength of that transition 
falls in the range of readily available laser diodes.

On the other hand, the even isotope 138Ba+ has been studied extensively in early 
high-resolution spectroscopic measurements in the mid infrared (Madej et al. 1993). 
In particular, the dipole transition 52D5/2 − 52D3/2 at a frequency of 24 THz (12.48 μm) 
has possibly a limited resolution of 0.02 Hz. Its main interest at the time was that 
the frequency involved falls close to that of the NH3 laser. It also made possible 
its measurement in terms of the Cs frequency by means of frequency chains exist-
ing at NRC, Canada, at the time (Whitford et al. 1994; Madej and Bernard 2001). 
The  frequency of that transition was measured as follows:

 vDD Hz, , , , ( )=24 012 048 317 170 440

It appears that the Ba+ has attracted a lot of interest in the early days of development 
of optical frequency standards especially due to the long lifetime of the D state.

4.4.2.6 171Yb+ (I = 1/2), 172Yb+ (I = 0), and 173Yb+ (I = 5/2)
The natural abundance of the three isotopes listed is 171Yb, 3.1%; 172Yb+, 21.9%; and 
173Yb+, 16.2%. The small nuclear spin of 171Yb+, similar to that of 199Hg+, I = 1/2, has 
made this isotope more interesting than 173Yb+ with its nuclear spin I = 5/2 and a 
larger number of levels in the ground state. The lower energy levels of interest of the 
isotope 171Yb+ are shown in Figure 4.12.

The ion is characterized by the presence of three possible clock transitions at 
respective wavelengths, 411, 435, and 467 nm, respectively, as shown in the figure. 
The excited states associated with those transitions are characterized by their own 
lifetime and their possible branching with the 2P1/2 state. The 173Yb+ ion, due to its 
larger number of hyperfine levels, does not appear to offer advantages relative to 
the isotope 171Yb+. Isotope 172Yb+ has a similar level structure as the one shown but 
without hyperfine splitting of the states, since its nuclear spin is zero. It was studied 
extensively in early spectroscopic work for determination of the various transitions 
wavelength and lifetimes involved (Roberts et al. 1997). However, since the ground 
state depends on the magnetic field to first order, isotope 171Yb+ is preferred having 
field-independent transitions in first order using mF = 0 hyperfine sublevels.

In all Yb isotopes, cooling is accomplished by means of 2S1/2 – 2P1/2 transition at 
369 nm. There is unfortunately decay from the 2P1/2 state to the metastable 2D3/2 state 
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and repumping to the cooling cycle needs to be done. This can be done by means 
of radiation at 935 nm pumping the ion to state 3D3/2, causing the ion to reintegrate 
the cooling cycle by decay. As in cases studied previously, transition 2S1/2 −  2D5/2 
was chosen as the clock transition. The lifetime of the 2D5/2 state has been measured 
as 7.2 ms giving a natural width of 22 Hz and a line Q of 3 × 1013. The short life-
time limits the length of the Rabi interrogation pulse and the observed line width. 
Coupling of the 2D5/2 state to the long-live 2F7/2 causes decay to that state which acts 
as a dark state. The branching ratio is 0.83. Consequently, repumping also needs to 
be done from that state by means of radiation at 638 nm. The frequency of the clock 
transition is as follows (Roberts et al. 1999):

 
v 171

1 2
2

5 20 2 729 487 779 566 153 411Yb S D kHz nm+, , , ( ), , ,F F= → ′ =( ) = ( )

On the other hand, transition 2S1/2 − 2D3/2 with a narrower line width can also be used 
as a clock transition. The lifetime of the 2D3/2 state is 52 ms leading to a natural line 
width of 3.1 Hz. It was also extensively studied and its frequency was determined as 
follows (Sherstov et al. 2007):

 
v 171

1 2
2

3 20 2 688 358 979 309 307 6 1 4 4Yb S D+ = → ′ =( ) =, , , , , , , . ( . )Hz(F F 335 nm)

These transitions are quadrupole transitions. The limited lifetime of the D state 
involved limits the line Q and the length of the Rabi interrogation pulse. However, 
the octupole transition S FF F1 2

2
7 20 0 3 0, , , ,F m F m= = → ′ = =′  offers several 

advantages and was also considered and studied as a possible clock transition. 
The lifetime of the F state is of the order of six years leading to a line Q in the 
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FIGURE 4.12 Lower manifolds of energy levels of 171Yb+(I = 1/2) of interest in implement-
ing an optical frequency standard.
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1020 range. A 120 ms interrogating Rabi pulse gave an observed line width of 6.6 Hz 
(Huntemann et al. 2012). Cooling is done as in the previous case in which quadru-
pole clock transitions are used. Pumping from 2D states where decay takes place 
through branching is needed and accomplished by means of radiation at 935 nm. 
However, with the lifetime of the F level, it is necessary for the ion after excitation 
to the shelving F level to be returned to the cooling cycle. This is done by repumping 
by means of radiation at 639 nm clearing out F state. The measured frequency is as 
follows (Roberts et al. 2000):

 
v 171

1 2
2

7 20 3 642 116 785 3 0 7 467Yb S F+ = → ′ =( ) =, , , , , . ( . )MHz( nm)F F

4.4.2.7 198Hg+ (I = 0) and 199Hg+ (I = 1/2)
Along with Ba+, Hg+ was one of the first ions in which quantum jumps were observed. 
Hg+ was also the ion with which important advances were made towards the proof of 
concept that single ion trapping in a Paul trap satisfied the Lamb–Dicke requirement 
for Doppler free spectroscopy, through the observation of secular motion sidebands 
at optical frequencies (Bergquist et al. 1987).

In the introduction of this section, outlining the basic concepts in implementing 
a single ion frequency standard, we have used as example the case of the 199Hg+ ion. 
Its level structure was given in Figure 4.4 and an actual standard using that ion was 
described. Frequency comparison of the resulting standard against a Cs fountain 
by means of femtosecond laser frequency comb, to be described below, gave a fre-
quency stability of 3.4 × 10–13 τ–1/2, dominated by the fountain frequency stability. 
The 199Hg+ S1/2 − D5/2 clock transition frequency was measured as follows:

 
v Hg S D HzF F

+
′= → =( ) =, , , , , , , , . ( )1 2

2
5 20 0 1 064 721 609 899 144 94 97m m

The uncertainty in brackets corresponds to a fractional uncertainty of 9.1 × 10–16, 
the greater part originating from the uncertainty on the Cs fountain (Oskay et al. 
2006).

In early experiments such as those made for verifying the basic trap concepts rela-
tive to Lamb–Dicke regime, a 198Hg+ ion was used. This element has a nuclear spin 
equal to zero. Although this makes the level structure simpler than with 199Hg+, the 
energy levels are dependent of the magnetic field in first order and this adds a practi-
cal requirement regarding magnetic shielding and magnetic field evaluation. Interest 
was thus later concentrated on 199Hg+ with its simple hyperfine structure (I = 1/2) 
although a similar approach using field-independent lines could be used to create a 
pseudo field-independent transition as in the case of 88Sr.

4.4.3 sysTemaTiC frequenCy shifTs in single ion CloCks

4.4.3.1 Doppler Effect
The resonance frequency ωmμ οf an atom, m and μ identifying two energy levels of 
that atom between which the clock transition takes place, is altered by the motion of 
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that atom moving at speed v. The expression of the resulting frequency, made explicit 
in Appendix 2.A, is

 ω ω ω
µ µ= + ⋅ − +m

L

c
k
M

k vL
1
2 22

2
o

2v 

 (4.2)

where the second term is Doppler effect. The third term, called second-order Doppler 
effect, is caused by relativistic time dilation and the last term is the recoil effect when 
the atom absorbs or emits a photon. Let us recall some of the physics raised by that 
relation. In practice, in an ensemble of atoms, the velocity vector v is random and the 
resulting resonance frequency ωmμ is spread over a spectrum. For example, at room 
temperature, the hyperfine frequency of the ground state of the H atom (1.4 GHz) 
is spread over a range of the order of 12 kHz, a line width that would give a line 
Q of 1.2 × 105 not better than a poor quartz oscillator. Techniques were described 
to reduce this effect to a negligible value by means of storage in a region of space 
smaller than the wavelength of the interacting radiation or still keeping the atoms in 
a region of space where the phase of the radiation is constant, the atom essentially 
appearing at rest relative to the electromagnetic wave. This is the technique used in 
the H maser. On the other hand, in the fountain, for example, the ball of atoms tra-
verses a cavity in which radiation is present in a standing wave with constant phase. 
In such a case, the line width is dictated by the time the atoms stay in interaction with 
the radiation (Rabi width) in the cavity. Upon passage in the same cavity a second 
time, narrow interference fringes are observed in the resonance signal detected.

However, we have shown that we could alter considerably the speed of the atoms 
by means of laser cooling. In the microwave, atomic speeds being reduced to the 
cm/s level, the spread in resonance frequency of an ensemble of atoms is consid-
erably reduced. This property is exploited in the implementation of the fountain. 
However, at optical wavelengths, due to the short wavelength involved, cooling to the 
level of cm/s leaves a large spread in resonance frequency (~several kHz) because 
of the large wave vector kL involved. Consequently in a MOT, with residual tem-
perature in the 50 μK or so, speeds are reduced to the cm/s level and the optical line 
widths observed are still in the kHz range. Furthermore, at those high frequencies, a 
standard mechanical storage technique cannot be used. This is to be evaluated in the 
context of the fact that atomic lifetimes in metastable states are of the order of 1 s or 
more and leads to line widths of 1 Hz or less.

In the case of the single ion frequency standard approach, a most interesting 
phenomenon takes place. When the ion is cooled to the mK level, a limit reached 
in Doppler cooling, the remaining speed is of the order of m/s and consequently 
a rather large Doppler shift remains. However, the motion of the ion in the trap 
is periodic in the MHz range and its presence results in a modulation of the res-
onance phenomenon. As mentioned above, the effect was analyzed in an elegant 
experiment on 198Hg, and well-resolved sidebands on the absorption spectrum were 
observed. In such a situation, the central peak is observed without shift and the recoil 
is absorbed by the whole structure as in Mossbauer effect in solids (Bergquist et al. 
1987). Consequently, the ion is in a regime satisfying totally the Lamb–Dicke condi-
tion for trapping and no first-order frequency shift is present. In that condition, the 
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second and last terms in Equation 4.2 disappear and the remaining perturbing term 
is second-order Doppler effect.

In the limit of Doppler cooling, the final temperature TD reached is given by:

 T
kB

D =
∆ω1 2

2
 (4.3)

where:
Δω1/2 is the line width of the transition used for cooling

One notices that the Doppler limit is higher for transitions connected to a fast decaying 
excited state giving a large spectral width Δω1/2. For this reason, if a lower temperature 
is desired, one needs to use an extra step in the cooling process such as another cooling 
transition with a smaller line width. From Equation 4.3, the temperature limit of the 
ion, after a single step cooling, is of the order of a few millikelvins depending on the 
ion lifetime in the excited state. The second-order Doppler shift is then estimated from:

 
∆ν

ν
D2 Dthermal( ) = − 3

2 2

k T
Mc

B  (4.4)

This second-order Doppler shift is of the order of 10–17 for the usual temperatures reached.
The forced micromotion of the ion in the trap, however, can also have an influ-

ence on the frequency of the ion by means of an added contribution to the second-
order Doppler effect. The size of the micromotion can be determined by means of a 
measurement on the scattering rate Ri when the monitor laser is tuned to the carrier 
(i =  0) or to the first sideband (i =  1). The ratio of those measurements provides 
information on the characteristics of the micromotion and calculation shows that the 
second-order Doppler shift due to that motion is given by (Berkeland et al. 1998):
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where: 
Ω is the driving frequency of the trap 
ξ is the angle between the micromotion and the radiation wave vector k 

For example, if R1/R0 = 0.1, this shift, in the case of Hg+, may be of the order of 10–17. 
It is thus important to limit micromotion in order to not increase the thermal second-
order Doppler shift, if higher accuracy is desired.

4.4.3.2 Zeeman Effect
The influence of magnetic fields on single ion optical clocks performance is less 
critical than in the microwave case using an ion cloud. One reason is that even in its 
secular and micro motion, the ion is rather well-localized, its motion being relatively 
small; the magnetic field can be made rather small and the resonance frequency of the 
ion is not influenced by magnetic field gradients. In the case where the ion chosen to 
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implement a clock has a nuclear spin, the quadrupole clock transition can be chosen 
to take place between S and D levels with mF = 0. In that case the clock frequency 
depends on the magnetic field only in second order and the frequency shift can be cal-
culated. This was done in Volume 1 of QPAFS (1989) for the ground state hyperfine 
frequency of alkali atoms and selected odd isotope ions. The calculation was straight-
forward since in that case the clock transition is in the microwave range between 
levels within the S ground state and there are only two hyperfine levels in such a 
state. The present situation is different in that we are dealing with transitions between 
an S state and excited states such as D, P, and F states. Since most single ion optical 
standards have been implemented with S–D clock transitions, we will examine that 
particular case. The D state consists of a fine structure with levels D3/2 and D5/2. For 
the purpose of illustration, let us consider the case of the 43Ca+ ion with a nuclear spin 
equal to 7/2. Its energy level structure of interest is shown in Figure 4.8. The D3/2 and 
D5/2 states contain respectively 4 and 6 hyperfine levels, as shown in Figure 4.13.

The goal is to select a clock transition that is least sensitive in second order to 
the applied magnetic field. The position of each mF levels within the F states can be 
readily calculated. For the ground S state there are only two hyperfine levels and the 
calculation leads to the Breit–Rabi formula for the position of the mF levels (QPAFS 
1989). For the mF = 0 levels, the equation can be approximated at low fields as:

 ∆E F m
E

I
E x
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HFS HFS= = −
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± +
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 (4.6)

where x stands for:

 x
g B

E
J B= µ 0

HFS

 (4.7)

In those equations, EHFS is the hyperfine splitting of the state in question, μB is Bohr 
magneton, gJ is the electron spectroscopic splitting factor, and B0 is the applied magnetic 
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FIGURE 4.13 Illustration of hyperfine structure of ground state and 2D state of 43Ca+ for 
which I = 7/2.
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induction. The nuclear spectroscopic splitting factor is neglected. For the D5/2 state there 
are six hyperfine levels and they all enter into the perturbation calculation of the dis-
placement of each level with mF = 0. The result is approximated by the equation:

 ∆E F m g B
IJF m J IJF m

E
J B

z

F F
F

2
5 2 0

2
0D F

F F
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where E F F
HFS

′− ′′ stands for the hyperfine splitting between state F ′ and F ′′ within the 
D5/2 state. The total quadratic effect of the magnetic field effect can thus be written as:

 ∆ν β β β= −( ) =D S2 0 0
2

0
2B Be g,  (4.9)

where the coefficients βi are calculated from the equation cited. It is readily observed, 
making explicit the definition of x in Equation 4.6 by means of Equation 4.7, that 
the displacement of the levels is an inverse function of the hyperfine splitting. Due 
to the large size of EHFS for the ground S state compared to that of the D state, the 
contribution of the quadratic magnetic shift from the S ground state is much smaller 
than that from the D state and in some cases may be negligible.

The value of βe,g has been calculated by several authors and is given in Table 4.2 
for selected ions. In the case of 43Ca+, transition F = 4 to F′ = 6 shown in Figures 4.8 

TABLE 4.2
Quadratic Zeeman Coefficient of Selected Ion Transitions That Have Been 
Studied for Implementing an Optical Frequency Standarda

Ion Clock Transition
Quadratic Zeeman Shift

(mHz/μT2) Reference
27Al+ 1S0 (F = 5/2, mF = ±5/2)→

3P0 (F = 5/2, mF = ±5/2)
0.072 Rosenband et al. 2008

87Sr+ 2S1/2, F = 5 → 2D5/2, F = 7 6.4 × 103 Barwood et al. 2003
88Sr+ 2S1/2 → 2D5/2 (mJ = 1/2)

2S1/2 → 2D5/2 (mJ = 3/2)
0.0056
0.0037

Madej et al. 2004

40Ca+ 2S1/2 → 2D5/2 (mJ = 1/2)
2S1/2 → 2D5/2 (mJ = 3/2)

0.026
0.017

Chwalla et al. 2008
Madej et al. 2004

43Ca+ 2S1/2 (F = 4) → 2D5/2 (F′ = 2)
2S1/2 (F = 4) → 2D5/2 (F′ = 4)
2S1/2 (F = 4) → 2D5/2 (F′ = 6)

34.2 × 103

17.2 × 103

–8.99 × 103

Kajita et al. 2005

171Yb+ (oct) 2S1/2 (F = 0, mF = 0)→
2F7/2 (F = 3, mF = 0)

–1.72 Hosaka et al. 2005

171Yb+ (quad) 2S1/2 (F = 0, mF = 0)→
2D3/2 (F = 2, mF = 0)

52.1 Tamm et al. 2014

199Hg+ 2S1/2 (F = 0) → 2D5/2 (F = 2) –18.9 Oskay et al. 2006

a It should be noted that for even isotopes there is present a linear magnetic field shift that may be can-
celled by the method described in the text.
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and 4.13 satisfies quantum mechanical selection rules, ΔF = 0,  ±1,  ±2, and has a 
smaller quadratic shift than the other transitions of the same ion. It is important in 
the implementation of a given optical ion frequency standard to select the appropriate 
transition to minimize the effect of the magnetic field and, in the case of 43Ca+, that 
transition should be selected. In 87Sr+, the transition listed is the least field-dependent 
one. In a field of 1 μT (10 mG), the fractional frequency shift of that transition is of 
the order of 10−15. If the field can be controlled to 10%, its contribution to the uncer-
tainty budget is then of the order of 10–17.

In the case of even isotopes, having no nuclear spin, the position of the levels 
depends in first order on the magnetic field. We have described the technique used 
in creating a level corresponding to a pseudo-state with mF = mJ = 0 independent of 
the magnetic field in first order, by averaging the frequency of two resonance lines 
corresponding to transitions involving levels with m mF J= = ±1 2. The effect of the 
magnetic field is cancelled automatically in first order. However, an exact calcula-
tion shows that the levels are also shifted in second order by the magnetic transition 
chosen. The shift is then also given by Equation 4.9. The values of the quadratic 
coefficient, βe,g, are listed in Table 4.2 for ions of interest and the specific transitions 
listed.

In all cases, the magnetic field intensity must be known in order to make the 
appropriate correction to the measured frequency. It is usually measured by means of 
a first-order field-dependent transition. In the case of even isotopes without nuclear 
spin, this is done automatically since the clock transition frequency in zero field is 
determined by means of field-dependent transitions. In a typical example, as in the 
case of an optical standard based on a field-independent transition, a field of the 
order of 10 μT (100 mG) may be applied in a shielded environment. In the case of 
narrow interrogating laser radiation, this value is generally sufficient to resolve the 
individual mF lines and the accuracy of determination of the transition is of the order 
of 1 mHz, corresponding to an accuracy of the order of a few in 10–18.

4.4.3.3 Biases due to the Presence of Electric Fields
Electric fields affect the atomic energy levels through Stark effect. In early stages of 
development of atomic frequency standards, their accuracy was low and the effect of 
the possible presence of electric fields was not considered. The magnetic field was 
essentially the main calculable frequency bias. As stability and accuracy of clocks 
increased, the presence of such electric fields as in Paul traps was investigated to 
determine their importance. The effect of BBR was also investigated. It was soon 
found that they could no longer be neglected at the accuracy reached. We have 
recalled in Chapter 1 the calculation of the effect of an electric field on the hyperfine 
separation in the ground state of hydrogen and alkali atoms and selected ions. The 
calculation was done for the hyperfine structure within an S ground state. Such a state 
has spherical symmetry and the result showed that the shift of the hyperfine levels 
was proportional to the scalar polarizability of the atom or ion and to the square of 
the electric field present. In the case of optical frequency standards, the clock transi-
tion in many cases takes place between an S ground state and an excited D state. Due 
to the symmetry involved in the D state, the interaction depends on the orientation of 
the electric field and the quantization axis of the atom or ion, given normally by the 
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applied magnetic field. The interaction takes a more complex form and the energy 
shift ΔW of state F m, F  is given by (Angel and Sandars 1968):

 ∆W F m F E F
m F F

F F
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where:
αsc is the scalar polarizability
αten is the so-called tensor polarizability reflecting the added symmetry of the 

excited state involved in the clock transition

The term cos θ represents the ratio Ez /E, θ being thus the angle between the electric 
field and the quantization axis z set by the magnetic field in the system. In the case 
of an S state, only αsc needs to be considered, which is what we have done in con-
nection to the calculation of hyperfine frequency shift in the ground state of H, Cs, 
and some ions used in implementing a microwave frequency standard. The scalar 
polarizability can be calculated by means of perturbation theory extending summa-
tions over close connected states as done in QPAFS, Volume 1 (1989) for the S state. 
The tensor polarizability is calculated in a similar way but involves more complex 
terms. The Stark shift of the clock frequency corresponding to an S–D transition is 
thus given by:

 δν δst S D
h

W W= −( )1 ∆ ∆  (4.11)

and is a function of the square of the electric field present.
It is important to establish the origin of electric fields and the size of the polar-

izability of the atom or ion considered. In practice, these fields can originate from 
several sources. These can be fields required to operate the trap or still stray static 
electric fields. On the other hand, the electric field associated by BBR is a low fre-
quency field and its quadratic average can be used to evaluate its effect as we have 
done in the case of the microwave fountain.

In the case where the clock transition is an S–D transition, there may be a dis-
placement of the D level due to the interaction between the quadrupole moment 
of the ion in that state and an electric field gradient that exists in the trap. We will 
examine these various effects and the size of the bias they introduce in the clock 
transition. Other electric fields created by the variety of lasers used for cooling and 
pumping can be considered as perturbations that we call light shifts and they will 
also be evaluated below.

4.4.3.3.1 Micro- and Secular-Motion Effects
In a Paul trap, the ion appears as if being trapped in a potential well. The ion poten-
tial energy is given by (we refer to Figure 1.31 and the condition that r zo o= 2 ):

 E m r zp = ( ) + ( )
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where r and z are the average ion position in the trap and ω is the frequency of macro 
or secular motion of the ion within the trap given by:

 ω = eV
m ro

1
2Ω

 (4.13)

in which the terms V1 and Ω were defined earlier and in Figure 4.5. This motion 
is modulated by the so-called micromotion at the driving frequency Ω of the trap. 
During its motion, the ion samples the electric field existing in the trap and the clock 
frequency is shifted by:

 δνS S iE x t= ( )ζ ,
2  (4.14)

where the coefficient ζS stands for the sensitivity of the frequency to the field, 
ζ S E= ∂ ∂ν 2, and is proportional to the polarizability of the ion as made implicit by 
Equation 4.10. The term E x ti ,( )2

 stands for the time average of the squared field 
at the ion position xi.

The motion forces the ion to sample the electric field in a small region close to the 
centre of the trap and consequently causes a frequency shift. Calculation shows that 
the corresponding Stark shift δνS for the micromotion is given by (Berkeland et al. 
1998):
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where the symbols have the same meaning as defined previously. The secular motion 
contribution is also calculated and is given by (Madej et al. 2004):
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These shifts evaluated for example in the case of 88Sr+ are of the order of 800 mHz 
for micromotion and 30 mHz for secular motion. It is thus clear that the micromo-
tion should be reduced as much as possible in order to reduce that type of bias. 
This is done normally by means of added trim voltages between electrodes (Dubé 
et al. 2005). Table 4.3 summarizes some results obtained for selected ions of interest 
regarding Stark shifts and electric quadrupole shifts to be examined below.

4.4.3.3.2 BBR Shift
We have shown that above a given accuracy the effect of BBR on the frequency of 
an atomic transition needs to be considered. This is the case of the Cs fountain. Its 
study led to extensive work in order to determine coefficients involved in its exact 
determination. The shift is caused by the presence of the large spectrum of radiation 
that is off resonance. The electric field associated to that radiation causes a Stark 
shift. The same effect exists in the case of single ion optical clocks and a similar 
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analysis applies. We recall that the quadratic value of the electric field of BBR is 
calculated as:

 E t
T2 1 2

2

831 9
300
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.  (4.17)

This electric field acts on the position of the energy levels through their polarizability 
and the frequency shift is given by Equation 4.11. However, the BBR is isotropic and 
only the scalar polarizability enters into play. We summarize in Table 4.4 the calculated 
relative shift at room temperature for some candidates for optical-ion clocks transitions. 
From the table it is observed that the temperature of the clock environment must be well-
stabilized in order to achieve frequency stabilities in the desired range of 10–18. There 
are ions that are rather interesting, such as Al+, having very low BBR shift coefficients. 
On the other hand, we note that operation at liquid-nitrogen temperatures can reduce the 
BBR shift considerably, due to its T4 dependence. This can be done readily in a minia-
ture Paul trap. Consequently, even though the BBR shift appears to be important at the 
level of accuracy desired, it is not insurmountable and can be controlled to some extent.

4.4.3.3.3 Electric Quadrupole Frequency Shift 
In optical frequency standards, the clock transition selected in many ions is that between 
an S state and a D state. In some cases, like in Yb+, the transition chosen may be between 
an S state and an F state. An atom or ion in such states (F or D) possesses an electric 
quadrupole moment. In such a case, like in many other atomic systems, the atom or ion 
state is affected by the presence of an electric field in a particular way. It is found that 

TABLE 4.3
DC Stark Coefficient and Electric Quadrupole Shift as Reported by Authors 
for Selected Ions of Interest

Ion Clock Transition

DC Stark 
Coefficient
Hz/(V/m)2

Electric 
Quadrupole Shift

(Hz/V/m2) Reference
27Al+ 1S0 → 3P0 –0.14 × 10–7 0 Poli et al. 2014
40Ca+ 2S1/2 → 2D5/2 6 × 10–7 Matsubara et al. 2005
88Sr+ 2S1/2 (1/2, 1/2) → 2D5/2(–1/2, 

–1/2)
–2.3 × 10–7 Madej and Bernard 

2001
115In+ 1S0 – 3P0 0.5 × 10–7 0 Poli et al. 2014
138Ba+ 62S1/2 (mS = 1/2) → 5 2D5/2 

(mD = 1/2)
6S1/2(F = 2) → 5 D3/2(F = 0)

6,1(7) × 10–7 0 Yu et al. 1994
Sherman et al. 2005

171Yb+

(oct)

2S1/2 → 2F7/2 –1.44 × 10–7 1.05 × 10–7 Blythe 2004

171Yb+

(quad)

2S1/2 → 2D3/2 –6 × 10–7 60 × 10–7 Poli et al. 2014

199Hg+ 2S1/2 → 2D5/2 –1.1 × 10–7 –3.6 × 10–7 Poli et al. 2014
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the atom electric quadrupole moment interacts with the gradient of an electric field that 
may be present. The atom or ion energy levels in such a state are affected by the interac-
tion and are shifted. In microwave frequency standards, in which transitions are excited 
between hyperfine levels of an S ground state, no quadrupole moments are present and 
the clock frequency of ions in a Paul trap are not affected by an electric field gradient, 
although of course they are affected by Stark effect as outlined above.

The interaction energy W of a distribution of charge with an electric potential V 
both with axial symmetry can be calculated classically using a McLaurin’s expan-
sion and Laplace equation as (see Vanier 1960):

 W eQ
V
z

= ∂
∂

+1
4

2

2  (4.18)

The term eQ+ is the quadrupole moment and is a tensor. It stands for the integral:

 eQ z r dn
+ = ′ ′ − ′∫ρ ( )3 2 2 v  (4.19)

where:
The parameter ′ρn stands for the charge density 
d ′v  stands for an elementary volume

One observes that the interaction is a function of the gradient of the electric field, which is 
also a tensor. The energy is thus a product of two tensors and is a function of the orienta-
tion of the two axis of symmetry of the quadrupole moment and the electric field gradient.

In the case of a clock transition that takes place between an S state and a D state, 
the calculation thus consists in evaluating that interaction, taking care of the angle 
between the symmetry axis of the quadrupole moment and that of the electric field 

TABLE 4.4
Coefficient Characterizing the Effect of the Black Body Radiation 
on the Clock Frequency of Selected Ions of Interest

Ion Relative BBR Shift (×10–16) at 300 K Reference
27Al+ –0.004256

–0.008(3) Hz
Safronova et al. 2012
Rosenband et al. 2006

43Ca+ 0.38 Arora et al. 2007
88Sr+ 0.24 Jiang et al. 2009
115In+ –0.0173(17) Safronova et al. 2012
199Hg+ –1.020(3) Simmons et al. 2011
201Hg+ –0.994(3) Simmons et al. 2011
171Yb+ octupole –0.15(7)

–0.16
Lea et al. 2006
Safronova et al. 2012

171Yb+ quad –0.35(7)
–0.37(5)
–0.35

Lea et al. 2006
Tamm et al. 2007
Safronova et al. 2012
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gradient using the appropriate wave functions and calculating their expectation 
value. As said, the S state is spherically symmetrical and no quadrupole moment is 
present. However, in D and F state the electronic distribution is such as to allow the 
presence of a quadrupole moment. It is noted first that the laboratory axis is given by 
the quantization axis provided by the presence of a magnetic field. The transforma-
tion to that frame involves tensors analysis and the energy is then given by:
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where:
θ is the angle between the field gradient axis and the magnetic field

The splitting and shift of energy levels by the magnetic field are assumed to be large 
compared to the perturbation caused by the electric field gradient. The quadrupole 
interaction thus causes only a small shift of the energy level considered. The interac-
tion is then evaluated for the state of the atom in question. This is done by means of 
a perturbation approach (Itano 2000). The result is approximately:
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where:
A is a measure of the electric potential creating the electric field gradient expressed 

in V/cm2

Ψ ΨQop( ) is the quantum mechanical evaluation of the quadrupole moment of 
the ion in the state in question

In practice A may be of the order of 103 V/cm2 and the quadrupole moment for 5d elec-
tron evaluated from Equation 4.19 may be of the order of a few eao

2, where ao is Bohr 
radius. The energy shift is then of the order of 1 Hz or a few parts in 10–15. In view of the 
kind of accuracy aimed at, it is thus important to evaluate exactly that frequency bias.

Unfortunately the field gradient in the trap is not well-known being produced 
in some cases by so-called patch potentials produced on the surface of the elec-
trodes. Consequently, in such a case, one is obliged to measure the shift in terms of 
known parameters and possibly extrapolate or interpolate the results. The effect of 
the shift on the clock frequency can be measured for various angles θ between the 
field gradient symmetry axis and the magnetic field applied. This orientation is thus 
an excellent parameter. Furthermore, it turns out that if three orthogonal directions 
θ are used and the average of these measurements is made, the quadrupole shift can-
cels out (Itano 2000). This technique has been used extensively (Blythe et al. 2003; 
Tamm et al. 2007). The technique, however, relies on the perfect orthogonality of the 
three directions chosen for orienting the magnetic field. This is difficult to achieve 
in practice. Another technique was also proposed (Dubé et al. 2005). It consists in 
realizing that the quadrupole shift is zero if 3mF

2 is equal to F(F + 1) in Equation 4.21. 
These authors made measurements with transitions to various m levels in the excited 
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state of 88Sr+, for various orientations of the magnetic field and interpolation of the 
results showed that a cancellation of the quadrupole shift could be made to an accu-
racy of a few in 10–18. It thus appears that with that technique the quadrupole shift is 
no longer a major concern in the inaccuracy budget.

4.4.3.3.4 Other Frequency Shifts and Present State of the Art
The frequency biases examined are particular to trapped single ion frequency 
standards. There are, however, several other frequency biases that can affect their 
frequency and cause frequency instability. Those are common to many types of fre-
quency standards and may include for example, gravitational shift, light shifts, and 
collisions with background atoms. These biases have been examined in Chapters 
1 and 3 for various standards. Similar techniques as those described in those cases 
can be used to evaluate those shifts and can be adapted to particular circumstances 
encountered in implementing an optical single ion frequency standard.

It appears that the main contributors to uncertainty, even after careful evaluation, 
remain the Stark shift due to ion motion, the BBR shift and in the case of an S–D or 
S–F clock transition, the electric quadrupole shift. However, this last contribution can 
be avoided by using ions with clock transitions other than S–D or S–F. For example, 
a clock transition S – P0 as in 27Al+ does not have an electric quadrupole shift. Such a 
clock is characterized by an accuracy of 8.6 × 10–18. Two such clocks were compared 
and their frequency difference was measured as 1.8 × 10–17 (Chou et al. 2010).

As a guide, we give in Table 4.5 a summary of the order of magnitude of fre-
quency shifts generally encountered in single ion frequency standards in the case of 
three selected ions: 27Al+, 88Sr+, and 199Hg+ ions. Table 4.6 summarizes the accuracy 
reached in some selected single ion optical frequency standards. As is readily seen 
in that table, it appears that the technique has reached a level of implementation that 
allows unsurpassed accuracy in a space of relatively small dimensions.

4.5 OPTICAL LATTICE NEUTRAL ATOMS CLOCK

4.5.1 The ConCepT

The concept of ion and atom trapping was introduced in Chapter 2. We have seen in 
Chapter 3 that the trapping of ions in a Paul trap could be used to implement microwave 
frequency standards with rather interesting properties regarding accuracy, frequency 
stability as well as size. The characteristics of those standards regarding frequency 
stability, as we have seen, are limited mainly by the width of the clock transition that 
can be used, leading to line Q's of the order of 1010 at best. We recall that the line 
Q has a direct effect on frequency stability and plays a major role in accuracy since 
larger line Q makes easier the determination of resonance line centre. Earlier, in this 
chapter we have shown that the same trapping technique could be used to implement 
optical frequency standards. The clock transition being at a much higher frequency, 
this property being coupled to a narrow resonance line made possible very large line 
Q's (~1012 and higher). Furthermore, the use of a single ion in such a trap made pos-
sible the observation of these high Q transitions in an environment that is close to free 
space and provided hope for implementation of atomic frequency standards with still 
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greater frequency stability and accuracy. However, as is readily realized by the reader 
in examining the various tables given above, several systematic frequency shifts or 
biases are still present in the implementation of those single ion standards and the 
measurement accuracy of those biases is limited. Furthermore, the fact that a single ion 
is used limits frequency stability due mainly to a limited S/N. Finally, its interaction 
with various stray electric fields, possibly present in the structure, limits its accuracy.

The idea of using a large number of neutral atoms in a trapping environment, 
which would have weak interaction with that environment always appeared as a chal-
lenge that could not be overcome. One main impediment was also the possible inter-
action between those atoms themselves. However, with the advent of laser cooling 
and trapping, it was realized that if the proper technique was used, those challenges 
could be overcome. In particular, the use of a trap implemented by means of optical 
standing waves, as described in Chapter 2, appeared to offer a very privileged situa-
tion. A relatively large number of atoms can be stored individually or in small num-
bers in microtraps for long periods without interacting much with each other. Those 

TABLE 4.5
Summary of the Size of the Shifts Encountered in the Implementation of a 
Single Ion Optical Frequency Standard with Three Selected Ions: 27Al+, 
88Sr+, and 199Hg+

Type of Bias or 
Perturbation Ion

Clock Shift 
(10–18)

Typical Uncertainty 
in Determination 

(10–18) Reference

BBR shift 27Al+ –9 3 Chou et al. 2010
88Sr+ 0.05 22 Madej et al. 2012

Cooling laser 
Stark shift

27Al+ –3.6 1.5 Chou et al. 2010

Quad. Zeeman 
shift

27Al+ –1,079.9 0.7 Chou et al. 2010
199Hg+ –1,130 5 Lorini et al. 2008
88Sr+ 0.002 Madej et al. 2012

Excess 
micromotion

27Al+ –9 6 Chou et al. 2010
199Hg+ –4 4 Lorini et al. 2008
88Sr+ 1 Madej et al. 2012

Secular motion 27Al+ –16.3 5 Chou et al. 2010
199Hg+ –3 3 Lorini et al. 2008

Clock laser Stark 
shift

27Al+ 0 0.2 Chou et al. 2010

Background gas 
collisions

27Al+ 0 0.5 Chou et al. 2010
199Hg+ 0 4 Lorini et al. 2008

Total shift 27Al+ –1,117.8 8.6 Chou et al. 2010
199Hg+ –1,137 19 Lorini et al. 2008
88Sr+ 22 Madej et al. 2012

Note: The shift and uncertainty are given for three selected ions as typical for ion implementation of 
an optical frequency standard.
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atoms are in a low energy state in a shallow well, thus essentially at rest and obeying 
Lamb–Dicke criteria for cancelling Doppler effect. Such a trap is called an optical 
lattice whose cells dimension is half the wavelength of the radiation used to create 
the standing wave. As shown earlier, the trapping is due to an interaction between the 
atoms and the radiation field with little perturbation on the energy levels of the atom 
aside from a so-called light shift that can be cancelled by a proper choice of lattice 
wavelength called the magic wavelength, a technique that will be outlined below.

Such an ideal structure can be created as in Figure 4.14 in which a standing wave 
is produced by means of a frequency-stable laser radiation field reflected on itself by 
a mirror.

Small potential wells of length λm/2 are created. The figure shows some of those 
potential wells in the central region of the system where the radiation beams have a 
width w of the order of the waist of the interfering laser beams. Not all wells con-
tain atoms and although not made explicit in the figure wells may contain several 
atoms. The lattice shown is one-dimensional (1D) created by a laser beam reflected 
on itself. However, 2D and 3D lattices may be created using two or three orthogonal 
laser beams. The structure shown is horizontal, but may also be oriented vertically. 
A number of 104 to 105 atoms may be stored in a few thousand traps in a very small 
space. Those atoms are first cooled to very low temperature in the microkelvin range 
or less in a MOT superimposed on the lattice trapping field. The cooling lasers and 
the MOT magnetic field are turned off and, upon appropriate conditions related to 
wells’ depth and atom temperature, a large proportion of the MOT atoms are trapped 
in the optical lattice. They occupy low energy levels n in the individual potential 
wells, depending on their residual temperature after cooling.

A typical optical lattice frequency standard is shown in Figure 4.15 and consists 
essentially of a source of atoms, a MOT for cooling and trapping an ensemble of 
atoms of the type chosen in the region of the optical lattice and a laser generally of 
the Ti sapphire type for creating the optical lattice. Frequency stabilized lasers are 
used to effectuate the cooling and the interrogation of the atomic ensemble at the 
clock transition frequency as in the case of single ion clocks described earlier.

TABLE 4.6
Level of Accuracy Reached with Selected Single Ion Standards

Ion
Total Frequency 

Bias (10−16)
Uncertainty in 

Determination (10–16) Reference
199Hg+ –11.37 0.19 Lorini et al. 2008
27Al+ –11.178 0.086 Chou et al. 2010
171Yb+ quad 69.68

4.26
6.13
1.1

Godun et al. 2014
Tamm et al. 2014

171Yb+ octupole 1.41 0.71 Huntemann et al. 
2013

88Sr+ 0.23 Dubé et al. 2013
40Ca+ 47.4

24.5
6.5 Gao 2013

Chwalla 2009
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The operation of such a clock may be described as follows. To illustrate the process, 
we will use the level manifolds shown in Figure 4.16. This energy level structure is 
similar to that of Sr that we will examine in more detail later. The atomic ensem-
ble is first cooled in the MOT superimposed on the lattice. The first-stage cooling is 
done by means of the transition 1

0
1

1S P→ . The MOT generally traps atoms with 
a  velocity smaller than 10 m/s. It is thus best to feed the MOT with a 2D MOT with 
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FIGURE 4.15 Schematic diagram illustrating the main components required in the imple-
mentation of an optical lattice frequency standard. The processor is also used for controlling the 
sequence of pulses for cooling and interrogating the atomic ensemble trapped in the optical lattice.
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FIGURE 4.16 Lower energy levels manifold of a typical atom used in a lattice clock shown 
to illustrate the functioning of such a clock in the optical range. The clock operates on an S–P 
transition.
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low velocity atoms to increase the number of atoms trapped. This approach is also 
advantageous when alkali-earth atoms are used since their vapour pressure is low. It is 
recalled that there exists a limit in the lowest temperature that can be reached in laser 
cooling. This is the Doppler limit that is a function of the decay rate of the excited state 
(see Chapter 2). This limit using the cycling transition mentioned is normally in the 
mK range. It is possible, however, in certain cases, to improve cooling by means of an 
added step, using another transition that has a narrower line width, for example, the 
1

0 13S P→  illustrated in the figure. In that case temperatures in the μK range can be 
reached. After the MOT is established and a temperature in the μK range or lower is 
reached, the cooling lasers and the magnetic field are turned off and a certain amount 
of atoms remain trapped in the optical lattice. The atoms are trapped in the shallow 
wells at very low temperature in a Lamb–Dicke regime. The excitation of the clock 
transition is done in a similar way as in the case of single ion optical clock described 
earlier, applying a pulse of radiation at the clock transition, which is characterized by a 
very narrow width. The excitation causes atom shelving. The length of that pulse deter-
mines the width of the resonance line that is observed. Detection of fluorescence at the 
cooling wavelength is done to establish whether shelving has taken place or not, thus 
detecting resonance. Atoms sometime decay from the P level to other states and are 
lost for the clock transition. Optical pumping may be applied to drive the atom back to 
the cooling process. Optical pumping may also be done from the shelving level in order 
to return the atoms to the ground state for another cycle. All light pulses are applied 
in sequences in order to avoid light shifts during detection as illustrated in Figure 4.17. 
The whole process is very similar to that used in the single ion clock described earlier. 
We will now examine some basic properties of such an optical lattice.

4.5.1.1 Trapping Characteristics
The lattice is generally characterized by a potential experienced by the atom as (see 
Chapter 2):
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FIGURE 4.17 Typical sequence of operations that can be used in the cooling, trapping, inter-
rogation, and detection of the optical transition in an optical lattice frequency standard in the 
optical range. (Adapted from Poli, N. et al., Optical atomic clocks, arXiv:1401.2378v1, 2014.)
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where Uo is given by:

 
U EL Lo = − ( )α ω 2  (4.23)

in which EL is the electric field of the interfering wave and α(ωL) is the polarizability 
of the atom at the lattice frequency ωL in level μ and is given by:
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It is readily observed that depending on the tuning of the laser, the polarizability may 
change sign. The force on the atoms being the gradient of electric field creating the 
potential well, the resultant energy may be minimum for a maximum or a minimum 
of the electric field. In Figure 4.17, we have chosen the case where the energy is a 
minimum for a maximum of the field. In practice, the laser power is limited and the 
wells, depth is shallow. It may be of the order of 100 μK and requires efficient cool-
ing well below that temperature for trapping a sufficient number of atoms.

4.5.1.2 Atom Recoil
At the bottom of the wells, the potential is very nearly harmonic and the spacing 
between the levels may be written approximately as (Lemonde 2009; Derevianko 
and Katori 2011):
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where:
M is the mass of the atom trapped in the well

The interrogation at the clock frequency ωc imparts a kick to the atom corresponding to 
a momentum change ∆p cc= ω . If the corresponding recoil energy Er = p2/2M of the 
atom is smaller than the spacing ωhar of the wells’ vibration states, the atom stays in the 
same vibration state n upon a clock transition. Consequently, the clock frequency is not 
altered by the residual motion of the atom at the low residual temperature. We can inter-
pret this phenomenon classically. The atom oscillates in the well at the frequency ωhar and 
the frequency of the incoming wave at ωc appears modulated by that oscillation. If the 
atom oscillation amplitude is small, analysis then shows that the modulation gives rise to 
a signal resonant with a central carrier and with two small sidebands separated from the 
carrier by the vibration frequency. Detection of the resonance at the central carrier is not 
affected then by the motion of the atom inside the well: this is the Lamb–Dicke regime. 
The situation is similar to that we have described in the case of ion trapping in a Paul trap. 
In the present case also, the recoil is absorbed by the whole structure since the atom does 
not change vibrational state within the well upon absorbing a photon.

4.5.1.3 Atom Localization
The optical lattice as we said in Chapter 2 is similar to a solid-state crystal. However, 
the wells are separated by several hundreds of nm while in a crystal the spacing of the 
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cells is of the order of 0.1 nm. In an optical lattice, there is little interaction between 
atoms trapped in different wells. However, as mentioned above, the wells are very 
shallow and resonant tunnelling can take place with several atoms being in the same 
well. The construction of a vertical optical lattice may have an advantage over a 
horizontal one in that regards, since the successive wells are at different height z. 
The energy of the states between wells changes by mgz, thus inhibiting resonance 
between wells at different heights z.

4.5.1.4 Magic Wavelength
In order to trap a large number of atoms, the depth of the wells may be made as large 
as 100 times the recoil energy Er of the atoms in first-stage cooling. Upon second-stage 
cooling, the depth of the wells can be reduced to a value of the order of 10 Er reducing 
at the same time the frequency shift caused by the lattice electric field. It is recalled that 
the energy levels of the atom trapped in such an optical well are shifted by the presence 
of those electric fields. Actually, the equivalent frequency shifts may be of the order of 
104 Hz and such frequency shifts would inhibit the use of the approach for implement-
ing a high quality frequency standard if some means did not exist to minimize them. 
We have analyzed in Chapter 2 the displacement of an energy level δEi in the presence 
of an electric field EL. A simple second-order analysis leads to the expression:
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where:
αi(ωL) is the dynamic polarizability of the atom in level i as given by Equation 4.24

We note that the effect is essentially a light shift that was studied extensively in 
QPAFS, Volume 1 (1989). The clock transition takes place between two levels, S and 
P, and it is reasonable to ask about the possibility that both levels be shifted by the 
same amount causing the shifts of both levels to cancel each other. The difference in 
polarizability of the atom in the two states is:

 ∆α ω α ω α ωL P L S L( ) = ( ) − ( )  (4.27)

causing a differential frequency shift of the two levels creating a light shift given by:

 
∆ν δ ω δ ωLS P L S L

h
E E= ( ) − ( ) 

1
 (4.28)

If both polarizability are equal for a given wavelength, a zero light shift of the clock 
transition results. In practice, the lattice laser is well-detuned from resonance with a 
given transition and the polarizability is evaluated using a summation over all levels 
connected to the states S and P of the clock transition:
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The resulting shift of each state varies differently with the lattice frequency ωL. 
It is then a question of finding the correct frequency for which the shift is the same 
for each state. This analysis as presented is elementary. A more complete approach 
consists in introducing concepts such as the tensor polarizability that makes shifts 
dependent on relative direction of polarization eλ, and magnetic field and considers 
higher order terms in E4, for example. The present analysis provides, nevertheless, 
the essential of the physics involved. Calculations have been done for S and P states 
of atoms having promising characteristics and graphs have been obtained for various 
atoms in which the energy shifts of those states were equal for given laser wavelength 
(see, e.g., Katori et al. 2003; Derevianko et al. 2009; Lemonde 2009). Several graphs 
describing the behaviour of various atoms in such a field have been calculated. A 
typical sketch of such a graph describing the general behaviour of an atom such as 
Sr is shown in Figure 4.18. The resonances present in the expression of the polariz-
ability of each level are made explicit.

Approximate values of the so-called magic wavelength are obtained and are used 
as a guide in their determination by means of accurate measurements. Those values 
will be given below.

4.5.1.5 Clock Transition
The clock transition in the few types of atoms chosen for the implementation of a 
lattice clock is a 1

0
3

0S P→ . This is a strictly forbidden transition from quantum 
mechanical rules. However, the presence of a nuclear spin, as in odd isotopes intro-
duces a slight admixture of the upper states in the 3P manifold resulting in a finite 
transition probability. In Sr with a nuclear spin I = 9/2 the decay rate of the 3P0 state 
is calculated as 6.7 × 10–3 s–1. In even isotopes with I = 0, the application of a small 
magnitude magnetic field also causes an admixture of other states causing also a 
finite transition probability. However, as is readily observed that transition probabil-
ity is rather small and a narrow resonance with a high line Q is observed at the clock 
frequency.

679 nm461 nm

λm = 813 nm

ΔνLS

λ (of lattice laser)

(nm)

Sr 2560 nm

1S0

3P0

FIGURE 4.18 Sketch of the variation of the light shift of both levels entering in the clock 
transition as a function of the lattice laser wavelength in the case of the strontium atom. (Data 
from Lemonde 2009.)
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4.5.2 Type of aToms used in opTiCal laTTiCe CloCks

A few atoms have been proposed and used to implement an optical lattice clock. 
They are Sr, Hg, and Yb. Ca and Mg have also been proposed, but main efforts 
have been concentrated on the first three listed. We will describe the energy level 
structure of those atoms and outline the choice of frequencies made for laser cooling, 
trapping, and clock transitions.

4.5.2.1 Strontium Atom
Initial theoretical analysis on the use of Sr in a lattice clock configuration was done 
by Katori (2002) and Katori et al. (2003). The proposal was followed shortly after by 
first demonstrations based on optical lattice spectroscopic studies using transitions 
1S0 − 3P1 and 1S0 − 3P0 (Takamoto and Katori 2003) as clock transitions. Sr has four 
stable isotopes that can be used for implementing an optical clock. The isotopes 88Sr 
(I = 0) and 87Sr (I = 9/2) are those that have raised interest. Their natural abundance 
is 82.6% and 7%, respectively.

The energy levels of interest for implementing a lattice clock with that ion are 
shown in Figure 4.19. Sr possesses two transitions from the 1S0 ground state that are 
suitable for laser cooling: the broad transition 1S0 → 1P1 (32 MHz) allows the forma-
tion of a MOT containing more than 109 atoms at a temperature of the order of 1 mK. 
Extra cooling by means of the narrow 1S0 → 3P1 transition (7.5 kHz width) allows 
the reaching of a quantum-limited minimum temperature of ~250  nK. The alka-
line earth-like level structure of the triplet and singlet manifolds possesses sufficient 
complexity to support the use of a specific magic wavelength inhibiting light shifts 
of the transition 1S0 to 3P0, both levels being shifted by the same amount. A magic 
wavelength of 813 nm, as shown in Figure 4.18, is found and is generated from a 
power oscillator.

461 nm

689 nm
4.7 × 104 s−1

698 nm
(clock transition)

6.7 × 10−3 s−1

6.5 μm

3.9 × 103 s−1

1.8 μm
2 × 103 s−1

707 nm
679 nm

7 × 107 s−1

J

1
2

0

Sr

3PJ

3S1

1D2

1S0

1P1

2 × 108 s−1

FIGURE 4.19 Lower energy levels of interest of Sr showing the important transitions for the 
implementation of an optical lattice frequency standard (hyperfine structure for the fermion 
is omitted). The decay rates shown from the excited states provide information on the line 
width of the transitions involved.
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As was mentioned above, the clock transition 1S0 → 3P0 is normally highly forbid-
den. However, in the case of the odd isotope, 87Sr, hyperfine interactions causes a 
small admixture of P states and the transition is allowed with a line width in the mHz 
range. It is thus highly advantageous as a clock transition (Katori 2011). In general, 
the laser used for exciting that transition has a width a the order of 1 Hz and conse-
quently the observed width is not limited by the clock transition itself but rather by 
the laser used or the length of the Rabi pulse used in the excitation.

The Sr system is very convenient in that all of the lasers for cooling and spec-
troscopy can be derived from inexpensive diode laser sources, as opposed to some 
other optical lattice clocks to be described below, Hg, for example, which requires 
laser wavelengths that are more challenging to generate. In the case of Sr, the first-
stage cooling at 461 nm may be produced by means of a so-called master oscillator 
power amplifier (MOPA) diode system by means of frequency doubling. Second-
stage cooling and clock transition wavelength at 689 and 698 nm, respectively, are 
available from existing laser diodes.

4.5.2.2 Mercury Atom
Mercury has two fermionic and five bosonic isotopes. Their natural abundance is 
in the 10%–30% except for 196Hg whose natural abundance is an order of magnitude 
smaller. Both fermions (199Hg, 201Hg) have a weakly allowed intercombination line 
(1S0 −  3P0) with a ~100 mHz natural line width at 265 nm (Bigeon 1967) and an 
accessible magic wavelength, at which the trapping dipole field does not disturb the 
clock transition (V. Pal’chikov 2004, pers. comm.; Ovsiannikov et al. 2007). At room 
temperature, Hg has a vapour pressure of 0.3 Pa and no oven is needed to produce the 
vapour pressure required for creating a MOT of sufficient density. In fact, a vapour 
pressure well-suited for a magneto-optical trap is obtained near –40°C, a temperature 
which is easily reached in vacuum with Peltier thermoelectric coolers.

Neutral mercury has an alkaline-earth like electronic structure similar to that of 
Sr. The lower energy level structure relevant to the implementation of an optical lat-
tice clock is shown in Figure 4.20.

In comparison to Sr, neutral Hg has a cooling transition 1
0

3
1S P→  better 

adapted for single-stage laser-cooling at a wavelength of 253.7 nm. Optical pumping 
by means of the 3S1 is expected to be required (Mejri 2011). The clock transition sen-
sitivity to room-temperature BBR is more than 10 times lower than that of Sr, which 
is another advantage. For these reasons, Hg appears to offer great advantages over 
other proposed atoms in the implementation of such an optical frequency standard 
and we will describe in some detail a particular approach such as the one used at 
SYRTE, Paris, France.

4.5.2.2.1 Vacuum Chambers
Laser-cooling and trapping of Hg is done in two steps:

•	 The first section of the system acts as a source of Hg vapour. Since Hg has 
an exceptionally high vapour pressure of 0.3 Pa at room temperature, the 
source of Hg is cooled down to reduce and control its pressure. A drop of 
Hg is placed in a small copper bowl glued to the cold surface of a two-stage 
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Peltier thermoelectric element placed inside the vacuum chamber. The hot 
side of the thermoelectric cooler is attached to a water-cooled block of 
copper whose temperature is maintained near 10°C. A getter takes care of 
pumping impurities from the released Hg.

•	 The second section acts as the main chamber where the atoms are laser-
cooled and trapped in a 3D MOT to decrease temperature and increase 
density. They are ultimately transferred to the optical lattice trap and then 
probed for detection of the clock transition.

4.5.2.2.2 MOT of Hg
A typical MOT only captures atoms from the tail end of the room temperature 
atomic velocity distribution. In order to have as many trapped atoms as possible and 
a long MOT lifetime, a 2D-MOT is used for pre-selecting slower atoms. The MOT 
is produced by the intersection of three orthogonal pairs of retroreflected σ + − σ – 
polarized UV laser beams with a diameter of ~15 mm. Anti-Helmholtz coils gener-
ate the magnetic quadrupole field with a gradient of 0.10 T/m (10 G/cm) along the 
axis of the coil pair at the MOT centre. The cooling laser radiation at 253.7 nm is 
frequency stabilized by means of saturated absorption in a 1-mm-long quartz cell 
containing Hg vapour at ~0.25 Pa at room temperature. A residual reflection of UV 
light from the 507.4 nm resonant frequency-doubling system is used for frequency 
stabilization and tuning purposes. This auxiliary beam is frequency shifted by two 
acousto-optic modulators. This allows frequency tuning of the main UV beam with 

185 nm
7.5 × 108 s−1

253.7 nm
8.3 × 106 s−1

265 nm
(clock transition)

1 s−1

546 nm
404 nm

7 × 107 s−1

J

1

2

0

Hg

1S0

3S1

3PJ

1P1

FIGURE 4.20 Lower energy level structure of Hg of interest for the implementation of an 
optical lattice clock (hyperfine structure for fermions is omitted). Vacuum wavelengths are 
shown.



389Optical Frequency Standards

respect to the Hg saturated absorption cell resonance. The source for the cooling 
light is a quadrupled Yb-doped thin disk laser. The laser delivers 7 W of CW single 
frequency laser light at 1 015 nm. This light is frequency doubled in a commercial 
cavity-enhanced second harmonic generation (SHG) unit, producing ~3.5  W at a 
wavelength of 507.4 nm. The second SHG of ~70 mW at the cooling wavelength of 
253.7 nm UV light is performed with a home-made system similar to that described 
by Berkeland et al. (1997).

4.5.2.2.3 Clock Interrogation Laser
The clock laser is a quadrupled Yb-doped fibre laser at 1062 nm. In order to obtain 
an interrogating radiation with a frequency stability sufficient to observe the clock 
transition with a one Hertz resolution, the fibre laser is locked to an ultra-stable 
cavity as the one described earlier in Chapter 2. The cavity is placed inside double 
vacuum chambers and double heat shields connected to external radiators. It is also 
placed on a passive anti-vibration platform encapsulated in a soundproof box. The 
finesse of the FP cavity is ~914,800 as measured by the ringing technique. A com-
parison of two such systems showed a relative instability of no more than 8 × 10–16 
over a one second averaging period.

4.5.2.2.4 Implementation of the Dipole Lattice at the Magic Wavelength
Feasibility of the optical lattice clock scheme relies on the existence of a so-called 
trapping magic wavelength for which the two states 1S0 and 3P0 are shifted equally. 
For Hg, such a magic wavelength exists between two strongly allowed transitions, 
6 3P0 to 7 3S1 at 405 nm and 6 3P0 to 6 3D1 at 297 nm (V. Pal’chikov 2004, pers. 
comm.). A recent calculation gives that magic wavelength as 363 nm (Ye and Wang 
2008). This radiation is generated by means of a continuous-wave (CW) titanium 
sapphire laser delivering about 900 mW at 724 nm. That laser light is frequency 
doubled using a Brewster-cut LiB3O5 crystal in a bow-tie resonant cavity using the 
Hänsch-Couillaud locking scheme (Hänsch and Couillaud 1980). About 200 mW of 
363 nm lattice light is produced. The cooled atoms are then confined in the vertically 
oriented optical lattice, which is loaded from the single-stage MOT just described.

At the time of writing, a clock based on this atom and described in general terms 
previously is under investigation at SYRTE, Paris. The determined magic frequency 
was found to be 8826.8546 ± 0.0024 THz (λM = 362.5697 ± 0.0011 nm). The fre-
quency of the clock transition was measured as 1,128,575,290,808,162.0  ±  6.4 
(sys.) ± 0.3 Hz with a fractional uncertainty of 5.7 × 10–15. A fractional frequency sta-
bility of 5.4 × 10–15 τ –1/2 has been reported in its early development and it is claimed 
that its accuracy should be in the 10−17 range (McFerran et al. 2012).

4.5.2.3 Ytterbium Atom
Another excellent candidate for an optical lattice clock is the Yb atom (Porsev et al. 
2004; Hong et al. 2005; Barber et al. 2006). Yb isotopes exist as two fermions and 
two bosons (mass from 171 to 173) with natural abundance ranging from 3% to 22%.

The lower energy level structure of Yb relevant to the implementation of an optical 
lattice clock is shown in Figure 4.21. The Yb clock transition 1S0 → 3P0 (λ = 578.4 nm) 
has a line width of ~10  mHz due to hyperfine state mixing of the 3P0 sublevels. 
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The magic wavelength for the clock transition is 1S0 → 3P0 is 759 nm and may be cre-
ated using a titanium sapphire laser (Barber et al. 2006; Poli et al. 2008).

Laser cooling of Yb is obtained by means of a double-stage MOT first, using 
the dipole transition 1S0 → 1P1 at 399 nm (natural line width of 28.9 MHz), by 
means of InGaN diode lasers. Secondary cooling wavelength at 556 nm, using 
the intercombination line 1S0 → 1P1 at 556 nm, may be obtained using a  frequency 
doubled fibre laser emitting radiation at 1 112 nm (Hoyt et al. 2005). The trap-
ping efficiency of Yb in the optical lattice using that scheme is claimed to be 
about 10%.

4.5.2.4 Magnesium Atom
Mg is another proposed candidate as the heart of an optical frequency standard due to 
its low sensitivity to BBR, which currently limits the accuracy of optical clocks. The 
lower energy levels manifolds of interest are shown in Figure 4.22.

At this time, some preliminary work has been done at the Institut für Quantenoptik, 
Leibniz Universitat Hannover in trapping Mg in an optical lattice as a first step 
towards an optical lattice-based frequency standard (Ertmer et al. 2010).

399 nm
1.8 × 108 s−1

556 nm
4.7 × 104 s−1

578 nm
(clock transition)

6.2 × 10−2 s−1

J

1
2

0

1S0

6s6p1P1

6s8p3PJ

6s6p3PJ

2 × 759 nm

FIGURE 4.21 Lower energy levels of Ytterbium of interest in implementing an optical lat-
tice frequency standard in the optical domain.
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FIGURE 4.22 Lower manifolds of energy levels of interest of magnesium in implementing 
an optical lattice frequency standard in the optical range.
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4.5.2.5 Calcium Atom
Ca is also a possible candidate for implementing an optical lattice clock in the 
optical range. We have shown above that it was used early to implement an optical 
clock by means of a freely expanding MOT. The energy level structure was given 
in Figure 4.3 and, in principle, it could be used for the implementation of a lattice 
clock.

4.5.3 imporTanT frequenCy Biases

Optical clocks using an optical lattice as storage technique are affected as all other 
types of optical standards by several biases that have to be evaluated accurately. 
Several of those biases have been discussed earlier in connection to the description 
of single ion optical frequency standards. We recall the most important ones and 
adapt the explanations to the present situation. We also give a short analysis of those 
particular to the optical lattice trap.

4.5.3.1 Zeeman Effect
As in the case of the ion clocks described earlier, the magnetic field shift of the 
optical clock transition is a function of the dependence of each of the levels 
involved in the transition. We will examine in particular the case of the odd isotope 
of strontium, 87Sr. The two states of the clock transitions have an angular momen-
tum originating solely from the nuclear spin I = 9/2. If states mF = 9/2 are chosen 
for each levels of the transition, there should not be any field dependence in first 
order since both states would be displaced equally by the magnetic field. However, 
the presence of the other P states introduces a small admixture into the P0 state and 
there results a small field dependence in first and second order in the field. To sim-
plify matters, it is possible, as was done earlier in the case of ion optical frequency 
standards to express the sensitivity of the clock frequency to the magnetic field by 
means of the difference in Landé factors g of the two states in question, the P state 
being corrected for the admixture of states. The effect on the transition is to shift 
the frequency by:

 ∆ν α β= +e g I e gBm B, ,
2  (4.30)

where:
αe,g and βe,g are respectively the first and second-order coefficients of the depen-

dence of the combined clock states, e for excited and g for ground states
mI is the magnetic quantum number of the transition chosen

The linear coefficient, in the case of odd isotopes, depends of course on the particu-
lar transition or levels chosen. Those coefficients are given in Table 4.7 for selected 
atoms of interest.

In the case of even isotopes, the nuclear spin is zero and there is no linear fre-
quency shift. There remains a quadratic frequency shift, which is given in Table 4.8.

As an example, we may mention the case of Sr which has been studied extensively. 
In the case of the odd isotope 87Sr, with a nuclear spin I equal to 9/2, it is possible to 
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excite, using appropriate light polarization, transitions S P0 09 2 9 2, ,m mI I= → =  
as well as S P0 09 2 9 2, ,m mI I= − → = −  (Le Targat et al. 2013). In such a case, 
a measurement of the resonance frequencies for each transition indicates the value 
of the magnetic field and the average of the frequencies measured for the two transi-
tions taking care of second-order effect corresponds to the clock frequency in zero 
magnetic field. Several measurements are then done on both sides of the clock transi-
tion as in the case of ions described earlier and the average of these measurements is 
used to construct numerically an error signal.

4.5.3.2 BBR Shift
When the desired frequency accuracy exceeds 10–16, the BBR shift is very impor-
tant as was shown in the case of the fountain and optical ion clocks. In fact, in 
the case of Sr for example, the BBR shift is of the order of 2.3 Hz or 5.3 × 10−15. 
As was shown, the shift can be evaluated theoretically from a knowledge of the 
polarizability of the atom used and integration over a broad spectrum of excited 
states of that atom. Attempts have been made to measure its actual value by chang-
ing temperature. One main problem is to know exactly the temperature of the 

TABLE 4.8
Quadratic Zeeman Shift Coefficient of Clock Transition 
for Selected Atoms

Atom
β′e,g

(MHz/T2) References
24Mg –217 Taichenachev et al. 2006
40Ca –83.5 Taichenachev et al. 2006
87Sr –23.3 Boyd et al. 2006

Baillard et al. 2007
88Sr –23.3 Akatsuka et al. 2010
171Yb –6.2 Taichenachev et al. 2006
174Yb Taichenachev et al. 2006
199Hg –2.44 Hachisu et al. 2008

TABLE 4.7
Linear Zeeman Coefficient of the 1S0 – 3P0

Isotope Nuclear Spin I
Linear Shift α′e,g

(Hz/μT) Reference
87Sr 9/2 −1.10 Boyd et al. 2007
171Yb 1/2 −4.1 Porsev et al. 2004
173Yb 5/2 +1.1 Porsev et al. 2004
199Hg 1/2 +6.6 Hachisu et al. 2008
201Hg 3/2 −2.5 Hachisu et al. 2008
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environment in which the optical lattice is embedded. Inhomogeneities as large 
as 1 K may exist between various parts of the structure and it is difficult to assign 
an exact temperature to the radiation in which the atomic ensemble is embedded. 
In  a typical case using Sr, a conservative accuracy in the determination of the 
BBR may be about 30 mHz or 7.5 × 10−17 (Le Targat et al. 2013). Proposals have 
been made in order to improve its determination by means of a technique in which 
the atomic ensemble or lattice is made to slip physically by a short distance, say 
50 mm in a short time, where measurements of the dc Stark shift would be made. 
A second approach would be interrogation of the atomic ensemble in a cryo-
genic environment where the BBR shift is reduced to the order of a few × 10−18 
(Middelmann et al. 2010) as was described in the case of the Cs fountain. Values 
of the BBR shifts evaluated for several atoms are given in Table 4.9. It appears 
from such a table that Hg has a net advantage over other atoms for implementing 
an optical frequency standard.

4.5.3.3 Lattice Light Shift
We have analyzed in Section 4.5.1 and in Chapter 2 the effect on the clock transition 
of the applied radiation field that creates the optical lattice. The elementary analysis 
done showed that the clock frequency is shifted by the interaction of the atoms with 
the relatively strong field present. The shift depends on the frequency of the laser 
field ωL and its intensity EL

2, and is different for the two energy levels of the clock 
transition. Fortunately, it is possible to find a wavelength, qualified as magic, for 
which both levels are shifted by the same amount. More advanced analysis, however, 
shows that it also depends on the relative direction of the lattice polarization and the 
system quantization axis generally defined by the orientation of the applied magnetic 
field. This effect makes the clock frequency sensitive to the stability of the lattice 
polarization fluctuations. The shift can be evaluated experimentally as a function of 
several parameters characterizing the lattice standing wave and adjustments can then 
be made to minimize it. This magic wavelength is given in Table 4.10 for various 
atoms of interest.

TABLE 4.9
Fractional Shift due to Black Body Radiation at 300 K for Several 
Selected Atoms

Atom Transition
Fractional Shift due to 
BBR at 300K δδνν ννBBR o Reference

Sr 1S0 → 3P0 –5.5 × 10–15 Porsev and Derevianko 2006

Ca 1S0 → 3P1 –2.6 × 10–15 Porsev and Derevianko 2006

Yb 1S0 → 3P0 –2.4 × 10–15 Porsev and Derevianko 2006

Mg 1S0 → 3P0 –3.9 × 10–16 Porsev and Derevianko 2006

Hg 1S0 → 3P0 –1.6 × 10–16 Hachisu et al. 2008

Rb 5s (F = 2 → F = 1) –1.25 × 10–14 Safronova et al. 2010

Cs 6s (F = 4 → F = 3) –1.7 × 10–14 Simon et al. 1998
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4.5.3.4 Other Shifts
The three shifts just examined are the most important ones encountered in the practi-
cal realization of an optical frequency standard based on the optical lattice approach. 
There are, however, several other shifts or biases that, although of smaller amplitude, 
can contribute to the inaccuracy of such a frequency standard.

4.5.3.4.1 Collision Shifts
Atoms in a potential well may collide and cause a frequency shift in the clock tran-
sition. We have studied extensively the effect of atomic collisions on the clock fre-
quency in the case of microwave standards and have found that they may be important 
particularly in the case of the Cs fountain. It was found that the Rb atom was prob-
ably a better choice since in that case the frequency shift was smaller by a factor of 
about 30. In an optical lattice with atoms extracted from a MOT, there may be pres-
ent 109 atoms/cm3. The atoms are captured in the lattice at very low temperature, in 
the μK range, a temperature that depends on the potential well depth. The atoms are 
also in various vibration states n within a given well. There may be several atoms 
per sites and they may interact depending on their statistical properties. Due to the 
low temperature involved, S wave scattering is predominant in collisions as in the 
case of the fountain. Furthermore, stored atoms may be of the fermionic or bosonic 
type and their interaction is rather different. For example, in the case of fermionic 
atoms such as 87Sr with a nuclear spin I = 9/2, due to the exclusion principle the 
effect of collisions is suppressed when the atoms are polarized. This is not the case 
for bosonic atoms. In the case of partial polarization of fermionic atoms, collisions 
may take place between atoms in different states. A similar situation may exist for 
atoms being excited by the clock interrogation radiation. The intensity of the applied 

TABLE 4.10
Magic Wavelength for Various Atoms of Interest That Can Be Used to 
Implement an Optical Frequency Standard in the Optical Lattice Approach

Atom

Magic Wavelength 
(Frequency) 

(Experimental Results)

Magic Wavelength 
(Theoretical 
Results) (nm)

Reference 
(Experimental 

Results)

Reference 
(Theoretical 
Calculation)

24Mg 466 Derevianko et al. 
2009

40Ca 739 Derevianko et al. 
2009

87Sr 385,554.718(5) GHz 813 Westergaard et al. 
2011

88Sr 368,554.58(28) GHz Akatsuka et al. 
2010

171Yb 394,798.329(10) GHz 759 Lemke et al. 2009
174Yb 394,799.475(35) GHz Barber et al. 2008
199Hg 362.53(0.21) nm 362 Yi et al. 2011 Derevianko et al. 

2009
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field may vary slightly in space causing a different level of excitation and providing a 
basis for differentiating between atoms that are no longer in similar states. Collisions 
may then take place causing a frequency shift. Actual clock frequency measure-
ments may be made with different densities in the original MOT, causing different 
numbers of atoms per site. It is then found that the effect may be of the order of few 
10–17 or less (Le Targat et al. 2013).

4.5.3.4.2 Stark Shift
The laser tuned to the clock transition appears to the other possible transitions as a 
detuned radiation field. It may in principle cause a light shift. However, this laser 
field is weak, the radiation intensity being a few nW. Its contribution may be of the 
order of a few in 10–17.

4.5.3.4.3 Motion Effect
The waist of the lattice may be of the order of 100 μm or less and the depth of the 
wells may be of the order of a few hundred times the recoil energy, Er. With second 
step cooling, the temperature reaches the μK range and the atoms may be confined 
to lower internal levels of small quantum numbers. Strong confinement of the atoms 
in those lattice potential wells introduces a Lamb–Dicke regime and the motional 
effects are dramatically reduced. The effect on frequency is evaluated to be of the 
order of a few 10–17 or less. Even a possible slipping of the lattice causing a sliding of 
the atoms at a small velocity has been considered and its effect has also been evalu-
ated to be less than a few in 10–17.

4.5.4 frequenCy sTaBiliTy of an opTiCal laTTiCe CloCk

The frequency stability of such clocks is given theoretically by Equation 4.1. The 
advantage of using optical lattice storage with large number of atoms is thus evident 
from the expression compared to single ion clocks using the Paul trap approach. 
Recent results have confirmed this prediction. For example, the frequency stability 
of an optical lattice Sr clock was determined as 3.3 × 10–16 τ –1/2 by means of a com-
parison to a close copy of the same clock (Bloom et al. 2014). This gives a frequency 
stability of 6 × 10–18 for an averaging time of 3000 s making possible measurements 
in a relatively short period with the corresponding resolution.

4.5.5 praCTiCal realizaTions

Several laboratories have constructed optical lattice clocks. They are built essen-
tially along the general lines shown in Figures 4.14 and 4.15. One implementation 
of interest is that of using the atom 87Sr (Le Targat 2007; Katori 2011). Two of those 
optical clocks using a 1D vertical lattice were constructed at SYRTE, Paris, France. 
They were compared in frequency directly and were also compared to the Cs and 
Rb fountains maintained in operation on a quasi continuous basis by means of a 
frequency comb to be described below (Le Targat et al. 2013). The properties of 
one of the two 87Sr optical lattice clock realized at SYRTE, Paris, France, are given 
in Table 4.11. It is readily observed that the most important shifts are as mentioned 
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above, the Zeeman shift, the BBR and the lattice light shift. It appears that the total 
uncertainty in the frequency determination of the clock in terms of the Cs standard 
is about 1 × 10–16 and is essentially originating from the difficulty in determining 
exactly the BBR shift.

Another more recent development has been realized also using 87Sr in a lattice 
clock (Bloom et al. 2014). Extreme care was taken in many aspects of the evaluation 
of the main frequency biases, particularly the BBR shift. This was done using a very 
careful stabilization of the temperature of the ensemble through the insertion of the 
entire clock in a black box and an evaluation with calibrated sensors of the internal 
temperature with an accuracy of 27 mK at the site of the atoms. In one of the two 
Sr standards constructed it is claimed that the BBR shift could be evaluated with 
an accuracy of the order of 5 × 10–18, a factor of 10 better than that reported above. 
Several other improvements in the determination of various shifts lead to a total 
claimed uncertainty of 6.4 × 10–18 in the determination of the clock frequency. This 
result leads to the hope of reaching an accuracy of 10–18 in frequency accuracy of an 
optical lattice clock in the near future.

Yb whose energy levels structure was given above was also used to implement 
an optical lattice clock with rather interesting properties. It is constructed along the 
same line of thought as the Sr clock described above (Hinkley et al. 2013). The atoms 
are laser cooled in a MOT on the transition 1S0 − 1P1 (Γ = 1.8 × 108 s–1) at 399 nm, 
followed by a second-stage cooling on the transition 1S0 − 3P1 (Γ = 4.7 × 104 s–1) at 
356 nm. The narrow width of this second transition allows the realization of tem-
peratures in the tens of μK range. About 1000 wells of the 1D lattice can be loaded 
with tens of thousands of Yb atoms. The residual temperature of the atoms trapped 
in optical wells is about 10 μK. The advantage of Yb resides in a BBR shift about 
twice as small as that of Sr. Furthermore, the value of the nuclear spin, I =  1/2, 

TABLE 4.11
Frequency Shifts and Uncertainty in Their Determination for One of the 87Sr 
Lattice Clocks Implemented at SYRTE, Paris, France, during the Last Decade

Physical Perturbation
Size

(mHz) Uncertainty (10–17)

Quadratic Zeeman 846 2.1

Residual lattice light shift, first order –21 1.2

Residual lattice light shift, second order 0 0.7

BBR shift
 1. Temperature uncertainty
 2. Uncertainty in sensitivity

2,310
7.5
0.5

Density shift –10 4.6

Line pulling 0 4.7

Light shift due to probe 0 0.15

Total 3,125 10.3

Source: Le Targat et al., 2013.
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reduces the number of hyperfine levels and makes state preparation easier. The system 
constructed along these general lines showed a frequency stability of 3.2 × 10–16 τ –1/2 

approximately the same as a Sr clock (see also Smart 2014).
It should be mentioned that the use of the atom Hg can lead to a reduction of the 

contribution of the BBR and improve accuracy. As shown in Table 4.12, the BBR 
shift of Hg is a factor 20 smaller than that for Sr. Consequently, the use of Hg would 
permit a reduction of the shift to be associated with this bias.

4.6 FREQUENCY MEASUREMENT OF OPTICAL CLOCKS

Since the early development of optical frequency standards, measurement of their fre-
quency has been an important goal. The frequency difference of two optical frequency 
standards implemented with the same atom can be measured by means of a frequency 
mixing of the two signals in a fast response sensor. However, the absolute measurement 
of their frequency in terms of the SI unit, the second, defined by means of the ground 
state hyperfine frequency, 9.2  GHz, of the Cs atom is a major challenge. We have 
described in QPAFS, Volume 2 (1989), several methods that have been developed in the 
past. These consisted in the use of a certain number of lasers compared to each other 
by means of heterodyne techniques, either frequency- or phase-locked, with various 
steps in frequency reaching the infrared and finally the microwave range. The number 
of lasers required is rather large and such arrangements could readily fill a room with 

TABLE 4.12
Characteristics of Selected Implementations of Optical Lattice Clocks in the 
Optical Domain

Atom
Clock Transition Frequency

(Hz) Transition Accuracy
Frequency 
Stability References

24Mg 655,659,923,839.6(1.6) × 103 1S0 → 3P1 2.5 × 10–12 3 × 10–13 @ 1s Friebe et al. 
2008

40Ca 456,986,240,494,135.8 1S0 → 3P1 7.5 × 10–15 4 × 10–15 @ 1s Oates et al. 
2006

87Sr 429,228,004,229,873.10 1S0 → 3P0 1.5 × 10–16 3 × 10−15τ –1/2 Le Targat 
et al. 2013

88Sr 1S0 → 3P0 2 × 10−16 τ –1/2 Akatsuka 
et al. 2012

88Sr 438,828,957,494(10) × 103 1S0 → 3P1 Ferrari et al. 
2003

171Yb 518,295,836,590,865.2(0.7) 1S0 → 3P0 3.4 × 10–16 3 × 10–16τ –1/2 Hinkley et al. 
2013

174Yb 518,294,025,309,217.8(0.9) 1S0 → 3P0 1.5 × 10–15 2.5 × 10–16@100 s Lemke et al. 
2009; Barber 
et al. 2006

199Hg 1,128,575,290,808,162.0 ± 6.4 
(sys.) ± 0.3 (stat.)

1S0 → 3P0 5.7 × 10–15 5.4 × 10–15 @1s McFerran 
2012
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instrumentation that was very sensitive to environmental conditions and could in gen-
eral be operated continuously only for rather limited periods. This approach was very 
complex and allowed only a very limited number of frequencies to be measured.

4.6.1 opTiCal ComB

Fortunately, a new approach was developed that made possible a measurement of opti-
cal frequencies over a broad range in term of the Cs frequency essentially in a single 
step. The system, called optical comb is illustrated in Figure 4.23 and works in the 
following way (Hansch 2006; Hall 2006). It uses the basic idea that the radiation of a 
laser emitting very short pulses of radiation is characterized by a spectrum of Fourier 
frequencies distributed over a large range. There exist such lasers that emit extremely 
short pulses of radiation and are called femtosecond lasers. In such lasers, the light may 
be in the visible range and the short pulses repetition rate may be in the rf or microwave 
range from 100 MHz to 1 GHz. If we examine the emitted spectrum of such a laser by 
means of a Fourier analysis, we find that it consists of lines spaced in frequency by the 
repetition rate. These lines are very sharp. They are called teeth and in principle should 
appear at a frequency nfr where n is an integer representing a particular tooth and fr is 
the repetition rate of the pulses. Unfortunately, this repetition rate is not synchronized 
to the phase of the optical radiation. In other words, the phase of the optical radiation 
slips relative to the pulse maximum from pulse to pulse. If that phase slippage is Δϕ 
from pulse to pulse, the net result is a bias f0 of the whole optical frequency spectrum. 
As made explicit in the Figure 4.23 the frequency of a given tooth is then given by:

 f f nfn r= +0  (4.31)

Laser
(femtosecond)

Clock
Cs

Optical fibre
(microstructure)

fo

I( f )

f

fr
nfr + f0

λ unknown

FIGURE 4.23 Conceptual diagram of the optical comb that makes possible measurement 
of an optical frequency directly in terms of the Cs frequency that acts a primary standard.
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In order for the teeth to have stable frequencies, it is thus required to stabilize both 
f0 and fr. The frequency fr may be stabilized directly by measuring the repetition rate 
and comparing the result to a stable microwave standard derived from a primary 
standard. A H maser may be used taking advantage of its low phase noise. The error 
signal developed can then be used as feedback on the laser mirrors that control that 
repetition rate. The frequency f0, on the other hand can be measured through an het-
erodyne technique as follows. First, the frequency of the low frequency end of the 
output radiation is doubled by means of a non-linear device. The spectrum obtained 
is then beat against the high end of the original spectrum. The difference in frequency 
results in a beat note at frequency fd equal to f0 as shown by the following equation:

 f f n f f n f fd r= +( ) − +( ) =2 20 0 0o o  (4.32)

Consequently, an error signal can again be developed by comparing that frequency to 
a stable microwave frequency of the same quality as the one used above for stabilizing 
the repetition rate. That error signal can be used to stabilize the laser frequency through 
laser property on which the laser frequency is sensitive. Consequently, the laser spec-
trum is totally stabilized in frequency and phase. Any unknown laser frequencies in the 
range of the laser spectrum can then be measured by mixing that unknown laser signal 
to the comb spectrum and identifying the actual tooth that provides the observed beat. 
This comb technique is now used at large for measuring unknown optical frequencies.

4.6.2 CloCk frequenCies and frequenCy sTaBiliTies realized

The comb just described has been used extensively for determining the frequency of 
the clock transition of several atoms that have been used for implementing a lattice 
clock in the optical domain, as measured against primary Cs standards. The results 
are given in Table 4.12 with other characteristics, such as frequency stability and 
accuracy determined from an evaluation of various biases.

An accuracy, such as that shown in Table 4.12 is rather outstanding and from 
the discussion on the evaluation of the biases realized it allows hope of even doing 
better. As will be made explicit in the conclusion, this kind of accuracy can be used 
already to test the basic validity of assumptions imbedded in the formulation of some 
fundamental physical principles.
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5 Summary, Conclusion, 
and Reflections

In the history of mankind, time has always played a crucial role either in explorations 
or quest for knowledge. Without a precise measurement of time, such activities as basic 
research, earth navigation and space exploration would hardly be feasible at the level 
of precision we know at the time of writing. Time plays a basic role in the universe’s 
physical laws that we have uncovered and particularly in relativity. Our understanding 
of those physical laws is based on fundamental constants, which, as their name would 
indicate, have been believed to be invariable with time. With the precision now reached 
in measuring frequency and time we can now challenge this concept.

Technology based on precision timing has invaded our way of life, and even our 
daily activities require precise time/frequency standards: cell phones, transporta-
tion, and telecommunication systems, which are now part of our lives, all operate on 
precision time transfer. The second is the base unit of time in the SI system and it 
is also used to define other SI units such as length through the speed of light. Time 
is thus now at the heart of precise length measurements in industry; as we will see, 
time may play a unique role as being the single unit required in determining all basic 
units necessary to implement a complete measurement system.

Time has acquired this importance because better clocks have been invented and 
implemented over the years. In the early days of navigation, it was realized that if 
time was better known on a reference site and on the travelling vessel, better posi-
tioning on the surface of the planet would be accomplished resulting in increased 
security and improved commercial activities. In the nineteenth century, extensive 
development took place in mechanical clocks reaching stability in the 10  s range 
over a time required for a full accurate traversal of the Atlantic Ocean. In the early 
twentieth century, the quartz clock was developed, which increased the stability of 
time  keeping by orders of magnitude and opened the door to new applications in 
such fields as communication, time keeping, and navigation. The advent of atomic 
clocks based on internal properties of atoms improved considerably the precision of 
all those applications and opened the door to new ones.

The basic physics behind the operation of those so-called atomic clocks and 
their state-of-the-art development at the end of the 1980s were described in QPAFS, 
Volumes 1 and 2. The present text is aimed at a description of the outstanding 
advances that were accomplished in that field since that time. The clocks themselves 
can be categorized under various criteria, such as nature, uses, as well as qualities. 
For example, these criteria may be:

Basic characteristic: Primary or secondary
Quality: Frequency stability and accuracy
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Intent: Laboratory or industrial (commercial)
Physics principles: Passive or active; microwave or optical; ions or neutral atoms
Use: Earth surface, space
Dimensions: Volume and weight

That categorization may be helpful in deciding which type of clock is best suited for a 
given application. The intent of the present text is more oriented at outlining the basic 
physics involved in the implementation of such clocks; we have put more emphasis 
on such physics and the results obtained regarding frequency stability and accuracy. 
From that text, however, and the outline made relative on their physical construction, 
it is relatively easy to situate the clocks in those categories and decide from their 
properties on possible applications based on the state of the art of their development. 
We will not, however, go into the details of applications of such frequency standards. 
For an extensive survey of such applications, the reader is referred to Riehle (2004).

5.1 ACCURACY AND FREQUENCY STABILITY

Relative to accuracy and stability, it is best to represent these two characteristics 
by means of graphs that illustrate where we now stand. Accuracy refers to a clock’s 
capability to represent the definition of the unit that it represents, the second, in 
the SI. The accuracy of a frequency standard used as a primary clock, on the other 
hand, can be qualified as our ability to evaluate all biases that can affect its fre-
quency. Presently, the second is still defined in terms of the hyperfine frequency of 
the ground state of Cs. There are limits to the precision we can evaluate those biases, 
particularly in the microwave range, and we have found that we can do better in this 
regard in using optical frequency standards. Consequently, at first sight, it would 
appear that we could redefine the second in terms of an optical frequency with an 
atom other than Cs. This, however, is an important decision that needs to go through 
a heavy relative evaluation and bureaucratic process and it appears better for the 
moment to establish some rules by which these new standards can be used to imple-
ment the definition of the second. This can be done by means of knowledge of their 
frequency in terms of the Cs frequency, although we know that they are in principle 
more accurate. The accuracy of the measurements would then be limited to that of 
the Cs clock and a progress would result only if a new definition is adopted.

It is interesting to visualize the progress that has been made on atomic clocks 
accuracy since their first implementation. The evolution of that accuracy with time is 
presented in Figure 5.1 for selected standards using various technologies.

On the other hand, frequency stability, the important property that determines 
the precision of a frequency standard and plays an important role in determining its 
characteristics, has also been improving continuously with time. Actually it is basic 
for improvement in accuracy since without stability a frequency standard could not 
be evaluated regarding accuracy. Much work has been done in order to improve fre-
quency stability in the short and medium term in order to reduce the time required to 
determine accuracy of a given standard. Present state-of-the-art frequency stability 
of selected standards described earlier in this text is given in Figure 5.2.
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We complete those figures by means of Table  5.1, which gives the actual fre-
quency stability and accuracy of selected standards with appropriate references. It is 
observed that in less than a few decades, frequency stability and accuracy has been 
raised by four orders of magnitude.

5.2  SELECTED APPLICATIONS OF ATOMIC 
FREQUENCY STANDARDS

The main applications of atomic clocks can be classified in:

•	 Metrology, timescales (e.g., SI units, primary and secondary standard)
•	 Scientific research, instrumentation (e.g., gravity, relativity, fundamental 

constants)
•	 Telecommunications (e.g., networks synchronization)
•	 Radio astronomy (e.g., very long base line interferometry [VLBI], astronomy)
•	 Navigation and positioning (e.g., satellites systems, geodesy)

Several of those applications were outlined in Volume 2 of QPAFS (1989) (see also 
Maleki and Prestage 2005). We will examine briefly some of them in the light of the 
new developments described in the present text.

TABLE 5.1
Accuracy and Frequency Stability of Some Selected Recently Developed 
Atomic Frequency Standards

Frequency Standard Stability Accuracy Reference

Microwave 
clocks

H maser 8.0 × 10−14 @ 1 s
2 × 10−16/day

5 × 10−13 www.T4Science.com

Cs fountain 1.6 × 10−14 τ−1/2 4.4 × 10−16 Guena et al. 2014

Hg+ 5 × 10−14 τ−1/2 Burt et al. 2008

Optical 
clocks

27Al+ 2.8 × 10−15 τ−1/2 8.6 × 10−18 Chou et al. 2010

Yb+ (oct) 7.1 × 10−17 Huntemann et al. 2012
88Sr+ 2.2 × 10−17 Madej et al. 2012
171Yb 3 × 10−16 τ−1/2 3.4 × 10−16 Lemke et al. 2009
87Sr 3.4 × 10−16 τ−1/2 6.4 × 10−18 Bloom et al. 2014
40Ca 2 × 10−16 @ 2,000 s 7.5 × 10−15 Wilpers et al. 2007
199 Hg 5.4 × 10−15 @ 1 s 5.7 × 10−15 McFerran et al. 2012

Compact 
clocks

CPT Rb clock 3 × 10−11 τ−1/2 Vanier 2005

CPT Cs cell clock 3.2 × 10−13 τ−1/2 Guerandel et al. 2014

PHM 7 × 10−15 @ 10,000 s Belloni et al. 2009

Compact microwave 
mercury clock

1 – 2 × 10−13 @ 1 s Prestage et al. 2007

HORACE 1 × 10−13 τ−1/2 Esnault et al. 2008

Thermal beam CsIII 2.7 × 10−13 @ 10,000 s www.symmetricom.com
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5.2.1 The SI: TowardS a redefInITIon of The Second

Time is the basic quantity in the SI, whose representative unit, the second, was the 
first to be defined in terms of an atomic property, the hyperfine frequency of the Cs 
atom in its ground state. Time is also the quantity that can be measured with the 
greatest accuracy due to the extraordinary development that has taken place in the 
field of atomic and laser physics.

The General Conference on Weights and Measures (Conférence Générale des Poids et 
Mesures CGPM 1967) decided in 1967 that “the second is the duration of 9,192,631,770 
periods of the radiation corresponding to the transition between the two hyperfine levels 
of the ground state of the caesium 133 atom”. This definition was qualified in 1997 by 
declaring that it refers to a Cs atom at rest at a thermodynamic temperature of 0 K.

In recent years, a large number of atomic species seem to be equally qualified to 
act as the basis of a new definition. That definition would be based on an optical tran-
sition of a particular atom selected from a group that shows promises when used in the 
implementation of a clock. In fact, the Conférence Internationale des Poids et Mesures 
(CIPM 2012) has established a List of Recommended Transitions, some of which are 
recognized as Secondary Representation of the Second (SRS) in the SI. The first SRS 
recognized in 2004 was Rb87 in the microwave range since its hyperfine frequency 
was less affected by atomic collisions and its frequency could be determined with bet-
ter accuracy (Bize et al. 1999; see also Guena et al. 2014). On the other hand, due to 
development of accurate optical ion clocks using ions such as Hg+, Al+, Yb+, Sr+, Ca+, 
as well as accurate optical lattice clocks using Sr, Yb, and Hg, several other optical 
transitions were recognized by the CIPM as SRS (see Table 5.2).

The second, one of the seven base units of the SI system is the unit that is realized 
with the greatest accuracy and stability. A logical approach is therefore to try to con-
nect, using the laws of physics and fundamental constants, base SI units to the second. 
First the meter is directly connected to the second by means of the speed of light. The 
speed of light is now defined exactly as:

 c , , ( )=299 792 458 m/s  (5.1)

a definition that gives an exact value to the electric constant equal to:

 ε
µo

o

F/m= = …× −1
8 854 187 817 102

12

c
. , , ( )  (5.2)

since the magnetic constant μo is defined as

 µ πo
2/( )= × −4 10 7 Ν Α  (5.3)

On the other hand, it is possible to connect directly the volt to the second by means 
of Josephson effect, which is observed in a junction made of two superconductors 
separated by a thin dielectric film. The effect is observed as steps in the response of 
the junction exposed to radiation of frequency ν. Those steps are observed in the I-V 
curve of the junction obeying exactly the law:

 V n KJ=  v  (5.4)



406 The Quantum Physics of Atomic Frequency Standards

where KJ is Josephson constant given by:

 K
h
e

J , . ( ) ( )= =
2

483 597 870 11 Hz/V  (5.5)

where:
h is Planck’s constant
e the electronic charge

Furthermore, it is possible to construct a capacitor whose capacity C is exactly 
known in terms of its dimension (Thompson and Lampard theorem 1956) and the 
electric constant εo:

 Co
oln= ε
π

2
(F/m)  (5.6)

Consequently, using these concepts, it is possible to imagine a system of units in 
which all base quantities length, time, ampere, and mass are connected together 
by simple relations which rely on fundamental constants as definition of their 
representing respective units. In that system, mass is obtained by means of a 
so-called watt balance as represented in Figure 5.3 by the box called force mea-
surement, which is essentially a balance that measures the force developed by a 

TABLE 5.2
Characteristics (Transition and Frequency) of Selected Optical Frequency 
Standards That Can Be Used as Representation of the Definition of the 
Second

Ion/Atom Nonperturbed Transition Frequency (Hz)
27Al+ 3s2 1S0 – 3s3p 3P0 1,121,015,393,207,857.3
199Hg+ 5d106s 2S1/2 – 5d 96s2 2D5/2 1,064,721,609,899,145.3
199Hg 6s2 1S0 – 6s6p 3P0 1,128,575,290,808,162
171Yb+(octupole) 6s 2S1/2 – 4f 136s2 2F7/2 642,121,496,772,645.6
171Yb+(quadrupole) 6s 2S1/2 (F = 0, mF = 0) – 5d 2D3/2 (F = 2, mF = 0) 688,358,979,309,307.1
88Sr+ 5s 2S1/2 – 4d 2D5/2 444,779,044,095,485.3
40Ca+ 4s 2S1/2 – 3d 2D5/2 411,042,129,776,395
1H 1S – 2S 1,233,030,706,593,518
87Sr 5s2 1S0 – 5s5p 3P0 429,228,004,229,873.4
171Yb 6s2 1S0 – 6s6p 3P0 518,295,836,590,865.0
87Rb 1S0, F = 1, mF = 0 – 1S0, F = 2, mF = 0 6,834,682,610.904312

Source: BIPM. 2012. Bureau International des Poids et Mesures, Consultative Committee for Time and 
Frequency (CCTF). Report of the 19th meeting to the International Committee for Weights and 
Measures 101e session du CIPM – Annexe 8 203, September 13–14, 2012. http://www.bipm.
org/en/publications/mep.html.
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magnetic field induction B on a wire carrying a current I. The constant involved 
is μo defined earlier.

The consistency of the whole system can then be verified by means of the quan-
tum Hall effect (von Klitzing et al. 1980) that leads to the implementation of an ohm 
standard in terms of the constant RK = h/e2. As of 2014, this system has not yet been 
implemented because of the limitation of accuracy of the watt balance. Accuracy bet-
ter than a part in 109 is required. The kg is still defined as the mass of the Pt prototype 
that is maintained at the Bureau International des Poids et Mesures in Sèvres, France.

5.2.2 TeSTS of fundamenTal PhySIcal lawS

5.2.2.1 Fundamental Constants
The laws of physics are based on fundamental constants. Gravity relies on the gravi-
tational constant G, electromagnetism relies on the electric and magnetic constants 
εo an μo as well as on the speed of light c, while quantum mechanics relies on such 
constants as, Plank’s constant h and the mass and charge of the electron, me and e. In 
practice, so-called constants such as Rydberg constant R m c h∞ = α2 2e , where α is 
the fine structure constant α ε= e hc2 2 o , play an important role in the description of 
energy level structure of atoms. Determination of those constants is, in some cases, 
made with the greatest accuracy by means of frequency measurements derived from 
atomic frequency standards techniques (see, e.g., De Beauvoir et al. 2000). A basic 
question is then raised as to the constancy with time of those physical constants. 
Hyperfine frequencies depend on the atom chosen and are functions of those constants 
(Prestage et al. 1995; Flambaum and Berengut 2009; Peik 2010). Similarly, optical fre-
quencies depend on those constants in a manner different from microwave hyperfine 

Kilogram
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2e/h

Ampere
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c, εo

Volt

Metre

c

μo

Second

FIGURE 5.3 Schematic diagram making explicit a conceptual system of units based on 
fundamental constants and making the second as the central unit of measurement.
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frequencies. Actually, the ratio of a hyperfine frequency to an atomic resonance optical 
frequency depends on the product α2gI(me/mp) (Bize 2001). Consequently, the advent 
of optical standards has provided a possibility of testing the constancy of those param-
eters, particularly α, over time by simply operating various clocks over long periods of 
time and comparing their frequencies. The exercise also allows a relation to astrophysi-
cal measurements (see Karshenboim and Peik 2008). Such a comparison has been 
done with several clocks and some of the results are summarized in Table 5.3.

The result is reported in terms of fluctuation with time according to the relation:

 
1
R

dR
dt

d
dt

R= ln  (5.7)

where:
R is a frequency ratio

These measurements provide a limit to the variation of the frequency of various 
clocks relative to each other and thus provide a limit to the variation of fundamental 
constants with time. From the table it appears that for the period of measurement no 
variation has yet been observed.

5.2.2.2 Time Dilation and Gravitational Red Shift
The twin paradox has always raised interest since its introduction by Einstein in the 
early 1900s. Experiments in the 1970s with clocks on airplanes around the earth 
have shown without ambiguity that time maintained by clocks in motion relative to 
clocks at rest did not flow at the same rate (Hafele and Keating 1972). Their results 
are summarized in Table 5.4.

Such an experiment was reproduced on a shorter flight by members of the National 
Physical Laboratory, UK, in 2005 on a flight from London to Washington and the 
results were found in agreement with theory to 1%.

TABLE 5.3
Measurement of the Variation of the Ratio of Various Atomic Clocks 
Frequency with Timea

ν1/ν2 d/dt ln (ν1/ν2) (10–16/yr) Reference

Rb/Cs –1.36 ± 0.91 Guéna et al. 2012

H(1S – 2S)/Cs –32 ± 63 Fischer et al. 2004

Yb+/Cs –4.9 ± 4.1 Tamm et al. 2009

Hg+/Cs 3.7 ± 3.9 Fortier et al. 2007

Sr/Cs –10 ± 18 Blatt et al. 2008

Al+/Hg+ –0.53 ± 0.79 Rosenband et al. 2008

Source: Bize, S. Optical Frequency Standards and Applications, Cours de 3ième cycle du Programme 
Doctoral en Physique de la Conférence Universitaire de Suisse Occidentale, 2014.

a Results have been obtained for hyperfine and optical clocks.
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On the other hand, it is known that a clock rate varies with gravitational potential. 
Near the surface of the earth, the fractional variation with height h is given by the 
expression:

 
∆ν
ν

≅ gh
c2  (5.8)

where:
g is the acceleration of earth’s gravity

The change is about 10–16 per metre elevation.
The effect has been verified in the 1970s by means of an H maser sent in space 

by a rocket at an altitude of about 10,000 km (Vessot and Levine 1979; Vessot et al. 
1980). The agreement with theory was of the order of 0.01%. Similar experiments 
done with clocks on airplane at various altitudes also agreed with theory within ~1% 
(Alley 1979, 1981).

It should be mentioned that those two phenomena, time dilation and gravitational 
red shift, have an important effect on navigation systems such as the GPS. Clocks in 
satellites in such a system must be corrected for their speed and altitude in their orbits 
by 38 μs/day of which 45 μs is due to gravitational potential and –7 μs due to speed.

With the advent of optical clocks, it is readily observed that with stabilities reaching 
the 10–18 over averaging times of the order of 10,000 s, it is now possible to measure 
altitude effectively to the level of centimetres (Rosenband et al. 2008).

5.2.2.3 Fundamental Physics in Space
With the advent of more stable atomic clocks, the subject of revisiting selected physics 
basic experiments in space has attracted interest. In particular, the International Space 
Station (ISS) offers a unique environment in microgravity that is rather appropriate 
for such a mission. For example, the European Space Agency (ESA) has approved 
a project called Atomic Clock Ensemble in Space (ACES) for testing some of the 
physics laws to a higher precision (Cacciapuoti and Salomon 2009). In particular, 
ACES will be composed of a set of clocks such as an active H maser for space (SHM) 

TABLE 5.4
Results Obtained by Hafele and Keating (1972) on Time Dilation 
Measurements by Means of a Comparison of 4 Cs Atomic Clocks Travelling 
on Air Planes around the Earth Compared to Other Clocks Maintained at 
Rest Relative to Them on the Surface of the Earth

Δt(ns) East West

Calculated −40 ± 23 275 ± 21

Measured −59 ± 10 273 ± 7

Note: The results have been corrected for the gravitational red shift examined in this table.
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and a laser-cooled Cs beam clock (PHARAO) of the design described earlier in the 
text. Scientific objectives are in particular a measurement of the gravitational red 
shift with a 25-fold improvement over the experiment carried by Vessot and Levine 
(1979) with an H maser, a better test of the isotropy of the speed of light and a search 
for a possible drift of the fine structure constant α. Furthermore, with the time trans-
fer equipment, ACES will allow synchronization of timescales of distant ground lab-
oratories with 30 ps accuracy and frequency comparisons at the 10–16 accuracy level.

5.2.3 clockS for aSTronomy and earTh ScIence

5.2.3.1 VLBI and Geodesy
The VLBI is a very powerful technique using antennas to observe stellar objects 
with an outstanding resolution. The antennas use atomic clocks for synchronization. 
The H maser has been the preferred frequency standard for this purpose due to its 
high reliability and its medium-term frequency stability. This technique can also be 
employed in geodesy in order to measure the distance between the antennas with 
precision of the order of millimetres. This type of measurement can also be used to 
follow, for example, the dynamics of tectonic plates. Furthermore, due to the depen-
dence of clock frequency on gravitational potential, as predicted by general relativ-
ity, atomic clocks of high accuracy can be used in principle to improve gravitational 
field knowledge. This makes possible the definition of a chronometric geoid as the 
surface where precise clocks run with the same speed and the surface is nearest to 
mean sea level (see, e.g., Delva and Lodewyck 2013).

5.2.3.2 Deep Space Network
Frequency standards capable of operating simultaneously for a long term with high 
 frequency stability are necessary for synchronization and navigation of the satellites and 
space probes. The Deep Space Network (DSN) is a worldwide network of large antennas 
and communication facilities, located in California, Spain, and Australia, that supports 
interplanetary spacecraft missions, performs radio and radar astronomy observations. 
The space network includes DSN which is part of the NASA Jet Propulsion Laboratory, 
European Space Operations Centre, Russian Deep Space Network, Chinese Deep Space 
Network, Indian Deep Space Network, and Usuda Deep Space Centre in Japan.

5.2.3.3 Earth Clocks Network
In the past, synchronization of clocks was done generally by means of transportable 
clocks such as a Cs beam frequency standards of the classical design. The accuracy 
of the technique relied entirely on the frequency stability of the clocks which was 
not obvious due to changing environmental conditions during travel. That alone 
considerably limited the accuracy of time synchronization between distant sites. 
It thus appeared logical to develop systems in which timing information could be 
transmitted by electromagnetic radiation. Since transmission is altered by atmo-
spheric conditions, it also appeared logical to develop transmission networks that 
would not suffer from such an influence. The advent of lasers and transmission by 
optical fibres appears to correctly address the question and to offer a solution to the 
problem of transmission.
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Such networks between the clocks using coherent optical fibre link is under devel-
opment in several countries. In France, for example, a long link, in dark channel (fibre 
shared with Internet) of 540 km between Syrte, Paris, and Laboratoire de Physique 
des Lasers (LPL) was demonstrated. This network including bidirectional optical 
amplifiers and a signal regeneration station has demonstrated stability of 4 × 10–15 
at 1 s and better than 10–19 at one day, in a measurement bandwidth of 10 Hz. No 
perturbation of internet traffic on the same fibre was observed. SYRTE is also devel-
oping free-space optical links for ground-to-space or space-to-space transfer and as a 
potential method for intercontinental comparison of ground-based standards. A laser 
system stabilized to a fibre spool delay line has been developed, and will be used to 
test coherent transmission to a corner-cube reflector on a low earth orbit satellite.

A range of networks using various techniques such as optical fibres has also 
been implemented in several countries allowing time synchronization as well as fre-
quency comparisons between distant locations. These include Germany, the United 
Kingdom, Italy, Japan, and China. Accuracies vary with the network developed but 
in some, reached the range of 10–17 to 10–18 level. This activity in connection to time 
transfer makes evident the importance that those countries attach to the field.

5.2.3.4 Navigation Systems
Positioning on earth’s surface has always been a great challenge from the early days 
of navigation across oceans by boats to modern days of transit around the globe by 
means of fast airplanes. Knowing time accurately was essential to navigating by 
means of astronomical observation. However, there was always a severe limit in 
positioning stars, by means of sextants, for example, and it appeared early that the 
use of frequency-stable electromagnetic radiation providing accurate timing would 
offer, by means of triangulation, both accuracy and reliability. It is recalled that tim-
ing signals carried by means of electromagnetic radiation stable to 1 ns provide a 
localization ability of 30 cm. Consequently, triangulation with frequency-stable and 
synchronized radio signals can in principle provide localization to that accuracy, 
limited mainly by the stability of the transmitted signals.

Several systems were developed early using the stability of atomic clocks control-
ling radio signals in transmission of low frequencies in the vicinity of the earth’s 
surface. Such an approach was used in systems based on very low frequency (VLF) 
transmitters and in systems such as DECCA, OMEGA, and LORAN C. However, 
those systems had somewhat limited range or low accuracy. More recently, systems 
using satellites as transmitters of frequency-stable signals were developed with 
improved accuracy in positioning. One such system is the GPS. It consists of a con-
stellation of 24 satellites, each of which contains redundant atomic clocks, includ-
ing in its early stage Cs beam clocks as well as Rb optically pumped standards of 
the type described in the present text. The satellites are in Earth orbits of about 
20,000 km thus orbiting Earth a few times a day. GPS was first designed as a US 
military support system for precise dissemination of time, velocity, and location 
anywhere on the earth (Parkinson 1996). Today, the spread of GPS in applications 
ranges from positioning in navigation with airplanes and ships to travelling by auto-
mobiles, automated location of vehicles in serious accidents by emergency crews, 
search and rescue functions, automated farming and many other domains requiring 
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accurate positioning. A similar system was developed in the 1990s in Russia and 
called GLONASS. Other systems of a similar nature are being developed by other 
countries such as Galileo in Europe, BeiDou in China, and IRNSS in India.

5.3 LAST REFLECTIONS

In the two volumes of QPAFS (1989), we described the state of the art of atomic 
clocks development at the end of the 1980s. At that time, the best clocks were H 
masers for short- and medium-term frequency stability at the level of a few in 10–13 
for 1  s averaging time improving to better than 10–15 at about 10,000 s averaging 
time. Its accuracy was at best 10–12 due to the presence of the wall shift, which is 
not reproducible to better than about 10%. Laboratory Cs beam frequency standards 
were more reliable in the long term and offered accuracy of the order of 10–14. At that 
time, although great efforts were dedicated to solve the problems that were believed 
to be the cause of those limits, it did not seem, in the light of the progress made, 
that important gains were possible within a reasonable time simply by improving 
the technology that was used. However, with the advent of solid-state lasers and 
accomplishments in the field of atomic physics such as laser cooling, a substantial 
jump was made in the early 1990s with the development of the Cs and Rb fountains. 
Immediately, improvements by an order of magnitude in frequency stability as well 
as in accuracy followed. Then, the implementation of the optical standards with 
another improvement in frequency stability and accuracy of nearly two orders of 
magnitude followed. We are now talking of frequency stability in the 10–15 to 10–16 
range at an averaging time of 1 s and accuracy of nearly 10–18. This is an improve-
ment of nearly four orders of magnitude in a time lapse of 25 years.

Can we expect an improvement of that magnitude in the next few decades? At the 
end of the 1980s we did not even think of much possible improvements in frequency 
stability and accuracy and we were more interested in volume, size, and transport-
ability of the standards. Furthermore, although developments in optical frequency 
standards with higher qualities, such as high line Q and relative independence of 
environmental fluctuations were in progress, it appeared that the connection of their 
frequency to the microwave range in order to make them available for measurements 
other than length was not a simple task. That connection was limited essentially 
to very specialized laboratories equipped with stacks of interconnected lasers inte-
grated in complex systems difficult to maintain in operation for long periods. The 
invention of the optical comb changed the landscape totally. The frequency of optical 
frequency standards could be divided readily to the microwave range in a manage-
able and relatively small system. Its characteristics could be transposed and could be 
used in the so-called electronic medium and even become a clock to measure time.

It appears that the kind of improvements in clock implementation, which we have 
observed recently and described above, relied on parallel developments in connected 
fields, in particular atomic physics. As far as optical frequency standards are con-
cerned, we can certainly improve slightly the situation by improving the present 
standards by means of developments at shorter wavelength. However, with some of 
those standards we are already in the ultraviolet and the use of optics at those short 
wavelengths is a challenge. Furthermore the gain would not be as substantial as the 
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one made in going from microwave to optical frequencies. It appears that to make 
a real step one would have to go to nuclear radiation (Peik et al. 2009). However, 
this is a totally different technology and the techniques to be used would certainly 
be totally different from those used in the field of optical and microwave frequency 
standards

There is one thing assured, however. Our quest for better frequency standards, 
regarding frequency stability, and accuracy will continue. It is driven by the passion 
of knowledge and the will to implement better instruments that would open doors 
to new applications. The predominant hope is that with better standards we will 
be able to challenge some of our beliefs, regarding basic concepts, the stability of 
fundamental constant, for example, as well as to challenge some of the validity of 
fundamental laws of physics that have been accepted as representing the true dynam-
ics of the universe (see, e.g., Vanier 2011). Time is a quantity we live by and is one of 
the most fundamental concepts in physics, which appears to regulate the evolution 
of the universe. However, we really do not know what it is and we do not understand 
entirely its properties. The theory of relativity, special and general, makes it part of 
coordinate systems as a fourth dimension and arrives at the conclusion that its flow 
depends on the dynamics of the reference frame we live in. Quantum mechanics 
deals with particles, quanta and discontinuous phenomena. However, time in those 
theories stays continuous. Is there a minimum value by which time can be divided? 
Was time created with space at the Big Bang which gave birth to the universe we live 
in? It appears that in the photon frame of reference, time does not exist. The photon, 
however, travels in space and is affected by space expansion: its wavelength changes 
on a continuous basis with the universe expansion, but it does not age. This is really a 
different world than the one we live in. In our world, time is a master that we cannot 
control, but, most amazingly, it is the quantity that we measure best and it appears 
that we will continue to be interested in doing it better.
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